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CHAPTER 1

INTRODUCTION

Trans fo rm  techn iques  o f f e r  many advantages to  chemis ts  because 

they can p ro v id e  a v a r i e t y  o f  s imp le  procedures f o r  m a n ip u la t in g  

d i g i t i z e d  da ta .  The F o u r ie r  t ra n s fo rm  has gained d i s t i n c t i o n  in 

chemical a n a l y s i s  p a r t i c u l a r l y  in s p e c t ro s c o p ic  a p p l i c a t i o n s .  The 

advantages o f  t h i s  t r a n s fo rm  were f i r s t  e x p lo i t e d  in the 1950's by 

as tronomers to  improve the o th e rw is e  poor s i g n a 1 - t o - n o i s e  r a t i o  o f  

t h e i r  i n f r a r e d  s p e c t r a . 1 The computat ions  re q u i re d  f o r  data 

r e d u c t io n ,  however, were e x t re m e ly  slow and re q u i re d  a la rg e  

computer .  In 1965* Cooley and Tukey2 p u b l ishe d  a f a s t  F o u r ie r  

t r a n s fo rm  (FFT) a l g o r i t h m  th a t  s i g n i f i c a n t l y  shor tened computa t ion  

t im e .  A c a l c u l a t i o n  t h a t  took s i x  hours on a la rg e  computer us ing 

a co n ve n t io n a l  a l g o r i t h m  cou ld  now be performed in ten seconds on 

a m in i -co m p u te r  us ing  the FFT a l g o r i t h m . 1 Ana 1o g - t o - d i g i t a 1 

c o n v e r te r s  w i t h  s u i t a b l e  speed and accuracy were a l re a d y  a v a i l a b l e  

a t  t h i s  t im e  and commercial  s ta n d -a lo n e  F o u r ie r  t r a n s fo rm  i n f r a r e d  

(FT-IR) and F o u r ie r  t r a n s fo rm  n u c le a r  magnetic  resonance (FT-NMR) 

spec t rom ete rs  were a v a i l a b l e  w i t h i n  th re e  ye a rs .

The a p p l i c a t i o n  o f  t r a n s fo rm  methods to  o th e r  s p e c t r o s c o p ic  

techn iques  re q u i re d  a d d i t i o n a l  t h e o r e t i c a l  a n d /o r  t e c h n ic a l  

developments . As an example, the f i r s t  co m m erc ia l l y  a v a i l a b l e



F o u r ie r  t r a n s fo rm  mass spec t rom ete r  was not marketed u n t i l  1981* 

because o f  demands on the a n a l o g - t o - d i g i t a l  c o n v e r t e r .  Other 

t ra n s fo rm s  have a ls o  found a p p l i c a t i o n s  in spec t roscopy .  Hadamard 

t r a n s fo rm  methods f o r  IR3 and H i l b e r t  t ra n s fo rm  methods f o r  NMR1* 

were both in t ro du ce d  in 1968.

A l though  t ra n s fo rm  methods have been e x p lo i t e d  c h i e f l y  f o r  

sp e c t ro sco p y ,  they a ls o  have a p p l i c a t i o n s  in o th e r  a n a l y t i c a l  

te ch n iq u e s .  For in s ta n c e ,  many t ra n s fo rm  techn iques  have been 

a p p l ie d  to  e l e c t r o c h e m is t r y .  Some o f  these a p p l i c a t i o n s  w i l l  be 

d iscussed  more th o ro u g h ly  in a l a t e r  c h a p te r .  In a d d i t i o n ,  an 

a p p l i c a t i o n  o f  the H i l b e r t  t r a n s fo rm  w i l l  be developed f o r  a 

s p e c i f i c  type  o f  e le c t r o c h e m ic a l  a n a l y s i s .  A f t e r  t h i s  t r a n s fo rm  

tech n iq u e  ?s v a l i d a t e d  t h e o r e t i c a l l y ,  some i n v e s t i g a t i o n s  o f  i t s  

im p lem enta t ion  w i t h  d i g i t i z e d  data  w i l l  be re p o r ted  and 

c o n c lu s io n s  concern ing  i t s  success w i l l  be drawn.



CHAPTER 2

TRANSFORM ANALYSIS 

What is  a Transform?

Many s im p le  mathemat ica l  o p e ra t io n s  may be c l a s s i f i e d  as 

t r a n s f o r m a t i o n s . 1 The m u l t i p l i c a t i o n  o f  a f u n c t i o n  F ( t )  by a 

c o n s ta n t  o r  by a second f u n c t i o n  is  a t r a n s fo r m a t io n  o f  F ( t ) .  The 

o p e r a t i o n  o f  d i f f e r e n t i a t i o n  t ra n s fo rm s  F ( t )  i n t o  i t s  image, o r  

t r a n s fo rm ,  F ' ( t ) .  I f  t h i s  mathemat ica l  o p e ra to r  is rep resen ted  by 

the l e t t e r  D then the t ra n s fo rm  can be w r i t t e n

S i m i l a r l y ,  the o p e ra t io n  o f  i n t e g r a t i o n ,  rep resen ted  by the l e t t e r  

J ,  t ra n s fo rm s  F ( t )  i n t o  a f u n c t i o n  f ( x )  where

I f  a t r a n s fo rm ,  T,  o f  a f u n c t i o n  F g ive s  the image G, then an 

inve rse  t r a n s fo rm ,  T , e x i s t s  such t h a t

Tab le  2.1 summarizes the t rans fo rm s  t h a t  have been d iscussed  thus 

f a r  a long w i t h  t h e i r  co r respond ing  inve rse  t ra n s fo rm s .



T T~]

m u l t i  p i i c a t  ion
d i f f e r e n t i a t i o n
i n t e g r a t i o n

d i v i s i o n  
i n t e g r a t  ion 
d i f f e r e n t  i a t  ion

Tab le  2.1 Some t ra n s fo rm s  and t h e i r  i n ve rse s .

Why use a Transform?

There is  a wide v a r i e t y  o f  t ra n s fo rm s  th a t  have been s tu d ie d  

e x t e n s i v e l y  and whose p r o p e r t i e s  are  w e l l  e s t a b l i s h e d .  The 

a n a l y s i s  o f  a problem can o f t e n  be s i m p l i f i e d  by employing one o f  

these t r a n s fo r m s . Acompar ison  between t ra n s fo rm  a n a l y s i s  and 

co n ven t io n a l  a n a l y s i s  is  p resented  in F igu re  2 .1 .  I t  can be seen 

from t h i s  f l o w c h a r t  t h a t  a l though  the rou te  to  the s o l u t i o n  can 

in v o l v e  more o p e r a t i o n s ,  the o v e r a l l  a n a ly s i s  can be s i m p l i f i e d  

s i g n i f i c a n t l y  w i t h  the a id  o f  a t ra n s fo rm .

F ig u re  2.1 F lowchar t  f o r  both co n ven t io n a l  and t r a n s fo rm  a n a l y s i s



The a n a l y s i s  can o n ly  be simpl i f i e d , however, i f  the 

a p p r o p r i a t e  t r a n s fo r m  is  chosen. As an a n a lo g y ,  assume t h a t  two 

numbers a re  to  be d i v i d e d  bu t  a c a l c u l a t o r  is not a v a i l a b l e .  The 

c o n v e n t io n a l  a n a l y s i s  would be to  pe r fo rm  long d i v i s i o n ,  which 

can be t e d i o u s .  Ano the r  approach would be to  s u b t r a c t  the 

l o g a r i t h m  o f  the  denom ina to r  from t h a t  o f  the n u m era to r ,  and then 

take  the  a n t i l o g a r i t h m  o f  t h i s  d i f f e r e n c e .  The lo g a r i t h m  

t r a n s fo rm s  m u l t i p l i c a t i o n s  and d i v i s i o n s  i n t o  a d d i t i o n s  and 

s u b t r a c t i o n s .  T h is  is  an o p e r a t i o n  s p e c i f i c  to  the l o g a r i t h m  

which s i m p l i f i e s  the a n a l y s i s  f o r  t h i s  p a r t i c u l a r  type  o f  p rob lem. 

The t r a n s fo r m  is easy to  implement s in ce  ta b le s  o f  l o g a r i t h m s  and 

a n t i  1o g a r i th m s  may be e a s i l y  looked up and hence an awkward 

d i v i s i o n  may be e v a lu a te d  w i t h o u t  the a id  o f  a c a l c u l a t o r .

What d i s t i n g u i s h e s  an I n t e g r a l  T ransform?

i n t e g r a l  t ra n s fo rm s  are s im p ly  t ra n s fo rm s  t h a t  r e q u i r e  the 

e v a l u a t i o n  o f  an i n t e g r a l .  Equat ion  (2 .2 )  i l l u s t r a t e s  the 

s im p le s t  i n t e g r a l  t r a n s fo r m .  These t ra n s fo rm s  are commonly 

encoun te red  in c a l c u l u s ,  but u s u a l l y  they i n c o r p o r a t e  the 

f o l l o w i n g  c o n d i t i o n s .  O f ten  the f u n c t i o n  F ( t )  is  l i m i t e d  to  an 

i n t e r v a l  a^tSb and hence the i n t e g r a t i o n  is  per fo rmed between 

these l i m i t s .  U s u a l l y  F ( t )  is  a l s o  m u l t i p l i e d  by a second 

f u n c t i o n  K ( t , x )  known as the k e r n e l .  The i n t e g r a l  t r a n s f o r m a t i o n  

o f  F ( t )  w i t h  re sp ec t  to  the ke rne l  K ( t , x )  may be re p re se n te d  by



the  e q u a t io n

which w i l l  y i e l d  a f u n c t i o n  f ( x ) .  Any i n t e g r a l  t r a n s fo rm  can be 

desc r ib e d  in the fo rm o f  e q ua t io n  (2.*t) g iven  the a p p r o p r ia t e  

1 imi t s  and k e r n e l .

Examples o f  I n te g r a l  Transforms

( i )  F o u r ie r  T ra n s fo rm a t io n

The use o f  i n t e g r a l  t ra n s fo rm s  dates back to  the m idd le  o f  

the n in e te e n th  c e n tu ry  when the i n t e r f e r e n c e  o f  l i g h t  was f i r s t  

used to  o b ta in  s p e c t ra .  Lord Ray le igh  demonstra ted th a t  a unique 

s p e c t r a l  d i s t r i b u t i o n  cou ld  not be o b ta ined  from the v i s i b i l i t y  

cu rve  i t s e l f  and t h a t  i t  was necessary to  pe r fo rm  a F o u r ie r  

t r a n s f o r m a t i o n .  The c a l c u l a t i o n  o f  a d i g i t a l  F o u r ie r  t r a n s fo rm  

was beyond the techno logy  o f  t h a t  age, but Michel son d id  manage to  

b u i l d  a harmonic s y n th e s iz e r  which was capable o f  o u t p u t t i n g  the 

F o u r ie r  t r a n s fo rm  o f  a s y n t h e t i c  inp u t  s i g n a l . 3 Th is  was the 

f i r s t  F o u r ie r  t r a n s fo rm  computer and i t  was a remarkable  

ach ievement .  I t  would be f o r t y  years be fo re  the same o p e ra t i o n  

would be performed on a d i g i t a l  co m p u te r .1*

The p ro cess in g  o f  data w i t h  a F o u r ie r  t ra n s fo rm  was used 

e x t e n s i v e l y  in the past by e l e c t r i c a l  eng ineers  f o r  c i r c u i t  

a n a l y s i s 5 and o n ly  r e c e n t l y  have chemis ts  begun to  i n c o rp o ra te  t h i s  

p rocedure  to  compliment c l a s s i c a l  a n a l y t i c a l  te ch n iq u e s .  The



development o f  the o n - l i n e  f a s t  F o u r ie r  t r a n s fo rm  (FFT) has lead 

to  a ra p id  growth in F o u r ie r  t r a n s fo rm  methods s ince  197 3 - 6 Th is  

FFT a lg o r i t h m  a l lo w s  a computer to  re s o lv e  the response o b ta in e d  

from an exper iment  in which severa l  e x c i t a t i o n  f r e q u e n c ie s  are  

a p p l i e d  s im u l ta n e o u s ly .  Th is  c a p a c i t y  f o r  s imu l taneous 

measurement is  sometimes c a l l e d  the m u l t i p l e x  advantage o f  

t r a n s fo rm  m ethods .7

In s p e c t ro s c o p ic  a n a l y s i s ,  one is  concerned w i t h  the 

f requency  o r  s p e c t ra l  response o f  a system to  a pu lse  o r  complex 

d i s t r i b u t i o n  o f  am p l i tudes  w i t h  t im e .  The F o u r ie r  t r a n s fo rm  

r e la t e s  the d i s t r i b u t i o n  o f  the s ign a l  expressed in terms o f  t ime 

w i t h  i t s  d i s t r i b u t i o n  in terms o f  f requency .  I t  is  d e f in e d  by

w i t h  i t s  inve rse  g iven  by

where j  = ( - 1 ) 2, H( f ) is  the frequency-domain  f u n c t i o n ,  and h ( t )  is 

the t ime-domain  f u n c t i o n .

The F o u r ie r  t ra n s fo rm  possesses p r o p e r t i e s  t h a t  are e x t re m e ly  

u se fu l  f o r  s ig n a l  p ro ce ss in g .  A common a p p l i c a t i o n  is  f o r  no ise  

r e d u c t i o n .  I f  a s ig n a l  is  mon i to red  in which th e re  is  in f o r m a t io n  

a t  a few low f re q u e n c ie s ,  but no ise  a t  h ig h e r  f r e q u e n c ie s ,  the 

t r a n s f o r m a t i o n  o f  the s ig n a l  w i l l  y i e l d  a f requency  spectrum in



which  the  a m p l i tu d e s  o f  h ig h - f r e q u e n c y  components may be se t  to  

z e ro .  In ve rse  t r a n s f o r m a t i o n  w i l l  then y i e l d  smoothed t im e-dom a in  

d a ta .  O ther  o p e r a t i o n s  p e rm i t  i n t e g r a t i o n  and d i f f e r e n t i a t i o n ,  

c o r r e l a t i o n s  between two s i g n a l s ,  o r  c o r r e l a t i o n  o f  a s ig n a l  w i t h  

i t s e l f . 8

The a p p l i c a t i o n  o f  the F o u r ie r  t r a n s fo r m  has become a r o u t i n e  

p roced u re  to  o b t a in  h i g h - r e s o 1u t i o n  IR and NMR s p e c t r a .  S i m i l a r  

a n a l y t i c a l  methods a re  p r e s e n t l y  be ing developed f o r  mass 

s p e c t ro m e t r y  and microwave s p e c t ro s c o p y .  A number o f  F o u r ie r  

t r a n s fo r m  te ch n iq u e s  have a ls o  been s u c c e s s f u l l y  a p p l i e d  in 

seve ra l  areas o f  e l e c t r o c h e m i s t r y . 9

( i i )  Lap lace  T r a n s fo rm a t io n

The Lap lace  t r a n s fo r m  is a v a lu a b le  mathemat ica l  to o l  f o r  

s o l v i n g  l i n e a r  d i f f e r e n t i a l  e q u a t io n s .  I t  was developed ove r  150 

yea rs  ago by P.S. de Lap lace  but i t  has o n ly  r e c e n t l y  ach ieved  

w idespread  u s e . 10

The a p p l i c a t i o n  o f  t h i s  t r a n s fo rm  was p ionee red  by H e a v is id e  

in the 18901s . His ear  1 y w o rk  re v o lv e d  around o r d i n a r y  l i n e a r  

d i f f e r e n t i a l  e q u a t io n s  t h a t  were a p p l i c a b l e  to  e l e c t r i c  c i r c u i t  

t h e o r y .  He l a t e r  s tu d ie d  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  t h a t  were 

c h a r a c t e r i s t i c  o f  d i f f u s i o n  systems. The v a l i d i t y  o f  H e a v i s i d e ' s  

s o l u t i o n s  was doubted by pure m a them at ic ians  s in c e  much o f  h is  

work was based on e m p i r i c a l  co n cep ts .  In 1916, however, Browich



proved the necessary mathemat ics to  v a l i d a t e  H e a v is id e 's  methods.11 

T h is  is  a ra re  example o f  the a p p l i c a t i o n  o f  a mathemat ical  

p rocedure  p reced ing  the development o f  a sound t h e o r e t i c a l  base. 

The Laplace t r a n s fo rm  is  d e f in e d  as

in which the independent v a r i a b l e ,  o f t e n  being t im e ,  is  rep laced 

w i t h  the "dummy" v a r i a b l e  s. Th is  t r a n s fo rm a t io n  conver ts  

d i f f e r e n t i a l  equa t io n s  in t  i n t o  a lg e b r a i c  equa t ions  in s. The 

i n i t i a l  c o n d i t i o n s  and boundary va lues  o f  the d i f f e r e n t i a l  

e q ua t io n  may a ls o  be t rans fo rmed and then in co rp o ra te d  i n t o  the 

a lg e b r a i c  equa t ions  so t h a t  a s o l u t i o n  may be o b ta in e d  th a t  

s a t i s f i e s  these c o n d i t i o n s .

The s o lu t i o n  to  the a lg e b r a i c  equa t ions  is  then inverse  

t rans fo rm ed  to  g iv e  a s o lu t i o n  in t  f o r  the o r i g i n a l  d i f f e r e n t i a l  

e q u a t io n .  The inve rse  t r a n s fo rm  is  g iven  by

where " a "  is  chosen to  the r i g h t  o f  any s i n g u l a r i t y  o f  f ( s ) .  

Ex te n s ive  ta b le s  o f  Laplace t rans fo rm s  are a v a i l a b l e 12' 15 and these 

u s u a l l y  p e rm i t  one to  avo id  the arduous task  o f  e v a lu a t i n g  these 

i n t e g r a l  t r a n s fo rm s .  Sometimes, however, the in v e rs io n  may o n ly  

be accompl ished by t r a n s fo rm in g  a p roduc t  o f  two fu n c t i o n s  o f  s 

f o r  which the i n d i v i d u a l  inve rse  t ra n s fo rm s  are known. I f



L ^ ( f ( s ) }  = F ( t )  and L ^{ g ( s ) }  = G ( t ) ,  then the inve rse  

t r a n s fo r m a t i o n  o f  the  p roduc t  f ( s ) g ( s )  is  g iven  by the c o n v o lu t i o n  

th e o re m ,16

where x is  a dummy v a r i a b l e  o f  i n t e g r a t i o n .  The form o f  t h i s  

e q u a t io n  does not demand an a n a l y t i c a l  s o lu t i o n  s in c e ,  i f  

necessary ,  the i n t e g r a l  may be eva lua ted  n u m e r i c a l l y .  Th is  

p rocedure  is p a r t i c u l a r l y  use fu l  in the t re a tm e n t  o f  t r a n s i e n t  

techn iques  t h a t  i n v o lv e  c o n t in u o u s ly  v a ry in g  p e r t u r b a t i o n s  ( e .g .  

c y c l i c  v o l ta m m e t ry ) .

( i i i )  H i l b e r t  T ra n s fo rm a t io n

T h is  t ra n s fo rm  was developed from a s tudy o f  the F o u r ie r  

t r a n s fo rm .  17 The t ra n s fo rm  is  g iven  by

w i t h  i t s  inve rse  g iven  by

where f  denotes the Cauchy P r i n c i p a l  Value o f  the i n t e g r a l .  T h is  

r e l a t i o n s h i p  is  skew re c ip r o c a l  because, a p a r t  f rom s ig n ,  the same 

ru le s  t h a t  govern t r a n s fo r m a t io n  a ls o  govern the i n v e rs io n  o f  the 

t ra n s fo rm .  I t  is  necessary to  c a l c u l a t e  the Cauchy P r i n c i p a l



Va lue  o f  these i n t e g r a l s  because the  i n te g ra n d s  have s i n g u l a r i t i e s  

when x and y a re  e q u a l .  In g e n e r a l ,  i f  the in te g ra n d  has a 

s i n g u l a r i t y  a t  c ,  a<c<b, then the Cauchy P r i n c i p a l  Value o f

where e is  p o s i t i v e  and approaches z e ro .

The H i l b e r t  t r a n s fo r m  has r a r e l y  been a p p l i e d  to  a id  in the 

a n a l y s i s  o f  p h y s ic a l  systems. I t  has been used, however, to  

reduce d i s t o r t i o n  in o p t i c a l  sys tems19 and to  c a l c u l a t e  p o t e n t i a l  

f u n c t i o n s  f o r  c i r c u i t  a n a l y s i s . 20 I t  a l s o  has im p o r ta n t  

a p p l i c a t i o n s  in a e ro d y n a m ic s .21 T h is  t r a n s fo r m  has a ls o  been used 

f o r  the  a u to m a t ic  phase c o r r e c t i o n  o f  magnet ic  resonance s p e c t r a . ^ 2 

Im p le m e n ta t io n  o f  I n t e g r a l  T rans fo rms

The e v a lu a t i o n  o f  an i n t e g r a l  t r a n s fo rm  r e q u i r e s  t h a t  the 

f u n c t i o n  w i t h i n  the i n t e g r a l  be a n a l y t i c  between the l i m i t s  o f  

i n t e g r a t i o n .  T h is  would enab le  the f u n c t i o n  to  be c a l c u l a t e d  a t  

any p o i n t  between these l i m i t s .  Data o b ta in e d  e x p e r i m e n t a l l y ,  

however, is  o f t e n  d i g i t a l  and hence the f u n c t i o n  w i t h i n  the 

in te g ra n d  a re d e f i n e d  o n ly  a t  s p e c i f i c  l o c a t i o n s .  A p p ro x im a t io n s ,

t h e r e f o r e ,  must be made to  e v a lu a te  the t r a n s fo r m .



E xper im en ta l  da ta  a re  o f t e n  o b ta in e d  a t  r e g u l a r l y  spaced 

i n t e r v a l s .  T h is  p e rm i ts  the i n t e g r a l  t r a n s fo r m  to  be approx im ated  

by a summation. I f  da ta  d e s c r ib e d  by a f u n c t i o n  F ( t )  a re  known a t  

i n t e r v a l s  o f  A t ,  then

T h is  method does not r e q u i r e  th a t  an a n a l y t i c a l  e x p re s s io n  be 

known; o n l y  t h a t  the  v a lu e  o f  F ( t )  be known a t  i n t e r v a l s  o f  At 

s t a r t i n g  a t  the  i n i t i a l  va lu e  a.

An a l t e r n a t i v e  method is  to  f i t  the  e xp e r im e n ta l  data  to  an 

a n a l y t i c a l  e x p re s s io n  and then c a l c u l a t e  the t r a n s fo r m  by 

i n t e g r a t i o n .  A co m b in a t io n  o f  se ve ra l  a n a l y t i c a l  f u n c t i o n s  may be 

r e q u i r e d  to  f i t  the  data a c c u r a t e l y .  Each o f  these f u n c t i o n s  

would be t ra n s fo rm e d  i n d i v i d u a l l y  and then the o v e r a l l  t r a n s fo r m  

would be o b ta in e d  from t h e i r  sum.

( i ) Curve F i t t i n g

I f  d a t a a r e t o  be f i t t e d  to  an a n a l y t i c a l  f u n c t i o n ,  the f i r s t  

s tep  is to  s e l e c t  an a p p r o p r i a t e  f u n c t i o n  o r  se t  o f  f u n c t i o n s .  

A l th o u g h  t h i s  may a t  f i r s t  appear to  be a s im p le  ta s k ,  the number 

o f  a n a l y t i c a l  f u n c t i o n s  a t  hand is  v i r t u a l l y  end less  and o f t e n  

seve ra l  f u n c t i o n s  must be te s te d  b e fo re  a s u i t a b l e  f i t  w i l l  be 

o b ta in e d  f o r  the  e x p e r im e n ta l  response.



The s e le c t i o n  o f  a p p r o p r ia t e  f i t t i n g  f u n c t i o n s  may be 

s i m p l i f i e d  i f  an exp ress io n  is  known th a t  d e sc r ib e s  the 

e xper im en ta l  response under idea l  c o n d i t i o n s .  A d d i t i o n a l  f u n c t i o n s  

a re  then added to  deal w i t h  the n o n - id e a l  c o n t r i b u t i o n s  to  the 

response. These a d d i t i o n a l  f u n c t i o n s  are u s u a l l y  se le c ted  so as 

to  fo rm a power s e r i e s ;  t h a t  i s ,  i f  the  idea l  response is dependent 

upon x P, where p need not be an i n t e g e r ,  then the e q ua t ion  used 

f o r  the f i t  is  o f t e n  o f  the form

in which th e re  a re  n+1 terms. The p r e c i s i o n  o f  the f i t  can be 

improved by s e le c t i n g  n to  be l a rg e ,  but t h i s  can in t ro d u c e  terms 

o f  q u e s t io n a b le  s i g n i f i c a n c e  as w e l l  as c o m p l i c a t i n g  the c a l c u l a ­

t i o n  o f  c o e f f i c i e n t s  f o r  the f i t .

I f  an exp ress io n  is  no t  known f o r  the idea l  response, the 

cu rve  may s t i l l  be approx imated by a power s e r ie s  l i k e  equa t ion  

( 2 .1 5 ) -  I f  P is  chosen to  be u n i t y ,  then the power s e r ie s  

becomes a po lynomia l  in x ;  t h a t  i s ,

where n is  the degree o f  the p o ly n o m ia l .

In g e n e ra l ,  a po lynomia l  f i t t i n g  r o u t i n e  w i l l  y i e l d  va lues  

f o r  the c o e f f i c i e n t s  t h a t  are dependent upon the degree o f  the 

po lynom ia l  to  which the f i t  is  made. Cons ider ,  f o r  i n s ta n c e ,  the
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c a l c u l a t i o n  o f  ag, the i n t e r c e p t  o f  the cu rve  w i t h  the o r d in a l  

a x i s .  The c o e f f i c i e n t  a^ re p re se n ts  the s lope o f  the curve a t  aQ, 

and the o th e r  c o e f f i c i e n t s  re p re s e n t  h ig h e r  o rd e r  d e r i v a t i v e s  a t  

the same i n t e r c e p t  p o i n t .  I f  the data are  not c l u s t e r e d  about 

t h i s  i n t e r c e p t  p o i n t ,  i t s  l o c a t i o n  cou ld  be h ig h l y  dependent upon 

the degree o f  the po lynomia l  used to  f i t  the da ta .

I t  m ight be p o s s ib le  to  e x t r a c t  more meaningfu l  i n fo rm a t io n  

from the data by d e te rm in in g  the average v a lu e ,  the average s lope ,  

the  average c u r v a tu r e ,  e t c . ,  o f  the da ta .  Such c o e f f i c i e n t s  would 

re p re se n t  ph ys ica l  c h a r a c t e r i s t i c s  o f  the da ta .

Any p o ly n o m ia l ,  such as e q ua t io n  (2 .16)  may be re fo rm u la te d  

as a sum o f  o r thogona l  po lynom ia ls

n r  -i
F(x) * bo + Ik=l

bkGk (x) (2 .17)

w i t h  the o r thogona l  p ro p e r ty

(x)G (x) 
k m

0 ( 2 . 18)

f o r  k^m. Th is  r e fo r m u la t i o n  w i l l  pe rm i t  c o e f f i c i e n t s  to  be 

c a l c u l a t e d  t h a t  are independent o f  the degree o f  the p o l y n o m i a l . 23

One se t  o f  o r thogona l  p o lyn o m ia ls  t h a t  o f t e n  a r i s e  in 

d e s c r i p t i o n s  o f  p h ys ica l  systems are the Legendre p o ly n o m ia ls .  

These p o lyn o m ia ls  are s o lu t i o n s  o f  the d i f f e r e n t i a l  equa t io n

( l - x ^ ) y "  -  2xy '  + n ( n + l ) y  = 0 (2 .19 )



which is  Legendre 's  d i f f e r e n t i a l  e q ua t io n  o f  degree n. Th is  

e q u a t io n  o ccu rs ,  f o r  example, in the process o f  o b t a in i n g  

s o lu t i o n s  to  L a p la c e 's  e q ua t io n  in s p h e r i c a l  c o o rd in a te s .  The 

Lap lace  e q ua t io n  is  perhaps the most im po r tan t  p a r t i a l  d i f f e r e n t i a l  

e q u a t io n  in a p p l ie d  mathemat ics . I t  can be used to  d e s c r ib e  

p h y s ic a l  systems such a s : 21*

( i )  the  g r a v i t a t i o n a l  p o t e n t i a l  in reg ions  not occup ied  by 

a t t r a c t i n g  m a t te r

( i i )  the  e l e c t r o s t a t i c  p o t e n t i a l  in a u n i fo rm  d i e l e c t r i c

( i i i )  the  magnetic  p o t e n t i a l  in f r e e  space

( i v )  the tem pera tu re ,  in the th e o ry  o f  thermal  e q u i l i b r i u m  o f  

sol  i d s .

The f i r s t  few Legendre po lynom ia ls  are

where the s u b s c r ip t  on P is the va lue  o f  n used in equa t ion

( 2 . 1 9 ) .  H ig h e r -o rd e r  po lynom ia ls  may be o b ta in e d  from the i t e r a t i o n

formu 1 a 25

These p o lyn o m ia ls  are r e s t r i c t e d  to  va lues  o f  x t h a t  l i e  

w i t h i n  - I S x S l .  The genera l  s o l u t i o n  o f  Legendre 's  e q u a t io n ,

however, may be w r i t t e n  as



y = AP (x) + BQ (x) (2 .22 )
n n

where A and B are  a r b i t r a r y  c o n s ta n ts  and Qn (x) is  Legendre 's  

f u n c t i o n  o f  the second k in d .  Th is  f u n c t i o n  is not a po lynomia l  

and i t  has d i f f e r e n t  d e f i n i t i o n s  in the reg ions |x |>1 and | x |< 1 ,  as 

can be r e a d i l y  seen from Q g ( x ) : 26

Highei o rd e r  f u n c t i o n s  may be c a l c u la te d  from the e q u a t io n 27

which is  v a l i d  f o r  a l l  va lues  o f  x .

The Legendre po lynomia l  and the Legendre f u n c t i o n  o f  the 

second k ind  may a l t e r n a t i v e l y  be expressed as28

These e q ua t io n s  e s t a b l i s h  a l i n k  to  a n o the r  u se fu l  f i t t i n g  

f u n c t i o n ,  Gauss' hypergeom et r ic  f u n c t i o n .  Th is  f u n c t i o n  is



d e f in e d  byz9

where

T h is  is  a ve ry  v e r s a t i l e  f u n c t i o n  th a t  can be used to  d e s c r ib e  

many o th e r  a n a l y t i c a l  f u n c t i o n s .

Cons ider  the d i f f e r e n t i a l  equa t ion

which is  ve ry  s i m i l a r  to  the d i f f e r e n t i a l  e q ua t io n  ( 2 .1 9 ) .  The 

genera l  s o l u t i o n  to  t h i s  d i f f e r e n t i a l  equa t ion  may be w r i t t e n  as

where Pn ^a>^ \ x ) are the Jacobi p o lyn o m ia ls  and Q r /a ’ ^ ( x )  a re  the 

Jacobi  f u n c t i o n s  o f  the second k in d .  The Jacobi po lyn o m ia ls  may 

be c a l c u l a t e d  from the re cu r rence  fo r m u la 30

g i ven



A n o th e r  method would be to  e v a lu a te  these p o ly n o m ia ls  f r o m ”1’32

where r ( n )  is  the gamma f u n c t i o n  f o r  w h i c h 33

are  j u s t  a few o f  i t s  p r o p e r t i e s .  The Jacobi f u n c t i o n  o f  the  

second k in d  may be expressed s i m i l a r l y  as

Both e q u a t io n s  (2 .3 3 )  and (2 .36 )  s i m p l i f y  to  the analogous 

e x p re s s io n s  f o r  t h e i r  Legendre c o u n t e r p a r t s  when both a and 3 are 

z e ro .  T h is  shows t h a t  any p r o p e r t y  d e r i v e d  f o r  the Jacobi f u n c t i o n s  

may be a p p l i e d  to  the Legendre f u n c t i o n s  by s e t t i n g  a and 3 to  z e ro .



The f u n c t i o n s  Qn a>^ ( x ) s a t i s f y  the same re c u r re n c e  fo rm u la  

as the  f u n c t i o n s  Pn ^a ’ ^ ( x ) [ i . e .  e q u a t io n  ( 2 . 3 1 ) ] .  The f u n c t i o n s  

f o r  n=0 and n=1 are  r e q u i r e d  as seeds f o r  t h i s  re c u r re n c e  fo rm u la .  

Both o f  these f u n c t i o n s  co u ld  be de te rm ined  from e q u a t io n  2 .3 6 ,  o r  

Q.C)(a ’ ^ ) ( X) co u ld  be de te rm ined  from t h i s  e q u a t io n  and Q i^ a ’ ^ ( x )  

c o u ld  be e v a lu a te d  from

which  r e q u i r e s  less  m a n ip u la t i o n .  The c a l c u l a t i o n  o f  h ig h e r  o rd e r  

Jacob i  f u n c t i o n s  o f  the  second k in d  may be s i m p l i f i e d  w i t h  the a id

3 t̂o f  the  e x p re s s io n

where qn a ’  ̂ (x) incorporates a f i n i t e  H i l b e r t  t ransform.  Since
/ ̂  p \

the recurrence formula is a p p l i c ab l e  to both Qn ' ‘ ’ ' (x) and 

Pn(a ’ ^ ) ( x ) > i t  must also be a p p l i c ab l e  to qn â , ^ ^( x ) .  This

(  CL R )f unct ion  can be expressed in simpler  terms than the Qn u ’ 0^(x)

f u n c t i o n  and thus i t  is  e a s ie r  to  m a n ip u la te  w i t h i n  the re c u r re n c e



( ct 6)f o r m u la .  The c a l c u l a t i o n  o f  Q.n v ’ (x)  may be s i m p l i f i e d ,

t h e r e f o r e ,  by e v a lu a t i n g  Q c /a ’ ^ ( x ) ,  pn^a ’ ^ ( x )> and P n ^ ’ ^ M -  

The f u n c t i o n s  t h a t  have been d e s c r ib e d  here are but a few o f  

the  c o u n t le s s  a n a l y t i c a l  e x p re s s io n s  t h a t  can be used to  f i t  

e x p e r im e n ta l  d a ta .  They have i l l u s t r a t e d  the f i t t i n g  e xp re s s io n s  

may be as s im p le  as a power s e r i e s ,  o r  as complex as a f a m i l y  o f  

e l a b o r a t e  t ra n s c e n d e n ta l  f u n c t i o n s .  I t  would c l e a r l y  be bes t  to  

use a n a l y t i c a l  e x p re s s io n s  upon which the idea l  response is 

dependent ,  bu t  f o r  many e x p e r im e n ts ,  such e x p re s s io n s  a re  not 

known. Sometimes t h i s  problem can be s ide s tep p e d  by s e l e c t i n g  

f u n c t i o n s  t h a t  have the same genera l  shape as the response.

U s u a l l y  i f  a f a m i l y  o f  these f u n c t i o n s  is  used, the response can 

be d e s c r ib e d  ve ry  a c c u r a t e l y .  I f ,  however, a f i t t i n g  r o u t i n e  is 

d e s i r e d  which w i l l  d e s c r ib e  a response o f  any shape, a power 

s e r i e s  t h a t  converges r a p i d l y ,  o r  a F o u r ie r  s e r i e s ,  would be a 

good c h o ic e .  C l e a r l y  the s e l e c t i o n  o f  f i t t i n g  f u n c t i o n s  is 

l a r g e l y  i n t u i t i v e ,  but knowledge o f  the p h y s ic a l  n a tu re  o f  the  

response c a r r i e s  much o f  the w e ig h t  in t h i s  d e c i s i o n .



CHAPTER 3

ELECTROCHEMICAL CONCEPTS

I t  may be b e n e f i c i a l  t o  d is c u s s  b r i e f l y  some e le c t ro c h e m ic a l

concepts  be fo re  c o n s id e r in g  how t ra n s fo rm s  may be used to  a id  in

the  a n a l y s i s  o f  e le c t ro c h e m ic a l  exper im ents .

1 2Heterogeneous React ion  K i n e t i c s  *

E le c t ro ch e m ica l  r e a c t i o n s  t h a t  in v o lv e  the  t r a n s f e r  o f  an 

e le c t r o n  a t  an e l e c t r o d e / s o l u t i o n  i n t e r f a c e  are examples o f  a 

c l a s s  o f  r e a c t i o n s  known as heterogeneous r e a c t i o n s .  The k i n e t i c s  

o f  heterogeneous re a c t i o n s  a re  n o rm a l ly  p a r t  o f  a sequence o f  

s teps  i n v o l v i n g  both  t r a n s p o r t  th rough the  s o l u t i o n  and t r a n s f e r  

o f  charge a t  the  i n t e r f a c e .

Cons ider  an e le c t r o d e  r e a c t i o n

in which  a d is s o l v e d  o x id i z e d  sp e c ie s ,  0, is  conver ted  to  a 

s o lu b le  reduced fo rm, R, by the  t r a n s f e r  o f  n e le c t r o n s .  A t  l e a s t  

f i v e  sep a ra te  s teps a re  re q u i re d  f o r  the  co n ve rs io n  o f  0 t o  R:

(1) t r a n s p o r t  o f  0 from the b u lk  s o l u t i o n  to  the  i n t e r f a c e

(2) a d s o r p t i o n  o f  0 o n to  the  s u r fa c e

(3) charge t r a n s f e r  a t  the  e le c t r o d e  to  form R 

(*t) d e s o r p t i o n  o f  R from the su r fa c e

(5) t r a n s p o r t  o f  R from the  i n t e r f a c e  i n t o  the b u lk  s o l u t i o n .

Steps (2) th rough  (k)  a re  commonly r e f e r r e d  to  as the  a c t i v a t i o n



p rocess ,  whereas s teps  (1) and (5) a re  known as mass t r a n s p o r t  

processes.  For the s im p le s t  e le c t r o c h e m ic a l  r e a c t i o n s ,  the e f f e c t  

o f  a d s o r p t i o n / d e s o r p t i o n  is  n e g l i g i b l e  and the  r a t e  o f  the  

a c t i v a t i o n  process is  dependent upon the s tandard  heterogeneous 

c h a r g e - t r a n s f e r  r a t e  co n s ta n t  and the t r a n s f e r  c o e f f i c i e n t  a.

As kg becomes l a r g e r ,  the  o v e r a l l  r a t e  becomes p r o g r e s s i v e l y  more 

dependent upon the  mass t r a n s p o r t  processes.  I f  k is  ve ry  l a r g e ,  

then the  c h a r g e - t r a n s f e r  occu rs  v e ry  q u i c k l y  and the  r e a c t i o n  is  

sa id  to  be r e v e r s i b l e  o r  n e r n s t i a n .

Mass T ra n s p o r t  * i)

There are  th re e  mechanisms f o r  mass t r a n s p o r t  in s o l u t i o n .  

These are  c o n v e c t io n ,  m i g r a t i o n ,  and d i f f u s i o n ,

i )  Convect ion

Th is  is  a v e ry  e f f i c i e n t  means o f  mass t r a n s p o r t  in  which the  

s o l u t e  is  moved by moving the  whole s o l u t i o n .  T h i s ,  however, is  

no t  a v e ry  r e p ro d u c ib l e  process and hence i t  is u s u a l l y  avo ided f o r  

q u a n t i t a t i v e  a n a l y s i s .  The e x ce p t io n s  to  t h i s  a re  s tu d ie s  w i t h  a 

r o t a t i n g  d i s c  e le c t r o d e  in  which the  co n v e c t io n  i s  r e p ro d u c ib l e .  

Convect ion  may be i n h i b i t e d  by not s t i r r i n g  the s o l u t i o n  and a ls o  

by p e r fo rm in g  ra p id  exper iments  so t h a t  n a tu ra l  c o n v e c t io n  does 

no t  have s u f f i c i e n t  t im e  to  become e s t a b l i s h e d ,  

i i ) M ig r a t i o n

T h is  process a r i s e s  from the i n t e r a c t i o n  o f  ions w i t h  an



e l e c t r i c  f i e l d  w i t h i n  the s o l u t i o n .  Th is  is  a r e l a t i v e l y  s low 

process f o r  the f i e l d s  commonly encountered in e le c t ro c h e m ic a l  

exp e r im e n ts .  T h is  mechanism is  a ls o  u n d e s i r a b le  f o r  q u a n t i t a t i v e  

a n a l y s i s .  The c o n t r i b u t i o n  from m ig r a t i o n  may be rendered 

i n s i g n i f i c a n t  by us ing  r e l a t i v e l y  la rg e  c o n c e n t ra t io n s  o f  a 

s u p p o r t in g  e l e c t r o l y t e  t h a t  serves to  decrease the c e l l  r e s is t a n c e ,  

i i i ) D i f f u s  ion

D i f f u s i o n  occu rs  in a f l u i d  whenever th e re  is  a c o n c e n t ra t io n  

g r a d i e n t .  I t  is  a s low process t h a t  a t te m p ts  to  e q u a l i z e  the  

c o n c e n t ra t io n  th ro u gh o u t  the  s o l u t i o n .  The mathematics o f  

d i f f u s i o n  has been s tu d ie d  in a number o f  p h ys ica l  systems and i t  

i s  w e l l  e s t a b l i s h e d .  Thus, f o r  many e le c t ro c h e m ic a l  e xper im en ts ,  

the  i d e a l i z e d  r e a c t i o n  is  o f t e n  cons idered  under d i f f u s i o n  c o n t r o l  

s in c e  o t h e r  mass t r a n s p o r t  mechanisms may be s u c c e s s f u l l y  

i n h i b i  te d .

F i c k ' s  Laws o f  D i f f u s i o n

F i c k ' s  laws are  p a r t i a l  d i f f e r e n t i a l  equa t io n s  t h a t  d e s c r ib e  

the  f l u x  o f  a substance and i t s  c o n c e n t ra t io n  as f u n c t i o n s  o f  t ime  

and p o s i t i o n .  Consider  the case o f  l i n e a r  d i f f u s i o n  in which 

spec ies  0 d i f f u s e s  a long an a x is  normal to  the  e le c t r o d e  s u r fa c e .  

The f l u x  o f  spec ies  0 a t  a g iven  l o c a t i o n  x a t  a t ime t  may be 

w r i t t e n  as J 0 ( x , t )  w i t h  u n i t s  o f  mol s- 1 m~2 . Thus J Q( x , t )  

re p re s e n ts  the number o f  moles o f  spec ies  0 t h a t  passes a g iven



l o c a t i o n  per second per m2 o f  area normal to  the  a x is  o f  d i f f u s i o n .  

F i c k ' s  f i r s t  law s ta te s  th a t  t h i s  f l u x  is  p r o p o r t i o n a l  to  the 

c o n c e n t ra t io n  g r a d i e n t ,  3C0/ 3 x :

where D0 is  the  d i f f u s i o n  c o e f f i c i e n t  o f  spec ies  0 w i t h  u n i t s  o f  

m2s“ 1 and the d i r e c t i o n  o f  p o s i t i v e  f l u x  is  taken to  be away from 

the  e le c t r o d e .  The c u r r e n t  t h a t  f lo w s  across the e le c t r o d e  

i n t e r f a c e  is  g iven  by

s in c e  the  t o t a l  number o f  e le c t r o n s  t r a n s f e r r e d  a t  the  e le c t r o d e  

in a u n i t  t ime  must be p r o p o r t i o n a l  to  the q u a n t i t y  o f  0 t h a t  

reaches the  e le c t r o d e  in t h a t  t ime p e r io d .

F i c k ' s  second law, an e x te n s io n  o f  the  f i r s t  law, s ta te s

which r e l a t e s  the  change in the c o n c e n t ra t io n  w i t h  d is t a n c e  to  the  

change in  c o n c e n t ra t io n  w i t h  t im e .

P a r t i a l  d i f f e r e n t i a l  e q u a t io n s ,  such as F i c k ' s  laws, can be 

v e ry  d i f f i c u l t  t o  s o lv e ;  but s o lu t i o n s  a re  g iven  in the next  

c h a p te r  by s i m p l i f y i n g  the mathemat ics w i t h  the  Laplace t r a n s fo rm .



The Nernst Equat ion

The p o t e n t i a l  o f  an e le c t r o d e  is  g iven  by the  Nernst e q u a t io n 1

as

where E° is  the  s tandard  p o t e n t i a l  o f  the  h a l f - r e a c t i o n

0 + ne R (3 -6)

and ' a '  denotes the  a c t i v i t y  o f  spec ies  0 o r  R a t  the  e le c t r o d e  

s u r fa c e .  The c a l c u l a t i o n  o f  the  e le c t r o d e  p o t e n t i a l  would no t  

n o rm a l l y  be p o s s ib le  w i t h  e q ua t ion  (3*5) because th e  a c t i v i t i e s  o f  

0 and R are r a r e l y  known. However, t h i s  e q ua t io n  may be r e w r i t t e n  

as

where E° is  the  fo rmal  p o t e n t i a l  o f  the  h a l f - r e a c t i o n  and Cj 

re p re s e n ts  the  s u r fa c e  c o n c e n t ra t io n  o f  spec ies  j .  The fo rmal  

p o t e n t i a l  is  g i v e n 1 by

where y denotes an a c t i v i t y  c o e f f i c i e n t .  T h e re fo re  the e le c t r o d e  

p o t e n t i a l  may be c a l c u la te d  w i t h  e q ua t io n  (3 .7 )  i f  the  fo rma l  

p o t e n t i a l  and the  c o n c e n t ra t io n s  o f  0 and R are  known.

Farada ic  and N on fa rada ic  Processes

There a re  two types o f  processes t h a t  can o ccu r  a t  an



e l e c t r o d e .  One k ind  obeys F a ra d a y 's  law which s ta te s  t h a t  th e  

amount o f  chemica l  r e a c t i o n  caused by the  f l o w  o f  c u r r e n t  is 

p r o p o r t i o n a l  to  the  amount o f  e l e c t r i c i t y  passed. These a re  known 

as f a r a d a i c  p rocesses .  An example o f  such a p rocess is  the  

t r a n s f e r  o f  an e l e c t r o n  ac ross  a m e ta l - s o  1u t i o n  i n t e r f a c e  which 

causes an o x i d a t i o n  o r  r e d u c t i o n  to  o c c u r .  Under some c o n d i t i o n s ,  

th e  p o t e n t i a l  ac ro ss  an e l e c t r o d e - s o l u t i o n  i n t e r f a c e  may be v a r i e d  

o ve r  a range w i t h o u t  p e r m i t t i n g  charge t r a n s f e r  p rocesses to  o c c u r .  

These r e a c t i o n s  may not o ccu r  because th e y  are  e i t h e r  thermo­

d y n a m i c a l l y  o r  k i n e t i c a l l y  u n f a v o r a b l e .  However, processes  such 

as a d s o r p t i o n  and d e s o r p t i o n  can o ccu r  and the  s t r u c t u r e  o f  the  

e l e c t r o d e - s o l u t i o n  i n t e r f a c e  can change s i g n i f i c a n t l y  w i t h  

p o t e n t i a l  o r  s o l u t i o n  c o m p o s i t i o n .  These processes are examples 

o f  n o n f a ra d a ic  p rocesses .  A l th o u g h  a charge does not c ross  the 

i n t e r f a c e  f o r  any o f  these  p ro cesse s ,  e x te r n a l  c u r r e n t s  can f l o w ,  

i f  o n l y  t r a n s  i e n t 1y .

Both f a r a d a i c  and n o n fa ra d a ic  processes o ccu r  d u r in g  an 

e le c t r o d e  r e a c t i o n .  U s u a l l y  the  i n f o r m a t io n  o f  p r im a ry  i n t e r e s t  

is  c o n ta in e d  w i t h i n  the  f a r a d a i c  c u r r e n t  which must be separa ted  

f rom th e  n o n f a ra d a ic  c u r r e n t .  One o f  the  ma jo r  c o n t r i b u t i o n s  to  

the  n o n f a ra d a ic  c u r r e n t  is  a c h a rg in g  c u r r e n t  a s s o c ia te d  w i t h  the 

e l e c t r o d e  do ub le  l a y e r .  T h is  do ub le  l a y e r  forms because th e  

charge  t h a t  is  d i s t r i b u t e d  on the  e le c t r o d e  s u r fa c e  w i l l  be



coun te rba lanced  by ions w i t h i n  the  s o l u t i o n .  Th is  g ive s  the 

e l e c t r o d e - s o l u t i o n  i n t e r f a c e  the  p r o p e r t i e s  o f  a c a p a c i t o r  and 

hence when the  p o t e n t i a l  is  changed, a c u r r e n t  w i l l  f l o w .  Two 

te ch n iq u e s ,  both o f  which r e l y  on R ie m a n n -L io u v i11e t ra n s fo rm s ,  

w i l l  be presented in the  next ch a p te r  to  i l l u s t r a t e  methods by 

which the  c u r r e n t s  from f a r a d a i c  and n o n fa ra d a ic  processes may

be separa ted .

_ , * . 3 , 4
P o l a r i z a t i o n

When a c u r r e n t  is  passed across  on e le c t r o d e - s o l u t i o n  i n t e r ­

f a c e ,  the  p o t e n t i a l  o f  the  e le c t r o d e  is  s h i f t e d  from the 

e q u i l i b r i u m  va lu e  b e fo re  c u r r e n t  f lo w e d .  Th is  phenomenon i s  known 

as p o l a r i z a t i o n  and i t  a r i s e s  from the s low r a t e  o f  some o f  the  

p a r t i a l  processes t h a t  are r e q u i re d  to  c o n v e r t  0 to  R. I f  t h i s  

r a te - d e t e r m i n in g  process is  mass t r a n s p o r t ,  then the e le c t r o d e  is  

c o n c e n t r a t i o n  p o la r i z e d .  S i m i l a r l y ,  i f  the  r a te - d e t e rm in in g  

process is  the  c h a r g e - t r a n s f e r  r e a c t i o n ,  the e le c t r o d e  is 

a c t i v a t i o n  p o la r i z e d .  S t i l l  a n o th e r  form o f  p o l a r i z a t i o n  can 

a r i s e ,  namely ohmic p o l a r i z a t i o n ,  when r e s is t a n c e  w i t h i n  the  c e l l  

is  a l i m i t i n g  f a c t o r .

The e f f e c t  o f  ohmic p o l a r i z a t i o n  i s  u s u a l l y  m in im ized by 

u s in g  a s u p p o r t in g  e l e c t r o l y t e .  Since a c t i v a t i o n  p o l a r i z a t i o n  i s  

dependent upon the  va lu e  o f  the  r a te  c o n s ta n t  k , i t  i s  not e a s i l y  

a d j u s t a b l e .  C o n ce n t ra t io n  p o l a r i z a t i o n  can be e a s i l y  o b ta in e d  by



a p p ly in g  a p o t e n t i a l  a t  which a l l  o f  spec ies  0 t h a t  is  in c o n ta c t  

w i t h  the  e le c t r o d e  w i l l  be immed ia te ly  reduced to  spec ies  R. Th is  

wi 11 1 i m i t  the  c u r r e n t  to  the  r a t e  a t  which 0 can be t ra n s p o r te d  

to  the  e le c t r o d e  s u r fa c e .

I f  an e le c t r o d e  is  ve ry  p o la r i z e d ,  then the  c u r r e n t  r e s u l t i n g  

from the  e le c t r o d e  re a c t i o n  w i l l  change o n ly  s l i g h t l y  as the  

p o t e n t i a l  o f  the  e le c t r o d e  undergoes a r e l a t i v e l y  la rg e  v a r i a t i o n .  

Thus a small  v a r i a t i o n  in p o t e n t i a l  w i t h i n  the  range o f  

c o n c e n t r a t i o n  p o l a r i z a t i o n  w i l l  have a n e g l i g i b l e  e f f e c t  on the  

c u r r e n t  response. Th is  p ro p e r t y  can o f t e n  be e x p lo i t e d  to  r e la x  

r e s t r i c t i o n s  p laced upon a p o t e n t i a l  waveform w i t h i n  the  re g io n  

o f  p o l a r i z a t i o n .



CHAPTER k

PREVIOUS APPLICATIONS OF TRANSFORMS IN ELECTROCHEMISTRY

The n a tu re  o f  e l e c t r o c h e m is t r y  makes i t  a pr ime c a n d id a te  f o r  

a n a l y s i s  by a wide v a r i e t y  o f  mathemat ica l  te ch n iq u e s .  The 

i n t e r r e l a t i o n s h i p s  between c u r r e n t ,  p o t e n t i a l ,  and t ime seem 

end less  s ince  each parameter  can be v a r ie d  in a number o f  ways to  

a f f e c t  the o th e r  two. Some o f  these r e l a t i o n s h i p s  can become 

r a th e r  com p l ica ted  and they can o n ly  be dec iphered w i t h  the a id  o f  

h ig h e r  o rd e r  mathemat ics .  Many o f  these mathemat ica l  techn iques  

have been a p p l ie d  in o th e r  chemical d i s c i p l i n e s ,  e s p e c i a l l y  in the 

realm o f  spe c t ro scop y ,  but the v a r i e t y  and v e r s a t i l i t y  o f  these 

techn iques  w i l l  be i l l u s t r a t e d  by c o n s id e r in g  o n ly  e le c t ro c h e m ic a l  

a p p l i  ca t  i o n s .

F i c k ' s  Second Law and the Laplace Transform

Many ph ys ica l  systems may be d esc r ibed  by equa t io n s  th a t  

r e q u i r e  the  e v a lu a t i o n  o f  d e r i v a t i v e s  o r  i n t e g r a l s .  The method by 

which a s o l u t i o n  to  these equa t ions  is  found can o f t e n  be 

s i m p l i f i e d  w i t h  the a id  o f  the Laplace t ra n s fo rm .  The Laplace 

t ra n s fo rm  o f  a d e r i v a t i v e ,  is  g ive n  in the equa t io n

T h is  t ra n s fo rm s  the co m p l ica te d  o p e ra t i o n  o f  d i f f e r e n t i a t i o n  in



the  t ime domain i n t o  the s im p le r  o p e ra t i o n s  o f  m u l t i p l i c a t i o n  and 

s u b t r a c t i o n  in the s-domain . S i m i l a r l y ,  the Laplace t ra n s fo rm  o f  

an i nteg r a 1,

s i m p l i f i e s  the o p e ra t i o n  o f  i n t e g r a t i o n  in the t ime domain i n t o  

d i v i s i o n . 1

A l though  equa t io n s  comprised o f  d e r i v a t i v e s  can be d i f f i c u l t  

t o  s o lv e ,  p a r t i a l  d i f f e r e n t i a l  equa t ions  p resen t  even g r e a t e r  

d i f f i c u l t i e s .  The Laplace t ra n s fo rm  may be a p p l ie d  here to  

t r a n s fo rm  these p a r t i a l  d i f f e r e n t i a l  equa t ions  i n t o  o r d in a r y  

d i f f e r e n t i a l  e q u a t io n s .  As an example, c o n s id e r  F i c k ' s  second law 

[ i . e .  e q u a t io n  ( 3 . * * ) ] .  Th is  e q ua t io n  r e l a t e s  the f i r s t  d e r i v a t i v e  

o f  c o n c e n t ra t i o n  w i t h  respec t  to  t ime to  the second d e r i v a t i v e  o f  

c o n c e n t r a t i o n  w i t h  respec t  to  d i s t a n c e .  The Laplace t r a n s fo rm  o f  

F i c k ' s  second law w i t h  respec t  to  t ime i s 2

in which the bar over  the C denotes t h a t  i t  is  a t rans fo rmed  

f u n c t i o n .  I f  the system s t a r t s  a t  e q u i l i b r i u m ,  the i n i t i a l  

cond i t  ion is



j.
where Co is  the b u lk  c o n c e n t ra t io n  o f  spec ies  0. Equat ion  (4 .3 )

now becomes

which is  a second o rd e r  o r d in a r y  d i f f e r e n t i a l  e q ua t io n  in

d i s t a n c e .  Th is  e q ua t ion  may then be so lved to  y i e l d

where A(s)  and B(s) are independent o f  x .  The e v a lu a t i o n  o f  A(s)  

and B(s)  re q u i r e s  two boundary c o n d i t i o n s ;  t h a t  i s ,  C0( x , s )  must 

be known a t  two va lues  o f  x .  A common boundary c o n d i t i o n  is  t h a t  

the c o n c e n t ra t io n  o f  spec ies  0 a t  an i n f i n i t e  d is ta n c e  from the 

e le c t r o d e  remains a t  the b u lk  c o n c e n t r a t i o n .  Th is  fo r c e s  B(s) to  

be zero  and hence equa t ion  (4 .6 )  becomes

The second boundary c o n d i t i o n  u s u a l l y  p e r t a in s  to  behav iour  a t  the 

e le c t r o d e  s u r fa ce  which w i l l  then complete the s o l u t i o n  to  

equat ion ( 4 .5 ) *

The s o l u t i o n  to  F i c k ' s  second law w i l l  d e s c r ib e  the 

c o n c e n t ra t i o n  as a f u n c t i o n  o f  d is ta n c e  and t im e .  I t  is  g e n e r a l l y  

more u s e f u l ,  however, to  de te rm ine  the c u r r e n t  t h a t  f l o w s  across

the e l e c t r o d e - s o l u t i o n  i n t e r f a c e .  The r e l a t i o n s h i p  between



c u r r e n t  and the f l u x  o f  spec ies  0 was g iven  in e q ua t ion  (3 -3)  • 

I t s  Laplace t r a n s fo rm  is

in which i ( s )  is the Laplace t r a n s fo rm  o f  the c u r r e n t  from 

the t ime domain.

An exper iment  t h a t  is  o f t e n  performed is one in which the 

e le c t r o d e  is  c o n c e n t ra t io n  p o la r i z e d .  Th is  c o n d i t i o n  may be 

e s t a b l i s h e d  by a p p ly in g  a p o t e n t i a l  a t  which any o f  spec ies  0 t h a t  

is  in c o n ta c t  w i t h  the e le c t r o d e  w i l l  immedia te ly  be reduced to  

spec ies  R. Equat ion (4 .7 )  now becomes

upon a p p l i c a t i o n  o f  t h i s  second boundary c o n d i t i o n .  Equat ion 

( A .8) may be e va lu a te d  by s u b s t i t u t i o n  o f  the x - d e r i v a t i o n  o f  

e q u a t io n  (A .9) to  y i e l d

f o r  which i n v e rs io n  y i e l d s  the c u r r e n t - t i m e  response

which is  known as the C o t t r e l l  e q u a t io n .  Note th a t  the e f f e c t  o f  

d e p l e t i n g  the e l e c t r o a c t i v e  spec ies  near the e le c t r o d e  s u r fa c e  is



c h a r a c t e r i z e d  by a t  2 f u n c t i o n .  Th is  form o f  t ime dependence is 

f r e q u e n t l y  encounte red in o th e r  exper iments  th a t  are c o n t r o l l e d  by 

d i f f u s  i o n .

The same techn ique  t h a t  was o u t l i n e d  above can o f t e n  be used 

f o r  the a n a ly s i s  o f  systems in which the e le c t r o n  t r a n s f e r  

r e a c t i o n  is  p e r tu rbe d  by homogeneous chemical r e a c t i o n s  th a t  

i n v o lv e  0 o r  R . 3 

A n a ly s i s  in the Laplace Plane1*’5

The Laplace t ra n s fo rm  o f  the c u r r e n t ,  i ( s ) ,  is  o f t e n  a much 

s im p le r  f u n c t i o n  than the t ime  domain c u r r e n t ,  i ( t ) .  T h e re fo re ,  

f o r  cases in which the f u n c t i o n a l i t y  o f  the t ime domain c u r r e n t  

cannot be de te rm ined ,  o r  when i t  can o n ly  be approx imated,  i t  may 

be advantageous to  ana lyze  the exper im en ta l  data in the Laplace 

p lane .  Th is  te ch n iq u e ,  in which the  data must be Laplace 

t ra n s fo rm e d ,  has not been used e x t e n s i v e l y  even though i t s  u t i l i t y  

has been d e m o n s t ra te d .6

The most conven ien t  method o f  p e r fo rm in g  the Laplace t ra n s fo rm  

o f  the data is  to  m u l t i p l y  each data p o in t  i ( t )  by e x p ( - s t )  and 

then to  pe r fo rm  a numer ica l  i n t e g r a t i o n  o f  the r e s u l t i n g  cu rve .

T h is  process is  repeated f o r  a number o f  d e s i re d  va lues  o f  s u n t i l  

a new c o l l e c t i o n  o f  data p o in t s  d e s c r ib i n g  i ( s )  is  o b ta in e d .

As an i l l u s t r a t i o n  o f  the a p p l i c a t i o n  o f  t h i s  method, c o n s id e r

the response to  a p o t e n t i a l  s tep p e r t u r b a t i o n  o f  the i r r e v e r s i b l e



r e a c t  ion

where k is  the r a te  c o n s ta n t  co r re s p o n d in g  to  the f i n a l  p o t e n t i a l .  

The Lap lace  t r a n s fo r m  o f  the c u r r e n t  response f o r  t h i s  r e a c t i o n  is 

found by methods s i m i l a r  to  those d iscussed  in the p re v io u s  

s e c t i o n  to  be

which  upon rearrangement  y i e l d s

_ i, l.
Thus, a p l o t  o f  1 / i ( s ) s 3 a g a in s t  s 2 w i l l  y i e l d  a s t r a i g h t  l i n e  

w i t h  a s lop e  o f  l /nAFkC'0c from which k may be d e te rm in e d .

The c u r r e n t  response in the t im e  domain f o r  the r e a c t i o n  is

where e r f c  is  the complement o f  the e r r o r  f u n c t i o n .  Th is  

e x p re s s io n  can be used f o r  q u a n t i t a t i v e  k i n e t i c  a n a l y s i s  o n ly  by 

expand ing  the  p ro d u c t  o f  the  e x p o n e n t ia l  and e r r o r  f u n c t i o n  

complement in terms f o r  e i t h e r  smal l  o r  l a rg e  va lu e s  o f  t .  T h is  

a p p r o x i m a t i o n , t h e r e f o r e ,  n e g le c ts  data from in t e r m e d ia t e  t im e s .  

A n a l y s i s  in the  Lap lace  p la n e ,  however, does not s u f f e r  from t h i s



the  L ap lace  t r a n s fo r m .

A n a ly s i s  in the Lap lace  p lane  would be p a r t i c u l a r l y  v a lu a b le  

f o r  systems in which the e le c t r o c h e m ic a l  r e a c t i o n  is  coup led  to  

chemica l  p rocesses .  In these systems, the in v e rs e  t r a n s f o r m a t i o n  

o f  i ( s )  is  o f t e n  d i f f i c u l t ,  whereas the f u n c t i o n  i ( s )  i t s e l f  is  

commonly a s im p le  a l g e b r a i c  f u n c t i o n  o f  s.

F a ra d a ic  A d m i t ta n ce  7-9

In many e le c t r o c h e m ic a l  e x p e r im e n ts ,  the system is s u b je c te d  

to  a l a rg e  p e r t u r b a t i o n  which d r i v e s  the e le c t r o d e  to  a c o n d i t i o n  

f a r  f rom e q u i l i b r i u m .  A response is  then observed ,  u s u a l l y  in the 

fo rm o f  a t r a n s i e n t  s i g n a l .  A u se fu l  a l t e r n a t i v e  is  to  p e r t u r b  

the c e l l  w i t h  a smal l  a l t e r n a t i n g  s ig n a l  and then to  observe the 

way in which  the system f o l l o w s  the p e r t u r b a t i o n .  Th is  te ch n iq u e  

p e rm i t s  measurements o f  h igh  p r e c i s i o n  to  be made s in c e  the 

response may be p e r i o d i c  i n d e f i n i t e l y  and t h e r e f o r e  may be 

averaged o ve r  a long t im e .  A ls o ,  s ince  the exp e r im e n t  is  per fo rmed 

c lo s e  to  e q u i l i b r i u m ,  im p o r ta n t  s i m p l i f i c a t i o n s  can be made in the 

t r e a tm e n t  o f  k i n e t i c s  and d i f f u s i o n .  T h is  te ch n iq u e  has been 

a p p l i e d  c h i e f l y  to  q u a s i - r e v e r s i b l e  systems in which the response 

is  dependent upon both d i f f u s i o n  and hete rogeneous c h a r g e - t r a n s f e r  

k i n e t i c s .  For such r e a c t i o n s ,  as k s becomes l a r g e r ,  the r e a c t i o n  

r a te  becomes p r o g r e s s i v e l y  more d i f f u s i o n  c o n t r o l l e d .



In such e x p e r im e n ts ,  a dc mean p o t e n t i a l  v a lu e ,  E<-|c , is 

imposed on the  w o rk in g  e l e c t r o d e .  Th is  dc p o t e n t i a l  is  then 

scanned s l o w ly  w i t h  t im e .  A s i n u s o id a l  component,  Ea c , o f  perhaps 

5 mV p e a k - to -p e a k  a m p l i tu d e  is  super imposed upon the dc p o t e n t i a l .  

The responses t h a t  a re  measured a re  Iac> the magni tude o f  the ac 

component o f  the c u r r e n t  a t  the f re q u en cy  o f  Ea c , and <p, the phase 

a n g le  o f  the ac c u r r e n t  w i t h  re sp ec t  to  Eac> The r o l e  o f  the dc 

p o t e n t i a l  is  to  se t  the mean s u r fa c e  c o n c e n t r a t i o n s  o f  0 and R. 

T h is  p o t e n t i a l  u s u a l l y  d i f f e r s  from the e q u i l i b r i u m  va lu e  and 

hence a t h i n  l a y e r  nex t  to  the e le c t r o d e  w i l l  be e s t a b l i s h e d  

th rough  which 0 and R must d i f f u s e .  T h is  l a y e r  grows w i t h  t ime  

and i t  soon exceeds the zone a f f e c t e d  by the ra p id  s i n u s o id a l  

p e r t u r b a t i o n s . T h e r e fo r e ,  the mean s u r fa c e  c o n c e n t r a t i o n s  o f  0 

and R resemble b u lk  c o n c e n t r a t i o n s  to  the ac p a r t  o f  the 

e x p e r im e n t .  Hence the  ac c u r r e n t  response has the same p e r io d  as 

Eac but i t  w i l l  lag by the phase ang le  <J> which is  dependent upon 

the  r a t e  o f  the e l e c t r o d e  r e a c t i o n s .

T h is  method o f  a n a l y s i s  is  r e f e r r e d  to  as e i t h e r  a f a r a d a i c  

a d m i t ta n c e  o r  f a r a d a i c  impedance te c h n iq u e .  Impedance is  the 

t o t a l  " e f f e c t i v e  r e s i s t a n c e "  to  an ac c u r r e n t  and a d m i t ta n c e  is 

the  r e c ip r o c a l  o f  t h i s  q u a n t i t y .  However, n e i t h e r  o f  these 

q u a n t i t i e s  need be de te rm ined  s in c e  the paramete rs  o f  i n t e r e s t  may 

be o b ta in e d  f rom the  e x p r e s s i o n 10



where w is  the frequency o f  the ac modulat ion and D is a d i f f u s i o n  

c o e f f i c i e n t  g iven by

in  which a is  the charge t r a n s f e r  c o e f f i c i e n t  re p re s e n t in g  the 

f r a c t i o n  o f  the p o t e n t i a l  t h a t  fa v o rs  the re d u c t io n  r e a c t i o n .

Hence a p l o t  o f  cot(<j>) a g a in s t  oj2 should be l i n e a r  w i t h  an 

i n t e r c e p t  o f  u n i t y  and a s lope  from which ks can be c a l c u la t e d  f o r  

a known D.

Farada ic  adm i t ta nce  measurements depend on the l i n e a r i t y  o f  

c u r r e n t - o v e r p o t e n t i a l  r e l a t i o n s  a t  low o v e r p o t e n t i a l s .  Th is  

l i n e a r  behav iour  is  e s t a b l i s h e d  when the e le c t ro c h e m ic a l  response 

is d i f f u s i o n  c o n t r o l l e d .  In a l i n e a r  system, e x c i t a t i o n  a t  a 

f requency  to p ro v id e s  a c u r r e n t  t h a t  is a l s o  o f  f requency  oo. The 

c u r r e n t - o v e r p o t e n t i a l  f u n c t i o n  f o r  an e le c t r o d e  re a c t i o n  may be 

n o n l i n e a r ,  however, over  moderate ranges o f  o v e r p o t e n t i a l  p roduc ing  

a d i s t o r t e d  response t h a t  is not p u re l y  s i n u s o i d a l .  Even so, the 

response w i l l  be p e r i o d i c  and can be represen ted  by a F o u r ie r  

s y n th e s is  o f  s i g n a l s  a t  f re q u e n c ie s  co, 2o>, 3w » . . .»  e t c .  The 

F o u r ie r  s y n th e s is  is  performed w i t h  a F o u r ie r  s e r ie s  such as



o r ,  a l t e r n a t i v e l y

where Kq is  the do leve l  and Kn is  the a m p l i tu d e  o f  the component 

w i t h  f requency  naj and phase ang le  <j>n .

A l though  the advantage o f  ac measurements were recogn ized in 

the l a t e  19^01s and e a r l y  1950 's ,  ac techn iques  have made t h e i r  

most s i g n i f i c a n t  advances s ince  the i n t r o d u c t i o n  o f  the Fast 

F o u r ie r  Trans fo rm in the past decade which r e v o l u t i o n i z e d  

in s t r u m e n ta t io n  f o r  f a r a d a i c  adm i t tance  measurements. The use o f  

the  FFT in f a r a d a i c  adm i t tance  s tu d ie s  is  p a r t i c u l a r l y  u se fu l  when 

the  e le c t r o c h e m ic a l  response is  not d i f f u s i o n  c o n t r o l l e d  o r  the 

c u r r e n t - o v e r p o t e n t i a l  f u n c t i o n  is  n o n l i n e a r .

The comple te  c h a r a c t e r i z a t i o n  o f  an e le c t ro c h e m ic a l  process 

by a d m i t ta nce  methods is  a te d io u s  o p e r a t i o n  because i n fo rm a t io n  

is  r e q u i re d  a t  a se t  o f  f re q u e n c ie s  rang ing  over  2 to  3 decades 

and a t  a se t  o f  p o t e n t i a l s  rang ing  ove r  Eo1 ± 100 mV. The t ime 

re q u i re d  f o r  t h i s  a n a l y s i s  may be reduced by a p p ly in g  an 

e x c i t a t i o n  s ig n a l  comprised o f  a F o u r ie r  s y n th e s is  o f  a l l  o f  the 

d e s i r e d  f re q u e n c ie s .  Th is  e x c i t a t i o n  s ig n a l  is  o f t e n  a no ise  

waveform r a th e r  than a pure s i n u s o id .  The best c h o ic e  f o r  t h i s  

s ig n a l  is  an odd-harmon ic ,  phase -va ry in g  pseudorandom w h i te

n o i s e . 11 Th is  no ise  is produced by the s u p e r p o s i t i o n  o f  severa l



f r e q u e n c ie s ,  a l l  o f  which have equal a m p l i tu d e  so t h a t  they c a r r y  

the  same w e ig h t .  The phase angles are randomized so t h a t  the re  

w i l l  no t be la rg e  swings in the a m p l i tu d e  o f  the t o t a l  e x c i t a t i o n  

s i g n a l .  The f re q u e n c ie s  se le c te d  f o r  the e x c i t a t i o n  s ig n a l  are 

a l l  odd harmonics o f  the lowest f requency .  Th is  cho ice  ensures 

th a t  second-harmonic  components w i l l  not appear in the c u r r e n t s  

measured f o r  the fundamental f re q u e n c ie s .

The a p p l i c a t i o n  o f  t h i s  e x c i t a t i o n  s ig n a l  w i l l  induce a 

c u r r e n t  t h a t  w i l l  show r e la t e d  " n o i s y "  v a r i a t i o n s .  The response 

is  m on i to red  w i t h  the a id  o f  computer i n t e r f a c e d  in s t r u m e n ta t io n  

and then F o u r ie r  t r a n s fo r m a t i o n  y i e l d s  the d i s t r i b u t i o n  o f  

harmonics embodied w i t h i n  the response. The f a r a d a i c  adm i t tance  

may then be c a l c u la t e d  a t  the f requency  o f  each F o u r ie r  component 

f o r  a p o t e n t i a l  E^c* Changing Edc a f t e r  each comple te  se t  o f  

measurements w i l l  then pe rm i t  the f a r a d a i c  a d m i t tance  to  be 

de te rm ined  as a f u n c t i o n  o f  both Edc and w.

The e f f i c i e n c y  o f  t h i s  techn ique  has been enhanced by the 

a b i l i t y  o f  the F o u r ie r  t r a n s fo rm  to  re s o lv e  a complex waveform 

i n t o  i t s  components. Th is  has made i t  p o s s ib le  to  app ly  as many 

as 15 f re q u e n c ie s  a t  once11 ins tead  o f  o n ly  one as was the 

co n v e n t io n a l  method. Th is  c a p a c i t y  f o r  s imu l taneous  measurement 

i l l u s t r a t e s  the m u l t i p l e x  advantage t h a t  was mentioned in a

p re v io u s  c h a p te r .



S p e c t ro e l  e c t ro ch em i  s t r y  12-11*

In re c e n t  yea rs  th e re  has been much i n t e r e s t  in s tu d y in g  

e l e c t r o d e  processes  by exp e r im e n ts  t h a t  i n v o l v e  more than the  

usual  e l e c t r o c h e m ic a l  v a r i a b l e s  o f  c u r r e n t  and p o t e n t i a l .  P a r t  o f  

the  m o t i v a t i o n  f o r  t h i s  work has been to  p ro v id e  ways to  o b t a in  

i n f o r m a t i o n  about e le c t r o c h e m ic a l  systems t h a t  co u ld  not be 

o b ta in e d  f rom p u r e l y  e le c t r o c h e m ic a l  e x p e r im e n ts .

In the  19601s , e xper im en ts  were developed t h a t  combined 

u l t r a v i o l e t - v i s i b l e  sp e c t ro scop y  w i t h  c o n v e n t io n a l  e l e c t r o c h e m ic a 1 

t e c h n iq u e s .  These methods have proved to  be ve ry  v a lu a b le  f o r  the 

c h a r a c t e r i z a t i o n  and m o n i t o r i n g  o f  e l e c t r o g e n e r a t e d  sp e c ie s .

E l e c t r o c h e m i s t r y  has long served as a means o f  g e n e ra t i n g  

and m o n i t o r i n g  r e a c t i v e  spec ies  in s o l u t i o n ,  u s u a l l y  on a t ime  

s c a le  o f  a few seconds down to  the s u b m i l l i s e c o n d  range. In most 

e le c t r o c h e m ic a l  e x p e r im e n ts ,  the p o t e n t i a l  is  c o n t r o l l e d  and a 

c u r r e n t  is  m o n i to re d  to  o b ta in  m e c h a n is t i c  and thermodynamic 

i n f o r m a t i o n .  Methods based on the measurement o f  c u r r e n t  have 

been used w i t h  s i g n i f i c a n t  success but they  o f t e n  la ck  s e l e c t i v i t y  

s in c e  the  observed c u r r e n t  may r e f l e c t  r e a c t i o n s  from severa l  

spec ies  in s o l u t i o n .

The in f o r m a t io n  ga ined from an e le c t r o c h e m ic a l  exp e r im e n t  can 

o f t e n  be enhanced by the a d d i t i o n  o f  an o p t i c a l  probe to  g a th e r

s p e c t r a l  i n f o r m a t io n  about  the m a te r ia l  genera ted  a t  the



e le c t r o d e .  Th is  m o d i f i c a t i o n  a ls o  inc reases  the s e l e c t i v i t y  o f  

the exp e r im e n t .

Several s p e c t r o e le c t r o c h e m ic a l  methods have been developed 

which combine a v a r i e t y  o f  s p e c t ro s c o p ic  and e le c t ro c h e m ic a l  

te c h n iq u e s .  Some o f  the c o n f i g u r a t i o n s  t h a t  have been used f o r  

a b s o rp t i o n  s p e c t r o e le c t r o c h e m is t r y  in c lu d e  pass ing l i g h t  th rough 

an o p t i c a l l y  t r a n s p a re n t  e l e c t r o d e , 15r e f l e c t i n g  l i g h t  o f f  an 

e le c t r o d e ,  and passing l i g h t  p a r a l l e l  to  a p la n a r  e l e c t r o d e . 1. 

These techn iques  have been employed s u c c e s s f u l l y  f o r  a number o f  

systems and have increased the u t i l i t y  o f  s p e c t r o e le c t r o c h e m is t r y  

f o r  s tu d ie s  o f  f a s t  r e a c t i o n s .

There are  some l i m i t a t i o n s ,  however, when these techn iques  

a re  a p p l i e d  to  systems w i t h  s h o r t - l i v e d  o r  weakly  absorb ing  

e le c t r o g e n e ra te d  spec ies .  In a l l  e le c t ro c h e m ic a l  e xp e r im e n ts ,  the 

events  o f  i n t e r e s t  occur  w i t h i n  a t h i n  la y e r  o f  s o l u t i o n  c lo s e  to  

the e le c t r o d e  s u r fa c e .  I f  the dominant mode o f  mass t r a n s p o r t  is 

d i f f u s i o n ,  then t h i s  reg ion  is r e f e r r e d  to  as the d i f f u s i o n  l a y e r .  

T h is  re g ion  is  ve ry  t h i n  [ ~ ( D t ) 2 o r  -100 ym a t  10sJ which p laces 

r e s t r i c t i o n s  on the o p t i c a l  methods t h a t  can be a p p l i e d .  One 

r e s t r i c t i o n  is  t h a t  the e f f e c t i v e  path le n g th  f o r  a beam pass ing  

th rough a t r a n s p a re n t  e le c t r o d e  is  determ ined by the th ic k n e s s  o f  

the d i f f u s i o n  l a y e r .  Th is  te ch n iq u e ,  t h e r e f o r e ,  would o n ly  be 

s e n s i t i v e  to  s t rong  absorbers  w i t h  r e l a t i v e l y  long l i f e t i m e s .



A b s o rp t io n  s p e c t r o e l e c t r o c h e m i s t r y  is  g e n e r a l l y  l i m i t e d  to  

c o n c e n t ra t io n s  above 10-1* M whereas the d e t e c t i o n  l i m i t  should be 

in the  o rd e r  o f  10"6 M o r  10-8 M to  make i t  a more g e n e r a l l y  

u se fu l  a n a l y t i c a l  t o o l .

One tech n iq u e  t h a t  has d is p la y e d  many advantages over  p rev ious  

methods is  d i f f r a c t i v e  s p e c t r o e l e c t r o c h e m i s t r y . Th is  method 

ana lyses  the d i f f r a c t i o n  o f  U V - v i s i b le  l i g h t  by an e le c t r o d e .  

Cons ider  a beam o f  l i g h t  imp ing ing  on an e le c t r o d e  as shown in 

F ig u re  A . 1.

F ig u re  A . l  General exper im enta l  c o n f i g u r a t i o n  f o r  m o n i t o r i n g  
l i g h t  d i f f r a c t e d  by an e le c t r o d e .  D i f f r a c t e d  i n t e n s i t y  is 
d i s t r i b u t e d  s y m m e t r i c a l l y  above and below the u n d i f f r a c t e d  
beam.

Par t  o f  the beam s t r i k e s  the e le c t r o d e  and p a r t  o f  i t  t r a v e l s  

p a r a l l e l  t o  the e le c t r o d e  s u r fa c e .  D i f f r a c t i o n  by the e le c t r o d e  

w i l l  s c a t t e r  l i g h t  away from the  main beam. Some d i f f r a c t e d  

i n t e n s i t y  w i l l  appear in the shadow o f  the e le c t r o d e  as w e l l  as in 

the reg ion  below the beam. The major  c o n t r i b u t i o n  to  the



d i f f r a c t e d  i n t e n s i t y  comes from l i g h t  pass ing c lose  to  the 

e le c t r o d e  s u r fa c e .  L ig h t  t h a t  passes f a r  from the e le c t r o d e  w i l l  

no t  be d i f f r a c t e d  a p p r e c ia b l y ,  and hence, t o  a f i r s t  approx ima­

t i o n ,  a l l  the  d i f f r a c t e d  l i g h t  has passed th rough the t h i n  l a y e r  

o f  i n t e r e s t  c lo s e  to  the e le c t r o d e  s u r fa c e .  Thus m o n i to r in g  o f  

d i f f r a c t e d  i n t e n s i t y  d u r in g  the g e n e ra t io n  o f  a chromophore w i l l  

be s e n s i t i v e  to  the c o n c e n t ra t io n  o f  t h a t  chromophore.

The d i f f r a c t i o n  p a t t e r n  o b ta in e d  from such an exper iment  is a 

s p a t i a l  F o u r ie r  t r a n s fo rm  o f  the i n t e n s i t y  d i s t r i b u t i o n  o f  the 

l i g h t  t h a t  passes the e le c t r o d e  a f t e r  i n t e r a c t i o n  w i t h  the 

chromophore. T h e re fo re ,  the r e l a t i o n s h i p  between the g e n e ra t io n  

o f  the chromophore and the d i f f r a c t e d  i n t e n s i t y  is  embedded in the 

F o u r ie r  t r a n s fo rm .  Thus, in f o rm a t io n  can be gained about the 

chromophore g e n e ra t io n  w i t h  the a id  o f  F o u r ie r  t r a n s fo rm  

te c h n iq u e s .  3

There are  many advantages to  t h i s  d i f f r a c t i v e  approach ove r  

a b s o r p t i o n  s p e c t r o e le c t r o c h e m ic a l  methods. Th is  method p ro v id e s  

h igh  s e n s i t i v i t y  s ince  the e f f e c t i v e  path  leng th  is l i m i t e d  by the 

e le c t r o d e  le n g th  r a th e r  than the th ic k n e s s  o f  the d i f f u s i o n  l a y e r .  

Fast response t imes are a ls o  p o s s ib l e ,  e s p e c i a l l y  i f  a h ig h -  

powered la s e r  is  used in c o n ju n c t i o n  w i t h  a h i g h l y  e f f i c i e n t  

photon r e c e p t o r .  F i n a l l y ,  a unique fe a tu r e  o f  t h i s  techn ique  is 

t h a t  F o u r ie r  i n v e r s io n  o f  the d i f f r a c t i o n  p a t t e r n  w i l l  y i e l d  the



chromophore d i s t r i b u t i o n  as a f u n c t i o n  o f  t im e .  Exper imenta l  

c o n c e n t r a t i o n  p r o f i l e s  cou ld  be o b ta in e d  w i t h  r e s o l u t i o n  on the 

o r d e r  o f  the wave length  o f  the l i g h t  employed. These p r o f i l e s  

co u ld  be o b ta in e d  under a v a r i e t y  o f  exper im en ta l  c o n d i t i o n s  to  

e s t a b l i s h  the bas is  f o r  a number o f  mass t r a n s p o r t  p rocesses.  

D i f f r a c t i v e  s p e c t r o e le c t r o c h e m is t r y  is  a techn ique  which is  o n ly  

in i t s  in fa n cy  but i t  promises to  evo lve  i n t o  an e x c e l l e n t  probe 

f o r  the d i f f u s i o n  l a y e r .  Th is  is  a reg ion  o f  extreme importance 

but i t  has been d i f f i c u l t  to  probe w i t h  co n ve n t io n a l  methods.

R iemann-Liouv i 11e T rans fo rm at  i o n 1”

The s u r fa c e  c o n c e n t ra t io n  o f  spec ies  0, f o r  any e l e c t r o ­

chemical te ch n iq u e ,  is  g iven  by the exp ress ion

The o n ly  r e s t r i c t i o n  b u i l t  i n t o  t h i s  exp ress ion  is  t h a t  the 

exper im en t  is  performed under c o n d i t i o n s  o f  semi- i n f i n i t e  l i n e a r  

d i f f u s i o n  and w i t h  an e q u i l i b r i u m  e x i s t i n g  p r i o r  to  t= 0 .  No 

assumpt ions have been made concern ing  the r e v e r s i b i l i t y  o f  the 

charge t r a n s f e r  r e a c t i o n  o r  even the dependence o f  su r fa c e  

c o n c e n t r a t i o n s  on p o t e n t i a l .  Hence t h i s  exp ress io n  is  a p p l i c a b l e  

f o r  any fo rm o f  e x c i t a t i o n  s i g n a l .



The b racke ted  term in e q ua t io n  (^*.20) may be o b ta in e d  by 

e i t h e r  o f  two methods. One method uses the c o n v o lu t i o n  i n t e g r a l  

o f  Lap lace  t r a n s fo r m a t i o n  which has been d iscussed e a r l i e r .  The 

o th e r  method uses the R ie m a n n -L io u v i11e t r a n s fo rm  o f  o rd e r  

T h is  o p e r a t i o n  is  known as s e m i i n t e g r a t i o n  and is denoted as 

d 2/ d t  2. The e q u iva le n ce  th a t  e x i s t s  between the semi i n t e g r a l  

and the c o n v o lu t i o n  i n t e g r a l  does not extend to  R ie m a n n-L io uv i11e 

t ra n s fo rm s  in g e n e ra l .

( i )  R ie m a n n -L io u v i11e Trans form P o la ro g ra p h y19

R ie m a n n -L io u v i11e t ra n s fo rm s  are employed in the f r a c t i o n a l  

c a l c u lu s  in which the d i f f e r e n t i a l  o p e ra to r  dq/ d t q may be 

e v a lu a te d  f o r  any va lue  o f  q . 20 The form o f  the R ie m a n n-L io uv i11e 

i n t e g r a l  t h a t  is employed depends upon the magnitude o f  q. For 

q<0,

and f o r  0^q<l ,

A lg o r i th m s  have been d e r iv e d  which enab le  these e xp ress io n s  to  be 

e v a lu a te d  n u m e r i c a l l y .



An a t t r a c t i v e  p r o p e r t y  o f  the R ie m a n n -L io u v i1ie  t r a n s fo rm  is  

i t s  a b i l i t y  to  render v a r i a b l e  fu n c t i o n s  o f  t ime i n v a r i a n t ;  t h a t  

i s ,

which is  v a l i d  f o r  a l l  va lues o f  q. Th is  p r o p e r t y  may be 

e x p l o i t e d  to  enable  the f a r a d a i c  and c a p a c i t a t i v e  components to  be 

separated from a c u r r e n t  t h a t  f low s  a t  a d ropp ing  mercury 

e le c t r o d e .  Th is  c u r r e n t  is descr ibed  by the equa t io n

in w h ic h 22

and

where m is  the ra te  o f  mercury f l o w  f o r  the d ropp ing  mercury ,  d^g 

is the d e n s i t y  o f  mercury, Cj  is  the i n t e g r a l  ca p a c i ta n ce  o f  the 

doub le  l a y e r ,  and Ez is  the p o t e n t i a l  o f  zero  charge .  Var ious  

methods have been developed in an a t te m p t  to  separa te  i f ( t )  f rom



i c ( t )  but the s i m p l i c i t y  o f  the R ie m a n n -L io u v i11e t ra n s fo rm  was 

o n ly  in t ro d u ce d  r e c e n t l y  by Soong and Maloy.19 T ra n s fo rm a t io n s  o f  

o rd e r  -73 and +Vg were a p p l ie d  r e p e t i t i v e l y  on i ( t )  to  de te rm ine  

k f  and kc . Th is  method enabled a l i n e a r  c a l i b r a t i o n  curve to  be 

o b ta in e d  f o r  Cd2+ over  a c o n c e n t ra t io n  range o f  0.1 yM to  0.1 mM. 

T h is  procedure has the advantage th a t  s o p h i s t i c a t e d  in s t ru m e n ta ­

t i o n  re q u i re d  f o r  o th e r  s e p a ra t io n  techn iques  may be rep laced by a 

more v e r s a t i l e  and less  c o s t l y  computer w h i l e  m a in ta in in g  h igh  

sens i t  i v i  t y .

( i i )  C o t t r e l l  F i l t e r i n g

Another  method th a t  uses R ie m a n n-L io uv i11e t ra n s fo rm s  to  

separa te  f a r a d a i c  and n o n - fa r a d a ic  c u r r e n t s  is  the C o t t r e l l  

f i l t e r .  Th is  techn ique  was developed and s tu d ie d  by Hempstead and 

Oldham but as y e t  remains unpu b l ish e d .  Th is  method is  a p p l i c a b l e  

to  a C o t t r e l l  exper iment  f o r  which the c u r r e n t  response is  g iven  

by

where f ? ( t )  is  a c u r r e n t  ex t raneous to  the f a r a d a i c  process under 

s tu d y .  The R ie m a n n -L io u v i11e t ra n s fo rm  possesses the conven ie n t  

p r o p e r t  i es



and

_1, _1,
where d 2/ d t 2 is  the s e m i d i f f e r e n t i a t i o n  o p e ra to r  and d 2/ d t  2 is

the s e m i i n t e g r a t i o n  o p e r a to r .  These p r o p e r t i e s  may be employed in
j-

the scheme o u t l i n e d  in F igu re  k .2  to  o b ta in  nAFCsDo2 which 

enab les the f a r a d a i c  component o f  the c u r r e n t  to  be ana lyzed .

5C %
Figure 4.2 O u t l in e  f o r  C o t t r e l l  f i l t e r i n g  where k = nAFC0D0 .



CHAPTER 5

REVERSAL TECHNIQUES IN ELECTROCHEMISTRY

I t  w i l l  be u se fu l  to  d e s c r ib e  some e le c t ro c h e m ic a l  re ve rsa l  

techn iques  so as to  lay  the groundwork f o r  the s tudy  t h a t  w i l l  be 

d e sc r ib e d  in subsequent c h a p te rs .  Reversal techn iques  comprise a 

la rg e  and growing c la s s  o f  exper iments  th a t  f e a t u r e  the g e n e ra t io n  

o f  an e le c t r o c h e m ic a l  p roduc t  fo l lo w e d  by the re ve rsa l  o f  

e l e c t r o l y s i s  which p e rm i ts  the p roduct  to  be examined e l e c t r o ­

chemical l y .  These procedures are  summarized by

o r  a l t e r n a t i v e l y

Reversal techn iques  are  e s p e c i a l l y  u se fu l  f o r  s tu d ie s  o f  

complex e le c t r o d e  k i n e t i c s . 1 An example o f  a k i n e t i c  c o m p l i c a t i o n  

is  i l l u s t r a t e d  in the mechanism

The p ro d u c t ,  R, o f  the  e le c t r o d e  re a c t i o n  re a c ts  to  produce a 

spec ies  which is  not e l e c t r o a c t i v e  a t  p o t e n t i a l s  where the 

r e d u c t io n  o f  0 is  o c c u r r i n g .  Th is  mechanism may be denoted E^C. 

to  i n d i c a t e  a r e v e r s i b l e  e l e c t r o n  t r a n s f e r  fo l lo w e d  by an



i r r e v e r s i b l e  homogeneous chemical r e a c t i o n . 2

A number o f  d i v e r s e  re ve rsa l  techn iques  are examined in t h i s

c h a p te r  and the  e f f e c t  o f  an E C. mechanism on each is  d iscussed .
r i

Double Step Chronoamperometry

The s im p le s t  r e v e rs a l  techn ique  is  p robab ly  doub le  s tep  

chronoamperometry . The method is  i l l u s t r a t e d  in F ig u re  5 .1 .  An 

e le c t r o d e  is  immersed in a s o lu t i o n  c o n ta in in g  spec ies  0 t h a t  is 

r e v e r s i b l y  reduced in the  v i c i n i t y  o f  the p o t e n t i a l  E° ' . The 

i n i t i a l  p o t e n t i a l ,  E . ,  i s  much more p o s i t i v e  than E° and hence no 

e l e c t r o l y s i s  o c c u rs .  A t  t=0 the  p o t e n t i a l  is  changed a b r u p t l y  to  

E , which is  f a r  more n e g a t ive  than E° . Th is  induces the
g

g e n e ra t io n  o f  spec ies  R under c o n c e n t ra t io n  p o la r i z e d  c o n d i t i o n s  

f o r  a p e r io d  T. At t=T a second p o t e n t i a l  s tep s h i f t s  the  

e le c t r o d e  to  the  more p o s i t i v e  va lu e  E^. ( In  many cases Er = E . . )  

Th is  reverses  the e l e c t r o l y s i s ;  hence species R is  re o x id iz e d  to  

spec ies  0. The d i r e c t  " o b s e r v a t i o n "  o f  spec ies  R a f t e r  i t s  

e l e c t r o g e n e r a t i o n  p e rm i ts  an e v a lu a t i o n  o f  R's p a r t i c i p a t i o n  in 

homogeneous chemical r e a c t i o n s  on a t ime sca le  comparable to  T.

The c u r r e n t  response d u r in g  the g e n e ra t io n  phase is  g ive n  by 

the  C o t t r e l l  e q u a t io n 3

whereas the c u r r e n t  response d u r in g  the re v e rs a l  phase in the



absence o f  a homogeneous r e a c t i o n  such as (5 .2b)  is desc r ib e d  by 

the  e q u a t io n  f i r s t  d e r iv e d  by Kambara4

These responses are i l l u s t r a t e d  in F ig u re  5*2.

F ig u re  5.1 General waveform f o r  a doub le  s tep exper iment

F ig u re  5*2 C u r ren t  response f o r  a doub le  s tep exper iment

The g e n e ra t io n  and re v e rs a l  c u r r e n t s  are both p r o p o r t i o n a l  to  

*  T
C0AD0 2, which is  o f t e n  unknown. T h e re fo re ,  i t  is  more co n ven ie n t



t o  use a r a t i o  o f  these c u r r e n t s ,  r a th e r  than t h e i r  a b s o lu te  

v a lu e s ,  when compar ing a rea l  exper iment  to  the p r e d i c t i o n .  I f  t  

and t  a re  the  t imes a t  which the  c u r r e n t  measurements a re  made, 

then

A s im p le  check f o r  a s t a b le  system is  t h a t  - i r ( 2 T ) / i  ( T ) -0 .2 9 3 .  

Depar tu res  from t h i s  r a t i o  i n d i c a t e  k i n e t i c  c o m p l i c a t i o n s  in the 

e le c t r o d e  r e a c t i o n . 5 For example, an Er C. mechanism would cause 

the  re v e rs a l  c u r r e n t  to  be less  than p re d ic te d  by e qua t ion  (5.^0 

and hence the  c u r r e n t  r a t i o  would a ls o  be s m a l le r .

Double Step Chronocoulometry

The doub le  s tep ch ro n o c o u lo m e t r i c  exper iment  resembles the  

doub le  s tep  chronoamperometr ic  exper iment  in many ways, the  

p o t e n t i a l  waveform being the same. The way in which these 

exper im ents  d i f f e r  is  t h a t  ch ro n o c o u lo m e t r i c  exper iments  i n t e g r a t e  

th e  c u r r e n t  over  t ime  so t h a t  the  charge passed, Q ( t ) , i s  o b ta in e d .  

Th is  method o f f e r s  many advantages over  the  w id e l y  used chrono­

amperometr i c  mode:

i )  the  measured s ig n a l  grows w i t h  t ime  and hence the  l a t e r  p a r t s  

o f  the  c u r r e n t  t r a n s i e n t ,  which a re  u s u a l l y  m inu te ,  a re  more 

a c c e s s ib l e

i i )  the  o p e r a t i o n  o f  i n t e g r a t i o n  smooths random n o ise  on the  

c u r r e n t  t r a n s i e n t s  and hence the s ig n a l  is  " c l e a n e r "



i i i )  c o n t r i b u t i o n s  to  Q ( t )  f rom d o u b le - la y e r  ch a rg in g  can be 

d i s t i n g u i s h e d  from those due to  d i f f u s i n g  e le c t r o r e a g e n t s .  The 

analogous s e p a ra t io n  f o r  chronoamperometry is  not f e a s i b l e . ^

The s im p le s t  c h ro n o c o u lo m e t r i c  exper iment  is analogous to  the 

doub le  s tep exper iment  d esc r ibed  p r e v io u s l y .  I f  the d o u b le - l a y e r  

charge is  much s m a l le r  than Q.( t ) , then

in the absence o f  homogeneous r e a c t i o n s .  The shapes o f  these 

response f u n c t i o n s  a re  shown in F igu re  5 .3 .

F ig u re  5.3 C hronocou lom e tr ic  response f o r  a doub le  s tep  exper im ent  

The s t a b i l i t y  o f  the p roduc t  spec ies  can be te s te d  by the

r a t i o



I f  the  p ro d u c t  spec ies  is  s t a b l e ,  then Qr (2T) /Q ( T ) -0 .5 8 6 .  The 

r a t i o  d e f in e d  by e q ua t ion  (5-7)  is  s im p ly  the  f r a c t i o n  o f  the 

e le c t r o g e n e ra te d  spec ies  t h a t  has been recap tu red  a t  the e le c t r o d e .  

Thus, a t  t=2T, 58.6% o f  the e le c t r o g e n e ra te d  spec ies  has been 

conver ted  back to  i t s  p re c u rs o r .

C o l l e c t i o n  Exper iments

C o l l e c t i o n  exper iments  per formed w i t h  a r o t a t i n g  r i n g - d i s c  

e le c t r o d e  (RRDE) in c o rp o ra te  s i m i l a r  concepts  to  the doub le  s tep 

exper im ent  except t h a t  two e le c t r o d e s  are  used so t h a t  the 

r e a c t i o n s  may occur  s im u l ta n e o u s ly .  A spec ies  is  generated 

e l e c t r o l y t i c a 11y a t  the d i s c  and then c o l l e c t e d  by the  r i n g  t h a t  

sur rounds i t  (see F ig u re  5.1*). Both processes are  performed under 

c o n d i t i o n s  o f  c o n c e n t ra t io n  p o l a r i z a t i o n .

The c o l l e c t i o n  e f f i c i e n c y ,  N, is  d e f ine d  as

where i D and i n a re  the c u r r e n t s  a t  the  r i n g  and d i s c  r e s p e c t i v e l y .  
R D

I f  the  genera ted  spec ies  is  s t a b l e ,  the  c o l l e c t i o n  e f f i c i e n c y  i s

c o n s ta n t  f o r  any RRDE re g a rd le ss  o f  a n g u la r  v e l o c i t y ,  C^, Dq , o r

D . I f  the  genera ted  spec ies  re a c ts  homogeneously a t  a r a t e  
R

s u f f i c i e n t l y  h igh  t h a t  some is  l o s t  in i t s  passage from the d is c  

to  the  r i n g ,  then the  measured k i n e t i c  c o l l e c t i o n  e f f i c i e n c y ,  N^, 

w i l l  be less  than N. In fo rm a t io n  about the  r a te  and mechanism o f



the  decom pos i t ion  may then be o b ta in e d  by the a p p l i c a t i o n  o f  

s t e a d y - s t a t e  k i n e t i c s . 7-9 For t y p i c a l  exper im enta l  c o n d i t i o n s ,  

t h i s  te ch n iq u e  i s  e f f e c t i v e  in measuring f i r s t  o rd e r  r a t e  co n s ta n ts  

over  the  0.03s ^<k<103s ' r a n g e .10

F ig u re  5*^  Schematic o p e ra t i o n  o f  RRDE. C on ce n t ra t io n  o f  spec ies  
R inc reases  proceed ing  from con to u rs  1 to  b.

C ur re n t  Reversal P o te n t io m e t r y

In the  p re v io u s  exper im enta l  te c h n iq u e s ,  the p o t e n t i a l  was

c o n t r o l l e d  and a c u r r e n t  o r  charge response was m on i to re d .

Chronopoten t iom etr ic  techniques c o n t ro l  the c u r re n t  and moni tor

the p o t e n t i a l .

The most common c h ro n o p o te n t i o m e t r i c  techn ique  is the  

g a 1v a n o s t a t i c  exper iment  in which a c o n s ta n t  c u r r e n t  f l o w s  th rough



the c e l l .  For the e le c t rod e  process, 0 + ne —> R,

where D0 (3C0/ 9 x ) x_q denotes the f l u x  o f  spec ies  0 a t  the e le c t r o d e  

s u r f a c e . 1* T h e re fo re ,  i f  a co n s ta n t  c u r r e n t  f l o w s ,  th e re  must be 

a c o n s ta n t  f l u x  o f  spec ies  0, and hence the re d u c t io n  occurs  a t  a 

c o n s ta n t  r a t e .

A g a 1v a n o s t a t i c  exper iment  may be regarded as a " t i t r a t i o n "  

o f  an e l e c t r o a c t i v e  spec ies  by a con t inuous  f l u x  o f  e l e c t r o n s .

The c o n c e n t r a t i o n  o f  the e l e c t r o a c t i v e  spec ies  w i l l  e v e n t u a l l y  

drop to  ze ro  a t  the  e le c t r o d e  su r fa ce  and the f l u x  o f  spec ies  0 

w i l l  become i n s u f f i c i e n t  t o  accept  a l l  o f  the  e le c t r o n s  t h a t  a re  

being fo rce d  across  the i n t e r f a c e .  The e le c t r o d e  p o t e n t i a l  w i l l  

then change r a p i d l y  u n t i l  a new re d u c t io n  process beg ins .  The 

t im e  re q u i re d  be fo re  t h i s  t r a n s i t i o n  occurs  is  denoted t , as 

i l l u s t r a t e d  in F igu re  5 . 6 ( a ) .  The t r a n s i t i o n  t ime  t  is  r e la t e d  to  

the  c o n c e n t r a t i o n  and d i f f u s i o n  c o e f f i c i e n t  o f  the  e l e c t r o a c t i v e  

spec ies  by the  Sand e q u a t io n 12

I f  the c u r r e n t  was reve rse d ,  an o x id a t i o n  r e a c t i o n  would 

o ccu r .  Species R would e v e n t u a l l y  become d e p le te d  a t  the  e le c t r o d e  

s u r fa c e  and the p o t e n t i a l  would r a p i d l y  become more p o s i t i v e  u n t i l  

a n o th e r  o x i d a t i o n  process beg ins .  Th is  re q u i re s  a second



t r a n s i t i o n  t ime x , as i l l u s t r a t e d  in F ig u re  5 . 6 ( b ) .  I t  can be 

shown13 t h a t  f o r  a t ime  t^  taken p r i o r  to  the f i r s t  t r a n s i t i o n  

t im e ,  x , ,

f o r  s t a b le  R. Hence o n ly  o f  the generated spec ies  R r e tu rn s  to  

the  e le c t r o d e  up to  the  t ime x_. The remain ing R d i f f u s e s  i n t o  

the  b u lk  s o l u t i o n .

F ig u re  5 .5  Two c o n t r o l l e d  c u r r e n t  te ch n iq u e s .  (a) Constant 
c u r r e n t  p o te n t i o m e t r y .  (b) C ur ren t  re v e rs a l  p o te n t i o m e t r y .

I f  k i n e t i c  c o m p l i c a t i o n s  a r i s e  in the form o f  an E C.r i

mechanism, then e q u a t io n  (5 .11)  becomes rep laced  by, 4

where e r f  i s  the e r r o r  f u n c t i o n .  I f  kt^  is  small  ( i . e .  R ^  X is  

n e g l i g i b l e ) ,  then e q ua t ion  (5 .12)  reduces to  e q ua t io n  ( 5 .1 1 ) .  I f  

k t j  i s  la rg e  ( i . e .  R decomposes r a p i d l y ) ,  then x2 approaches ze ro .



Hence the  va lu e  o f  k may be dete rmined by v a ry in g  t^ and 

d e te rm in in g  the  r a t i o  Th is  techn ique  is  a p p l i c a b l e  over

the  0 . 1 < k t j < 5  r a n g e . ll+

C y c l i c  Vo l tammetry

C y c l i c  vo l tam metry  is  o f t e n  used to  i n v e s t i g a t e  in te rm e d ia te s  

in an e le c t r o c h e m ic a l  r e a c t i o n .  The e le c t r o d e  p o t e n t i a l  is  v a r ie d  

in a t r i a n g u l a r  waveform as desc r ibed  by15

where E. is  the  i n i t i a l  p o t e n t i a l ,  v is  the ramp r a t e ,  and \  is

the  s w i t c h in g  t im e .  U s u a l l y  the  c u r r e n t  is  p l o t t e d  a g a in s t

p o t e n t i a l ,  as shown in F ig u re  5 . 6 ( b ) .  The p roduc t  o f  the c a th o d ic

"hump" becomes the  re a c ta n t  f o r  the  anod ic  one. The r i s i n g  c u r r e n t

le a d in g  to  the  hump is  caused by more f a v o r a b le  p o t e n t i a l s  f o r  the

e le c t r o d e  r e a c t i o n .  The f a l l i n g  c u r r e n t  a f t e r  the  hump r e f l e c t s

the d e p l e t i o n  o f  the r e a c ta n t  near the  e le c t r o d e  s u r f a c e . 16

The c u r r e n t  may a ls o  be p lo t t e d  a g a in s t  t im e ,  as shown in

F ig u re  5 . 7 ( b ) .  P r i o r  to  t=A the  c u r r e n t - t i m e  r e l a t i o n s h i p  is

17 18d e sc r ib e d  by the  Rand 1e s -S e vc ik  e qua t ion  '

where R is  the  u n iv e r s a l  gas c o n s ta n t ,  T is  the  thermodynamic 

te m p e ra tu re ,  is  the p o la ro g ra p h ic  h a l f -w a ve  p o t e n t i a l  o f  

spec ies  0, and x is  an a b b r e v ia t i o n  f o r  nF [E^ -E ] /RT .  Reinmuth



F ig u re  5 .6  C y c l i c  vo l ta m m e t ry ,  (a) v a r i a t i o n  o f  p o t e n t i a l  w i t h  
t im e .  (b) v a r i a t i o n  o f  c u r r e n t  w i t h  p o t e n t i a l .



F ig u re  5 .7  C y c l i c  vo l tam m etry .  (a) v a r i a t i o n  o f  p o t e n t i a l  w i t h  
t im e .  (b) v a r i a t i o n  o f  c u r r e n t  w i t h  t im e .  S o l id  l i n e  d e s igna tes  
c u r r e n t  f o r  c y c l i c  voltammogram; dashed l i n e  de s ig n a te s  c u r r e n t  
f o r  a l i n e a r  v o l t a g e  scan E = E . -v t .

showed that for a reversible process the tt2x(x) could be described 

simply as* 9

which  converges r a p i d l y  f o r  n e g a t iv e  va lues  o f  x but d iv e rg e s  f o r



x>0. An e xp ress io n  t h a t  is  v a l i d  f o r  a l l  va lues  o f  x i s 20

where L = 0 .380104813, M=0.118680871 , N=0.043920560, b = ( 2 k - l ) i r ,  and 

6 = [b 2+x2] \

For t imes beyond t=A the  exp ress io n  f o r  the  c u r r e n t - t i m e  

r e l a t i o n s h i p  is  c o n s id e r a b ly  more c o m p l ica te d .  Th is  c o m p l i c a t i o n  

a r i s e s  because the e le c t ro c h e m ic a l  c o n d i t i o n s  upon which the 

c u r r e n t  i s  dependent a re  c h a ra c te r i z e d  not o n l y  by E-£, but a ls o  

by the  t o t a l  e xcu rs io n  t h a t  the  p o t e n t i a l  has made s ince  i t  f i r s t  

encounte red E. . T h is  e xcu rs io n  may be expressed as E^—2Er +E» 

where E is  the  re v e rs a l  p o t e n t i a l .  The nomenc la tu re  f o r  the  

f o l l o w i n g  r e l a t i o n s h i p s  d i f f e r  from t h a t  used f o r  equa t ions  (5.1*0 

and ( 5 . 1 6 ) .  The c u r r e n t  p r i o r  to  t=A ?s denoted i and the  c u r r e n t  

a f t e r  t=A is  T. The c u r r e n t - t i m e  r e l a t i o n s h i p  f o r  the  e n t i r e  

r e v e r s i b l e  c y c l i c  voltammogram is  d e s c r ib e d 21 by the  e q ua t io n s

and



where y = nF (E-E ) /irRT

A = nF(E .-E  )/irRT  

sy = y + sA

y j  = [j
O! = [ j 2+ ( s A ) f

and th e  summation index j  takes odd i n t e g e r  v a lu e s .  The f u n c t i o n  

X(p) is  d e s c r ib e d 22 by

where C is  Riemann's ze ta  f u n c t i o n .  The r e le v a n t  va lues  o f  X(p) 

a re  g ive n  in the  re fe renced  a r t i c l e .  A l though  e q ua t io n s  (5 .16 )  

and (5 .17)  d i f f e r  s u b s t a n t i a l l y  in appearance, s u b s t i t u t i n g  

e q u a t io n  (5 .16)  i n t o  e q ua t ion  (5 .1*0 g iv e s  an e xp re ss io n  t h a t  is



e q u i v a le n t  t o  e q ua t io n  ( 5 .1 7 ) .

A parameter  o f  i n t e r e s t  in a c y c l i c  voltammogram is  the r a t i o

o f  the  anod ic  peak c u r r e n t  to  the  c a th o d ic  peak c u r r e n t  ( i . e .

i / i  ) .  The measurment o f  i and i is  i l l u s t r a t e d  in pa pc pa pc

F ig u re  5 . 7 ( b ) .  For a r e v e r s i b l e  e le c t r o d e  p rocess ,  t h i s  r a t i o  is  

u n i t y  re g a rd le s s  o f  scan r a t e ,  s w i t c h in g  p o t e n t i a l ,  o r  d i f f u s i o n  

c o e f f i c i e n t s .  D e v ia t io n s  from one i n d i c a t e  k i n e t i c  c o m p l i c a t io n s  

in the  e le c t r o d e  p rocess .

S t r i p p i n g  A n a ly s is

Th is  tech n iq u e  u t i l i z e s  a b u lk  e l e c t r o l y s i s  s te p ,  commonly 

termed p r e e l e c t r o l y s i s ,  to  p re c o n c e n t ra te  an e l e c t r o a c t i v e  species 

i n t o  the  smal l  volume o f  a mercury e l e c t r o d e .  A f t e r  t h i s  e l e c t r o ­

d e p o s i t i o n  s te p ,  the e l e c t r o a c t i v e  spec ies  is  " s t r i p p e d "  from the 

e le c t r o d e  by some v o l ta m m e t r ic  method, u s u a l l y  l i n e a r  sweep 

vo l ta m m e t ry .  Exhaus t ive  e l e c t r o l y s i s  o f  the  s o l u t i o n  may be 

avo ided by p rope r  c a l i b r a t i o n  o f  the  p r e e l e c t r o l y s i s  s te p .  I f  the  

c o n d i t i o n s  o f  the  e l e c t r o d e p o s i t i o n  are  m a in ta in e d  c o n s ta n t ,  then 

th e  v o l t a m m e t r i c  response (e .g .  peak c u r r e n t )  may be employed to  

d e te rm in e  the  s o l u t i o n  c o n c e n t r a t i o n .  The p r i n c i p l e s  o f  a 

s t r i p p i n g  exper im ent  a re  g iven  s c h e m a t ic a l l y  in F ig u re  5 - 8 . 23

S t r i p p i n g  a n a l y s i s  is  most f r e q u e n t l y  used f o r  the d e t e r ­

m in a t io n  o f  metal  ions by c a th o d ic  d e p o s i t i o n  fo l lo w e d  by anod ic  

s t r i p p i n g  w i t h  a l i n e a r  p o t e n t i a l  scan. Th is  techn ique  is  o f t e n



c a l l e d  anod ic  s t r i p p i n g  vo l tam m et ry  o r  in ve rse  p o la ro g ra p h y .

F ig u re  5-8  Schematic r e p re s e n ta t i o n  o f  an anod ic  s t r i p p i n g  
e xp e r im e n t ,  (a) P r e e l e c t r o l y s i s  a t  E j ;  s t i r r e d  s o l u t i o n .
(b) Rest p e r io d ;  s t i r r e r  o f f .  (c) Anodic scan (v=10-100mV/s) .

The e l e c t r o d e p o s i t i o n  s tep is  c a r r i e d  o u t  in a s t i r r e d  

s o l u t i o n  a t  a p o t e n t i a l  which i s  severa l  te n th s  o f  a v o l t  more 

n e g a t iv e  than E° '  f o r  the  l e a s t  e a s i l y  reduced metal ion to  be 

de te rm in e d .  I f  the  e l e c t r o l y s i s  is  not e x h a u s t i v e ,  the d e p o s i t i o n



c o n d i t i o n s  must be the same f o r  the  sample and the s tanda rds .

A f t e r  the  d e p o s i t i o n  a r e s t  p e r io d  w i t h  the s t i r r e r  tu rned 

o f f  i s  observed d u r in g  which the s o l u t i o n  is  a l lowed to  become 

q u ie s c e n t ,  and the c o n c e n t ra t i o n  o f  the metal in the  amalgam 

becomes more u n i fo rm .

The s t r i p p i n g  s tep is  then i n i t i a t e d  by scanning the p o t e n t i a l  

l i n e a r l y  towards more p o s i t i v e  v a lu e s .  I f  the  sweep r a t e ,  v ,  is 

s u f f i c i e n t l y  h igh  ( i . e .  v>20mV/s) then the  c o n c e n t ra t io n  o f  

amalgamated metal s tays  c o n s ta n t  a t  the c e n te r  o f  a hanging mercury 

drop e le c t r o d e  (HMDE). The a n a l y s i s  may t h e r e f o r e  assume semi­

i n f i n i t e  d i f f u s i o n  w i t h  a c o r r e c t i o n  term f o r  the  s p h e r i c i t y  o f  

the  HMDE. The peak c u r r e n t  is  then desc r ib e d  by24

where C.. i s  the  c o n c e n t ra t io n  o f  the  metal a t  the  c e n te r  o f  the M

d ro p ,  r 0 is  th e  drop r a d iu s ,  and a and 3 are  co n s ta n ts  equal to  

2 .69X105 Cmol »V 2 and 7 . 25X101* Cmol  ̂ r e s p e c t i v e l y .

The major  advantage o f  s t r i p p i n g  a n a l y s i s  compared to  d i r e c t  

v o l t a m m e t r i c  a n a l y s i s  is  the  p r e c o n c e n t ra t i o n  o f  the a n a ly te  

w i t h i n  the  e le c t r o d e  (by f a c t o r s  o f  100 to  more than 1000) so t h a t  

the  v o l t a m m e t r i c  ( s t r i p p i n g )  c u r r e n t  is  less  pe r tu rbed  by re s id u a l  

i m p u r i t y  o r  ch a rg in g  c u r r e n t s . 25 Th is  is  e s p e c i a l l y  u s e fu l  f o r  

the  a n a l y s i s  o f  v e ry  d i l u t e  s o l u t i o n s  (^10-10 M).



CHAPTER 6

GENERATION/RECAPTURE ANALYSIS

Cons ider  the  f o l l o w i n g  e l e c t r o a n a l y t i c a 1 problem. An e l e c t r o ­

a c t i v e  a n a l y t e  reduces,  a l th ou g h  no t  n e c e s s a r i l y  in  a r e v e r s i b l e  

manner, in  the  same range o f  p o t e n t i a l  as some i n t e r f e r i n g  o x id a n t ,  

such as oxygen, t h a t  i t  is  e i t h e r  inco n ve n ie n t  o r  im po ss ib le  to  

remove. The r e d u c t io n  c u r r e n t  o f  the a n a ly te  w i l l  be obscured by 

t h a t  o f  the  i n t e r f e r a n t  th e re by  h in d e r in g  a n a l y s i s .  I f ,  however, 

the  re d u c t io n  p roduc t  o f  the a n a ly te  is  a s o lu b le  spec ies  t h a t  can 

be re o x id i z e d  under d i f f u s i o n - c o n t r o l l e d  c o n d i t i o n s  a t  some 

p o t e n t i a l  a t  which t h e re  a re  no i n t e r f e r e n c e s ,  then a r e o x id a t i o n  

c u r r e n t  cou ld  be o b ta in e d  t h a t  must be r e la t e d  somehow to  the  

i n i t i a l  r e d u c t io n  c u r r e n t  o f  the  a n a ly te .  I f  the  genera l  r e l a t i o n ­

sh ip  between the  r e d u c t io n  c u r r e n t  and the r e o x id a t i o n  c u r r e n t  

cou ld  be e s t a b l i s h e d ,  i t  should be p o s s ib le  to  r e c o n s t r u c t  the  

i n t e r f e r e n c e - f r e e  r e d u c t io n  c u r r e n t  o f  the  a n a l y te  from the  i n t e r ­

fe re n c e  f r e e  r e o x id a t i o n  c u r r e n t .

The problem may be r e s t a t e d ,  in a somewhat more genera l  fo rm ,  

as f o l l o w s .  A s o l u t i o n  c o n ta in i n g  an a n a l y t e ,  X, i n i t i a l l y  c o n ta in s  

none o f  X 's  r e d u c t io n  p roduc t  Y. S t a r t i n g  a t  t im e  t= 0 ,  a p o t e n t i a l  

is  a p p l i e d  t h a t  induces the  p ro d u c t io n  o f  spec ies  Y. Th is  r e a c t i o n  

may be denoted



in which n is  the  number o f  e l e c t r o n s  consumed in the  g e n e ra t io n  
9

o f  Y. A f a r a d a i c  c u r r e n t  i ( t )  w i l l  f l o w  as Y d i f f u s e s ,  by semi­

i n f i n i t e  p la n a r  d i f f u s i o n ,  away from the  e l e c t r o d e - s o l u t i o n  i n t e r ­

fa c e .  Th is  g e n e ra t io n  phase ends a t  t im e  t=T.  A f t e r  t=T the  

e le c t r o d e  is he ld  a t  a p o t e n t i a l  (o r  in a range o f  p o t e n t i a l s )  a t  

which spec ies  Y is  reconsumed under c o n d i t i o n s  o f  complete 

c o n c e n t ra t i o n  p o l a r i z a t i o n .  Th is  r e a c t i o n  may s i m i l a r l y  be denoted

where Z is  the  re c a p tu re  p roduc t  o f  Y and n^ is  the  number o f  

e l e c t r o n s  consumed in the  re c a p tu re  o f  Y. A f a r a d a i c  c u r r e n t  i ^C t )

w i l l  f l o w  d u r in g  t h i s  re c a p tu re  phase o f  th e  e xp e r im e n t ,  t>T. The

aim now is  to  de te rm ine  a r e l a t i o n s h i p  between the  c u r r e n t s  i ( t )
g

and i ( t ) .  E s ta b l ish m e n t  o f  such a r e l a t i o n s h i p  would enab le  the  
r

r e c o n s t r u c t i o n  o f  the g e n e ra t io n  c u r r e n t  from the  measured re c a p tu re  

c u r r e n t .  The most v e r s a t i l e  form f o r  such a r e l a t i o n s h i p  would be

one which does no t  p lace  r e s t r i c t i o n s  on the  d e t a i l s  o f  the

g e n e ra t io n  process .  However, the  la c k  o f  r e s t r i c t i o n s  w i l l  be 

r e f l e c t e d  in the  c o m p le x i t y  o f  both the r e l a t i o n s h i p  and i t s  

development.

The s im p le s t  g e n e r a t i o n / r e c a p t u r e  schemes a re  those in which 

the r e c a p tu re  r e a c t i o n  is  the converse o f  the  g e n e ra t io n  r e a c t i o n ,  

so t h a t  X=Z and n +n =0. These schemes are  analogous to  the
g r



g e n e r a t i o n / r e v e r s a 1 re a c t i o n s  d iscussed  in the  p re v io u s  ch a p te r

w i t h  the r e s t r i c t i o n  th a t  the re v e rs a l  phase must be t r e a te d  as a

re c a p tu re  phase. [R e ca l l  t h a t  " r e v e r s a l "  s im p ly  im p l ie s  t h a t

r e a c t i o n  (6 .1 )  is  f o l lo w e d  by r e a c t i o n  (6 .2 )  whereas " r e c a p t u r e "

im p l ie s  t h a t  the l a t t e r  r e a c t i o n  occu rs  under c o n d i t i o n s  o f

comple te  c o n c e n t ra t io n  p o l a r i z a t i o n  and t h a t  Y is  t r a n s p o r te d  by

semi i n f i n i t e  p la n a r  d i f f u s i o n ] .  A less  common g e n e r a t i o n / r e c a p tu r e

scheme is  p o s s ib le  in which spec ies  Y is  generated by a re d u c t io n

process in one range o f  p o t e n t i a l ,  and then f u r t h e r  reduced in a

re c a p tu re  process a t  a more n e g a t iv e  p o t e n t i a l .  A g e n e r a t i o n /

re c a p tu re  scheme o f  t h i s  n a tu re  would r e q u i r e  t h a t  X be in the

h ig h e s t  o f  t h re e  o x id a t i o n  s t a t e s .  A s i m i l a r  scheme would be to

pe r fo rm  su ccess ive  o x id a t i o n s  o f  a spec ies  t h a t  is  in the lowest

o f  t h re e  o x i d a t i o n  s t a te s .

The com b ina t ions  p o s s ib le  f o r  r e a c t i o n s  (6 .1 )  and (6 .2 )  a re

g ive n  in Tab le  6 .1 .  The f i r s t  two schemes correspond to  the

g e n e r a t i o n / r e c a p t u r e  r e a c t i o n s  in which Z corresponds to  X and

hence n is  the  n e g a t iv e  o f  n . For the f i n a l  two schemes, 
r  g

however, the  g e n e r a t i o n / r e c a p t u r e  proceeds by success ive  r e d u c t i o n s ,

o r  su ccess ive  o x i d a t i o n s ,  and hence Z d i f f e r s  from X. T h e re fo re ,

both n and n would have the same s ign  but no t  n e c e s s a r i l y  the  
9 r

same magn i tude .



g e n e ra t io n
r e a c t i o n

re c a p tu re
re a c t i o n

i
g

i r n
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n r

r e d u c t io n o x id a t i o n cathod i c anod i c + -

ox i d a t  i on re d u c t io n anod i c cathod i c - +

re d u c t io n re d u c t io n cathod i c cathod i c + +

o x i d a t i o n o x id a t i o n anod i c anod i c - -

Tab le  6.1 G e n e ra t io n / r e c a p tu re  schemes w i t h  a s s o c ia te d  parameters 

I n t e r r e l a t i o n s h i p  o f  the  Curren ts

The re c a p tu re  c u r r e n t  is  r e la t e d  to  the  g e n e ra t io n  c u r r e n t  by 

the  d e f i n i t e  i n t e g r a l

which is  a p p l i c a b l e  f o r  any t ime t  g r e a t e r  than T. The o n ly  

r e s t r i c t i o n s  embodied w i t h i n  t h i s  exp ress ion  are  t h a t

( i )  both the  g e n e ra t io n  and re c a p tu re  r e a c t i o n s  must be e l e c t r o ­

chemical ,

( i i )  spec ies  Y must i n i t i a l l y  be absent from s o l u t i o n ,

( i i i )  the  re c a p tu re  r e a c t i o n  must occur  under c o n d i t i o n s  o f  

comple te  c o n c e n t r a t i o n  p o l a r i z a t i o n ,  and

( i v )  t r a n s p o r t  must be by semi i n f i n i t e  p la n a r  d i f f u s i o n .

The p r o o f  f o r  t h i s  exp ress io n  is  p rov ided  in appendix  A by a 

r a t h e r  le n g th y  e x e r c is e  in  Laplace t r a n s f o r m a t i o n .  A l though  the  

development o f  the  i n t e r r e l a t i o n s h i p  between the  g e n e ra t io n  and 

re c a p tu re  c u r r e n t s  is  r a t h e r  in v o lv e d ,  the  f i n a l  e xp ress io n  lacks



th e  c o m p le x i t y  t h a t  one m igh t  have a n t i c i p a t e d  f o r  such a genera l  

r e l a t i o n s h i p .  Th is  s i m p l i c i t y ,  moreover,  makes i t  e a s ie r  to  see 

the  v e r s a t i l i t y  o f  e q u a t io n  ( 6 . 3 ) .  Note t h a t  t h i s  exp ress ion  

enab les the  re c a p tu re  c u r r e n t  t o  be c a l c u l a t e d  by knowing o n ly

( i )  the  g e n e ra t io n  c u r r e n t  as a f u n c t i o n  o f  t ime

( i i )  the  d u r a t i o n  o f  the  g e n e ra t io n  phase, and

( i i i ) the  r a t i o  n /n  .
r  g

R e s t r i c t i o n s  have no t  been p laced on the  p o t e n t i a l  waveform th a t  

can be imposed d u r in g  the  g e n e ra t io n  phase o r  on the e le c t ro c h e m ic a l  

r e v e r s i b i l i t y  o f  the g e n e ra t io n  o r  re c a p tu re  r e a c t i o n s .  Thus 

e q ua t io n  (6 .3 )  is  more v e r s a t i l e  than most c u r r e n t  r e l a t i o n s h i p s  

encountered in e l e c t r o c h e m is t r y .

An e x p re s s io n ,  e q u i v a le n t  t o  e q ua t io n  ( 6 . 3 ) ,  which is  v a l i d  

f o r  th e  f i r s t  two g e n e r a t i o n / r e c a p t u r e  schemes l i s t e d  in Tab le  6.1 

i s

s in c e  the  r a t i o  n /n  is  minus one f o r  both o f  these r e a c t i o n
r  g

schemes. Th is  e xp re ss io n  is  proven e a s i l y  in appendix  B w i t h  the 

a id  o f  the  f r a c t i o n a l  c a l c u l u s .  A l though  t h i s  second p ro o f  was 

no t  necessary  to  o b t a in  e q u a t io n  ( 6 . 4 ) ,  i t  i l l u s t r a t e s  t h a t  the  

f r a c t i o n a l  c a l c u l u s  can o f t e n  o f f e r  advantages over  " c o n v e n t i o n a l "

methods.



Since most g e n e r a t i o n / r e c a p t u r e  exper iments  f o l l o w  the

r e a c t i o n  schemes in which the  r a t i o  n /n  is  minus one, the
r  g

mathemat ica l  development t h a t  f o l l o w s  w i l l  be based on equa t ion

(6 .4 )  r a t h e r  than the  more genera l  e q ua t ion  ( 6 .3 ) *  The assumpt ion

t h a t  the  r a t i o  n /n  be minus one is  no t  an e s s e n t ia l  r e s t r i c t i o n  
r  g

to  t h i s  development but r a th e r  i t  w i l l  serve o n ly  to  s i m p l i f y  many 

o f  the  e xp re ss io n s  t h a t  f o l l o w .

A g e n e r a t i o n / r e c a p t u r e  exper iment  may be d i v i d e d  i n t o  th re e  

t im e  p e r io d s .  I n i t i a l l y ,  t h a t  i s ,  f o r  t< 0 ,  the  system is  a t  

e q u i l i b r i u m  d u r in g  which n o th in g  happens. Then, d u r in g  0<t<T, 

spec ies  Y is  c re a te d  in the  g e n e ra t io n  phase. F i n a l l y ,  f o r  t>T ,  

spec ies  Y is  consumed in the  re c a p tu re  phase. The symmetry o f  the  

problem may be enhanced by c o n s id e r in g  the  m idd le  o f  th e  g e n e ra t io n  

phase, t h a t  i s ,  t= T /2 ,  as the  t ime o r i g i n .  T h is  new o r i g i n  is  

e s t a b l i s h e d  by the  d e f i n i t i o n

which a l s o  u n d im e n s io n a l i ze s  the  independent v a r i a b l e s  g and r .  

A l though  g and r a re  i d e n t i c a l ,  i t  w i l l  be conven ien t  to  use g as 

the  independent v a r i a b l e  o f  the g e n e ra t io n  c u r r e n t  and r as th e  

independent v a r i a b l e  o f  the  re ca p tu re  p rocess .

Equat ion (6 .4 )  may be expressed in terms o f  the  new independent 

v a r i a b l e s  as



in which r  must be g r e a t e r  than one to  d e s c r ib e  the  c u r r e n t  in the  

re c a p tu re  phase. I t  i s  c o n ven ie n t  to  d e f i n e  a " g e n e r a t io n  f u n c t i o n "  

by th e  t r i p a r t i t e  d e f i n i t i o n

where the  th re e  p e r io d s  correspond to  the  th re e  phases o f  the 

e xp e r im e n t :  e q u i l i b r i u m ,  g e n e r a t i o n ,  and re c a p tu re .  Combinat ion 

o f  t h i s  d e f i n i t i o n  w i t h  e q ua t ion  (6 .6 )  leads to

Thus, by r e f e r r i n g  to  e q ua t io n  ( 2 .1 0 ) ,  i t  may be seen t h a t  the  

l e f t - h a n d  s ide  o f  e q u a t io n  (6 .8 )  equa ls  the  H i l b e r t  t ra n s fo rm  o f  

G(g) in the  re g io n  r > l .

Reca l l  t h a t  ou r  u l t i m a t e  i n t e n t i o n  i s  to  d e v is e  a r e l a t i o n s h i p  

which w i l l  enab le  the  g e n e ra t io n  c u r r e n t  t o  be re c o n s t ru c te d  from 

the  re c a p tu re  c u r r e n t .  Equat ion  (6 .8 )  e s t a b l i s h e s  t h a t  the  

r e c a p tu re  c u r r e n t  is  p r o p o r t i o n a l  to  the  H i l b e r t  t r a n s fo rm  o f  the  

g e n e ra t i o n  f u n c t i o n  and e q ua t io n  (6 .7 )  i l l u s t r a t e s  the  s im p le  

manner in which the g e n e ra t io n  f u n c t i o n  is  r e la t e d  to  th e  

g e n e ra t io n  c u r r e n t .  The s k e w - r e c i p r o c i t y  o f  the  H i l b e r t  t r a n s fo rm



d i c t a t e s  t h a t  th e  g e n e r a t i o n  f u n c t i o n  is  d e s c r ib e d  by the  n e g a t i v e  

H i l b e r t  t r a n s f o r m  o f  th e  l e f t - h a n d  s id e  o f  e q u a t io n  ( 6 . 8 ) .  

C a l c u l a t i o n  o f  th e  g e n e r a t i o n  f u n c t i o n  w i l l  then enab le  the  

g e n e r a t i o n  c u r r e n t  to  be r e c o n s t r u c t e d  w i t h  th e  a id  o f  e q u a t io n  

( 6 . 7 ) .  U n f o r t u n a t e l y  t h i s  o p e r a t i o n  i s  no t  as s im p le  to  implement 

as would be d e s i r e d .

C ons ide r  a r e c a p t u r e  f u n c t i o n  R( r ) t h a t  is  th e  H i l b e r t  

t r a n s f o r m  o f  G(g) d e f i n e d  by

where is  an o p e r a to r  d e n o t in g  H i l b e r t  t r a n s f o r m a t i o n .  ! t  was 

shown in e q u a t io n  (6 .8 )  t h a t  th e  H i l b e r t  t r a n s fo rm  o f  G(g) is 

( r - l ) 2i ( r )  when r is  g r e a t e r  than one. However, when r is  less  

than one, t h a t  i s ,  d u r in g  the  e q u i l i b r i u m  and g e n e ra t i o n  phases o f  

th e  e x p e r im e n t ,  the  re c a p tu re  f u n c t i o n  is  no t  zero and i t  has no 

e x p e r im e n ta l  s i g n i f i c a n c e .  T h e re fo re  ( r )  and R£(r )  a re  unknown 

f u n c t i o n s  o f  r  which a re  nonzero .  I f  these f u n c t i o n s  were known, 

th e  i d e n t i t y

co u ld  be used t o  r e c o n s t r u c t  the  g e n e r a t i o n  f u n c t i o n  and th e re by



th e  g e n e ra t io n  c u r r e n t  i ( t ) .
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Be fo re  t r y i n g  to  deal w i t h  our  ignorance o f  R j ( r )  and ( ^ { r ) ,  

examples o f  g e n e r a t i o n / r e c a p t u r e  exper iments  w i l l  be cons ide red  

which i l l u s t r a t e  the  v a l i d i t y  o f  t h i s  H i l b e r t  t r a n s fo rm  r e l a t i o n ­

sh ip  by d e r i v i n g  the  f u n c t i o n a l i t y  o f  i ^ ( t ) g iven  i ( t ) .  A number 

o f  H i l b e r t  t r a n s fo rm  p a i r s  a re  a ls o  l i s t e d  in Tab le  I  as examples 

o f  r e c a p tu re  f u n c t i o n s  t h a t  correspond to  g iven  g e n e ra t io n  

f u n c t i o n s .

H i l b e r t  T rans form A n a ly s is

i )  C o t t r e l l i a n  G e ne ra t ion /R ecap tu re  R e la t i o n s h ip  

The c u r r e n t  response d u r in g  the  g e n e ra t io n  phase o f  a C o t t r e l l  

e xp e r im e n t ,  g iven  by equa t ion  ( 5 . 3 ) ,  may be expressed as

Th is  e q ua t io n  may be re fo rm u la te d  in terms o f  the  independent 

v a r i a b l e  g as

where k is  an a b b r e v i a t i o n  f o r  nAFC (2D / i ;T )2. The g e n e ra t io n  

f u n c t i o n ,  g ive n  by d e f i n i t i o n  ( 6 . 7 ) ,  is



The H i l b e r t  t r a n s fo r m a t i o n  o f  e q ua t io n  (6 .13 )  can be 

accompl ished by p e r fo rm in g  the a p p r o p r ia t e  i n t e g r a t i o n s ,  o r ,  more 

e f f o r t l e s s l y ,  by c o n s u l t i n g  Tab le  I .  The r e s u l t  is

which is  e q u i v a le n t  t o  R ( r ) .

The f i r s t  two p a r t s  o f  the  r i g h t - h a n d  s id e  o f  e qua t ion  ( 6 . 1 k ) ,  

in accordance w i t h  d e f i n i t i o n  ( 6 . 9 ) ,  correspond to  the  Rj ( r )  and 

R£( r )  f u n c t i o n s  t h a t  l a ck  exper im en ta l  s i g n i f i c a n c e .  However, the  

t h i r d  p a r t  o f  t h i s  s o l u t i o n  corresponds to  ( r - l ) 2i r ( r ) .  Hence the 

re c a p tu re  c u r r e n t  i s  g iven  by

Th is  e xp re ss io n  is  e q u i v a le n t  to  e q ua t io n  (5-*0 which d e sc r ib e s  

the  c u r r e n t  response in the  re v e rs a l  phase o f  a d o u b le -s te p  

ch ronoamperometr ic  exper im en t .  The re v e rs a l  r e a c t i o n  in such an 

exper im ent  occu rs  under c o n d i t i o n s  o f  comple te  c o n c e n t ra t i o n  

p o l a r i z a t i o n  and t h e r e f o r e  s a t i s f i e s  the  c r i t e r i o n  f o r  a re c a p tu re  

p rocess .  Hence the  e q u iv a le n c e  between equa t io n s  (5 .*0  and (6 .15 )

g iv e s  c r e d i b i l i t y  to  the  H i l b e r t  t r a n s fo rm  r e l a t i o n s h i p .



i i )  G a l v a n o s t a t i c  G e n e ra t io n /R e ca p tu re  R e la t i o n s h ip  

Cons ider  an exper im ent  in which spec ies  Y is  generated a t  an 

e le c t r o d e  by a c u r r e n t  o f  magni tude I  t h a t  remains c o n s ta n t  d u r in g  

0<t<T. T h is  may r e q u i r e  the  r e s t r i c t i o n  th a t  T no t  exceed the 

t r a n s i t i o n  t im e  o f  the  system (see c u r r e n t  re v e rs a l  p o te n t io m e t r y  

in  p re v io u s  c h a p t e r ) .  The t r i p a r t i t e  d e f i n i t i o n  o f  the  g e n e ra t io n  

f u n c t i o n ,

is  o b ta in e d  from e q u a t io n  (6 .10)  and the d e f i n i t i o n  o f  g.

The re c a p tu re  f u n c t i o n ,  as g iven  by the  H i l b e r t  t ra n s fo rm  o f  

G(g) is

The d e f i n i t e  i n t e g r a l  in  t h i s  exp ress ion  may be eva lua ted  by th e  

s u b s t i t u t i o n  z 2= ( l - g ) / ( l - r )  o r  z 2= ( l - g ) / ( r - l ) which leads to  the  

t r i p a r t i t e  r e s u l t

/
where K is  th e  c o n s ta n t  2



The f i r s t  two p a r t s  o f  the r i g h t -h a n d  s ide  o f  e q ua t io n  (6 .18 )  

correspond to  R j ( r )  and R ( r )  which la ck  exper im en ta l  s i g n i f i c a n c e .  

However, th e  t h i r d  p a r t  y i e l d s

T h is  exp ress io n  is  c o n s i s t e n t  w i t h  t h a t  o b ta in e d  from the 

th e o ry  o f  the  e l e c t r o l y s i s  o f  no n -u n i fo rm  s o l u t i o n s 1 i f  e r r o r s  

found in t h a t  a r t i c l e  a re  c o r r e c t e d .



CHAPTER 7

CONSTRUCTION OF i ( t )  FROM i ( t )
r  g

Numerical  H i l b e r t  T ra n s fo rm a t io n

A l though  the  u l t i m a t e  goal f o r  t h i s  t ra n s fo rm  techn ique  is  to  

r e c o n s t r u c t  an i n t e r f e r e n c e - f r e e  g e n e ra t io n  c u r r e n t  from the 

r e c a p tu re  d a ta ,  the c o n s t r u c t i o n  o f  a re c a p tu re  c u r r e n t  from 

g e n e ra t io n  data  w i l l  be i n v e s t i g a te d  f i r s t  s ince  the mathematics 

re q u i re d  f o r  t h i s  process is  much s im p le r .  The r e l a t i o n s h i p  

between the  re c a p tu re  and g e n e ra t io n  c u r r e n t s  was g iven  in the 

p re v io u s  c h a p te r  as

The i n t e g r a l  w i t h i n  t h i s  r e l a t i o n s h i p  is  e a s ie r  to  e v a lu a te  

n u m e r i c a l l y  than a re  most H i l b e r t  t ra n s fo rm s  f o r  two reasons:

( i )  the  i n t e g r a t i o n  is  performed over  a f i n i t e  range, whereas the 

H i l b e r t  t r a n s fo rm  extends over

and

( i i )  a s i n g u l a r i t y  cannot a r i s e  in t h i s  i n t e g r a t i o n  because t  is  

a lways g r e a t e r  than x.

Equat ion  (7*1)  may a ls o  be w r i t t e n  as



and y is  th e  independent v a r i a b l e  f o r  the g e n e ra t io n  c u r r e n t  and p 

i s  the  independent v a r i a b l e  f o r  the re ca p tu re  p rocess.  Since y 

and p a re  r e l a t e d  l i n e a r l y  to  t im e ,  equal spacing in e i t h e r  o f  

these v a r i a b l e s  is  e q u i v a le n t  to  equal spacing in t .

Let the  g e n e ra t io n  c u r re n t s  be i - * ' 2 * * * *  measure<  ̂ t imes 

t . , t 2 > * * * , t j  which correspond to  y^>Y£»* ' * » Y j♦ Let the spacing 

between a l l  measurements be At but p e rm i t  t .  and T - t j  to  be o th e r  

i n t e r v a l s .  Equat ion (7 .2 )  may be r e w r i t t e n  as

The g e n e ra t io n  c u r r e n t  may be approx imated by a l i n e a r  f i t  between

y .  and Yj + j us ing  the  exp ress ion



where a and b a re  c o n s t a n t s .  I t  i s  then c o n v e n ie n t  to  make the

a p p ro x im a t  ion

E qua t ion  (7 .^0  may now be approx imated  by

w i t h  th e  s t i p u l a t i o n s  t h a t  f o r  j  = 1, a l l  y .  w i t h i n  square b ra c k e ts  

must be re p la ce d  by -T  and f o r  j  =J - 1 ,  a l l  y .  + ̂  w i t h i n  square 

b ra c k e t s  must be re p laced  by z e ro .



At a t im e  t  se le c te d  such t h a t  t>T, the  re c a p tu re  c u r r e n t  f o r  

the  co r re sp o n d in g  v a lu e  o f  p, e q u i v a le n t  to  i r ( t ) ,  may be 

e va lu a te d  u s in g  e q u a t io n  ( 7 . 7 ) .  Th is  e v a lu a t i o n  was per formed by 

a program c a l l e d  "TRNG-HV1 which is  g iven  in appendix  C. The 

success o f  t h i s  a lg o r i t h m  is i l l u s t r a t e d  in F ig u re  7 .1 .

T h e o r e t i c a l  re c a p tu re  data  f o r  a doub le  s tep  exper iment  are  

p l o t t e d  a long w i t h  the  t ra n s fo rm  o f  the co r resp o n d in g  g e n e ra t io n  

c u r r e n t .  The agreement is  so good t h a t  the  d i f f e r e n c e  is  a lmost 

i n d i s t i n g u i s h a b l e .  Th is  r e s u l t  was encourag ing enough to  w ar ran t  

e x p e r im e n ta l  s tu d y .
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Exper im en ta l  A n a ly s is

Chronoamperometr ic exper im ents  on the systems

were performed f o r  a v a r i e t y  o f  p o t e n t i a l  waveforms. These wave­

forms were designed to  induce g e n e ra t io n  and, l a t e r ,  re c a p tu re .

The g e n e ra t io n  c u r r e n t  was H i l b e r t  t rans formed us ing  e q ua t io n  {1.1)  

to  produce a cu rve  t h a t  should correspond to  the exper im en ta l  

r e c a p tu re  response. The c u r r e n t ,  i ^ [ T ] , o b ta in e d  from the t r a n s fo r m  

w i l l  be compared g r a p h i c a l l y  to  the  re ca p tu re  d a ta ,  i [D ] ,

The e le c t r o c h e m ic a l  r e v e r s i b i l i t y  o f  the  two chemical systems 

i s  s u b s t a n t i a l l y  d i f f e r e n t .  The t ra n s fo rm  should produce the  

r e c a p tu re  response f o r  a c o n c e n t ra t io n  p o la r i z e d  system re g a rd le ss  

o f  i t s  r e v e r s i b i l i t y .  The agreement between the  t ra n s fo rm  and the  

re c a p tu re  c u r r e n t  w i l l  be compared f o r  each system to  e s t a b l i s h  

whether  the  n e r n s t i a n  behav iour  o f  the  system is  p e r t i n e n t  to  the 

a ccu racy  o f  t h i s  t ra n s fo rm  te ch n iq u e .

Reagents and S o lu t io n s  

A) Fe(CN)63-

Reagent grade chemica ls  and " p o l i s h e d "  d e io n ize d  wate r  were 

used th ro u g h o u t .  A 5-0 mM s o l u t i o n  o f  K3Fe(CN)g was prepared in a 

s u p p o r t in g  e l e c t r o l y t e  o f  2 .0  M KCl. The c e l l  c o n te n ts  were 

deaera ted  w i t h  argon f o r  about an hour p r i o r  to  use.



B) Fe(C2Ol+) 33-

A s u p p o r t i n g  e l e c t r o l y t e  o f  1.0 M K2C2O4 and 0 .10  M H2C2O4 

was prepared  f rom reagen t  grade chem ica ls  and " p o l i s h e d "  d e io n iz e d  

w a te r .  A 5 .0  mM s o l u t i o n  o f  Fe(C20i+) 33- was then prepared by 

d i s s o l v i n g  t r i p l y  r e c r y s t a l l i z e d  K3Fe(C2O1J 3*3H20 in th e  s u p p o r t i n g  

e l e c t r o l y t e .  The v e s s e ls  used f o r  t h i s  s o l u t i o n  were s h ie ld e d  

f rom  th e  l i g h t  s in c e  th e  Fe(C20i+) 33 ion is  known1 to  undergo 

l i g h t - c a t a l y z e d  d e c o m p o s i t i o n .  T h is  s o l u t i o n  was a l s o  deaera ted  

w i t h  a rgon f o r  an hour p r i o r  t o  use.

Appara tus

The e le c t r o c h e m ic a l  c e l l  c o n s is te d  o f  a t h re e -n e c k e d ,  round-  

bottomed f l a s k .  The v e s s e l ' s  c a p a c i t y  was about  200 ml but a f i l l  

l i n e  a t  about  100 mL was used. A p la t in u m  i n l a i d  d i s c  e l e c t r o d e  

(P ine  In s t ru m e n t  Company, Model DT6 ) served as a s t a t i o n a r y  

w o rk in g  e l e c t r o d e .  T h is  e l e c t r o d e  had a f i n e l y  machined s u r fa c e  

c o n s i s t i n g  o f  a c i r c u l a r  d i s c  o f  area 46.1 mm2 surrounded by a 

T e f l o n  a n n u lu s ,  b r i n g i n g  the  o v e r a l l  d ia m e te r  to  18mm. The 

a u x i l i a r y  e l e c t r o d e  was c o n s t r u c te d  s im p ly  o f  p la t in u m  f o i l .  A 

c o m m e rc ia l l y  a v a i l a b l e  (Beckman, Model 39403) s a tu ra te d  KCl/AgC7/Ag 

e l e c t r o d e  served as the  r e fe re n c e  e l e c t r o d e .

The e x p e r im e n ts  were per fo rmed w i t h  a P r in c e t o n  A p p l ie d  

Research C o r p o r a t i o n  Model 170 E l e c t r o c h e m i s t r y  System ( h e r e a f t e r  

a b b r e v ia te d  PARC 170). The PARC 170 was c a l i b r a t e d  w i t h  a D ige tec



Model 268 Mi 11 i v o l t m e t e r  be fo re  each exper im en t .  The PARC 170 was 

l i n k e d  th rough  an HP3^97A data  a c q u i s i t i o n / c o n t r o l  u n i t  to  an HP-85 

persona l  computer .  The HP3^97A per formed the d i g i t a l - t o - a n a l o g  

(D/A) and a n a l o g - t o - d i g ? t a l  (A/D) convers ions  which p e rm i t  i n t e r ­

a c t i o n  between the  c e l l  and the HP-85 v i a  an HP-IB i n t e r f a c e .  A 

schemat ic  r e p r e s e n ta t i o n  o f  the  exper im en ta l  appara tus  is  g iven  in 

F ig u re  7 .2 .

F ig u re  7 .2  Schematic r e p re s e n ta t i o n  o f  the  exper im en ta l  appara tus  

The p o t e n t i a l  waveforms t h a t  were a p p l ie d  in these exper iments  

c o n s is te d  o f  com b ina t ions  o f  s teps  and l i n e a r  ramps as d e t a i l e d  

l a t e r .  They were genera ted  by the s u p e r p o s i t i o n  o f  a v o l t a g e  sent 

from the  D/A o f  the  HP3^97A added to  a waveform c o n t r o l l e d  by the  

PARC 170. For both  o f  the  s tep  e xp e r im e n ts ,  the  PARC 170 a p p l i e d  

a c o n s ta n t  p o t e n t i a l  o f  -1 .0 0 0  V upon which the  HP3^97A then 

a p p l i e d  the  s te p s .  A l l  o f  the  o th e r  exper iments  used a ramp 

c o n t r o l l e d  by the PARC 170 upon which s teps cou ld  be a p p l ie d  by



th e  D/A o f  the  HP3^97A. There was always a p o t e n t i a l  a p p l i e d  to  

the  PARC 170 from the  D/A in the HP3^97A, a l th o u g h  ove r  much o f  

the  ramp e xp e r im e n ts ,  t h i s  p o t e n t i a l  was ze ro .

Each o f  the  exper im ents  s t a r t e d  a t  the same p o t e n t i a l .  Th is  

p o t e n t i a l  was chosen in a reg ion  where the f e r r i c  complex is  

s t a b l e .  S ince none o f  the  fe r r o u s  complex was p resen t  i n i t i a l l y ,  

the  s t a b i l i t y  o f  the  f e r r i c  complex ensures t h a t  a c u r r e n t  cannot 

a r i s e  from t h i s  redox coup le  d u r in g  the  p r e - e l e c t r o l y s i s  phase. 

There cou ld  have been o th e r  c u r r e n t  sources ,  however, such as 

doub le  l a y e r  ch a rg ing  o r  i m p u r i t i e s  in the system.

The i n i t i a l  p o t e n t i a l ,  comprised o f  p o t e n t i a l s  from the 

PARC 170 and the D/A o f  the  HP3^97A, was a p p l ie d  to  the  c e l l  by 

s w i t c h in g  the  s e le c t o r  s w i t c h  on the PARC 170 from " O f f "  to  

" E x te r n a l  C e l l " .  W h i le  t h i s  i n i t i a l  p o t e n t i a l  was being a p p l i e d ,  

the  program which c o n t r o l l e d  the exper iment  was w a i t i n g  f o r  a 

dummy in p u t  t h a t  would d e s ig n a te  the  s t a r t  o f  data  samp l ing ,  o r  

t im e  ze ro .  A p e r io d  o f  about ten seconds was a l low ed  to  e lapse  to  

p e rm i t  the  system to  recover  from s t r a y  c u r r e n t s ,  and then the 

dummy in p u t  was sen t .  For exper iments  t h a t  i n c o rp o ra te d  a ramp, 

the HP-85 would then send a command to  the HP3^97A to  c lo s e  a 

s w i t c h  which grounded the  e x te rn a l  t r i g g e r  on the  PARC 170 the reby  

s t a r t i n g  the ramp. A s i m i l a r  o p e r a t i o n  was no t  r e q u i re d  f o r  the  

s tep  e xp e r im e n ts .  A t im e r  w i t h i n  the  HP-85 was then se t  which



p ro v id e d  a program i n t e r r u p t  whenever a da ta  t r a n s f e r  across the  

i n t e r f a c i n g  was r e q u i r e d .  The da ta  t r a n s f e r  was the most complex 

p a r t  o f  the  program. A b u f f e r  c o n ta in in g  the  v o l t a g e  sent by the 

D/A o f  the HP3^97A was c re a te d  in  the HP-85 . A p o r t i o n  o f  t h i s  

b u f f e r  r e p r e s e n t a t i v e  o f  a s i n g l e  v o l t a g e  command was sent to  the 

D/A o f  the  HP3^97A and a t  the  same t ime ano the r  command was sent 

f o r  th e  A/D o f  the  HP3A97A to  take a c u r r e n t  measurement. 

C a l i b r a t i o n  o f  the  in s t r u m e n ta t io n  i n d i c a te d  t h a t  the  t ime between 

the  a p p l i c a t i o n  o f  the  v o l t a g e  and the measurement o f  a c u r r e n t  

was 20 ms (see appendix  D ) . The c u r r e n t  read ing  was then sent to  

a b u f f e r  in the  HP-85 . The data  were s to red  in a packed fo rm at  to  

improve e x e c u t io n  t im e .  P o in te rs  were ass igned to  e s t a b l i s h  the  

p o r t i o n  o f  the  v o l t a g e  command b u f f e r  t h a t  would be sent n e x t ,  and 

then the  program w a i ted  f o r  ano ther  t im e r  i n t e r r u p t .  The d u r a t i o n  

o f  the  da ta  t r a n s f e r  r o u t i n e  was e s ta b l i s h e d  a t  1A0 ms and hence 

t h i s  was the  f a s t e s t  sampling r a te  (see appendix  D ) . Upon 

c o m p le t io n  o f  the  exp e r im e n t ,  the  s e le c t o r  s w i t c h  on the  PARC 170 

was re tu rn e d  to  " O f f " .  The c u r r e n t  data  were then unpacked and 

th e  co r resp o n d in g  t imes were c a l c u l a t e d .

Exper im en ta1

The s tudy  o f  each chemical system fo l lo w e d  a s tandard  

p roced u re .  F i r s t  a c y c l i c  voltammogram was run to  de te rm ine  a

s u i t a b l e  p o t e n t i a l  range f o r  e x p e r im e n ta t i o n .  Data taken from the



peaks on the  c y c l i c  vo l  tammograms were a ls o  used to  g iv e  an 

i n d i c a t i o n  o f  the  e le c t r o c h e m ic a l  r e v e r s i b i l i t y  o f  the system 

(see F igu res  7.3A and 7 - 3 B) .

Each o f  the  p o t e n t i a l  waveforms was a p p l ie d  to  a s o lu t i o n  

c o n t a in i n g  f i r s t  the  f e r r i c y a n i d e  o r  f e r r i o x a l a t e ,  and then to  the 

s u p p o r t in g  e l e c t r o l y t e  a lone .  "Background"  was removed by 

s u b t r a c t i n g  the  c o n t r i b u t i o n  from the su p p o r t in g  e l e c t r o l y t e .

These b a ckg ro u n d -co r re c te d  data  were then H i l b e r t  t rans fo rmed 

us in g  e q u a t io n  { 1 . 1 ) .

The data  f o r  each exper iment  were checked f o r  c o n s is te n c y .  

R e p e t i t i v e  runs were performed u n t i l  the  exper iment  y ie ld e d  a 

r e p r o d u c ib l e  response. The data  from t h i s  run were then s to re d  on 

an HP magnet ic  tape c a r t r i d g e  f o r  l a t e r  a n a l y s i s .  The da ta  f o r  

th e  f e r r i c y a n i d e  o r  f e r r i o x a l a t e  o n l y  needed to  be sampled two o r  

t h re e  t imes to  e s t a b l i s h  c o n s i s t e n t  behav iour  but the  data  f o r  the 

background took  up to  seven runs b e fo re  a re p ro d u c ib le  response 

was o b ta in e d .

A compar ison between the t ra n s fo rm  and the  re c a p tu re  da ta  

w i l l  be presen ted  g r a p h i c a l l y  a f t e r  a b r i e f  d e s c r i p t i o n  o f  each 

e x p e r im e n t .  The l a b e l l i n g  adopted f o r  these diagrams g ive s  the  

e xper im en t  number fo l lo w e d  by an "A "  o r  a "B "  to  d e s ig n a te  the  

system d e sc r ib e d  by e i t h e r  e q u a t io n  7.8A o r  7.8B r e s p e c t i v e l y .

A l th o ug h  the  exper im ents  la s te d  between k2 and 56 seconds,



o n l y  d a ta  f rom  th e  f i r s t  30 seconds were p l o t t e d .  The c u r r e n t  

changes th e  most d r a s t i c a l l y  ove r  t h i s  t ime  p e r io d  and the  c u r r e n t  

a t  l a t e r  t im es  was n o t  p l o t t e d  s in c e  i t  was no t  as i n t e r e s t i n g .

The c u r r e n t  s c a le  on each graph spans -600 yA to  +600 yA. T h is  

range was f i x e d  to  p e rm i t  v a r i a t i o n s  in the  c u r r e n t  responses to  

be d e te c te d  more e a s i l y .  The da ta  and H i l b e r t  t r a n s fo rm  were 

p l o t t e d  in s h a r p l y  c o n t r a s t i n g  c o lo u r s  because, in  many cases ,  the  

t r a n s f o r m  matches th e  re c a p tu re  da ta  so w e l l  t h a t  they  a re  

i n d i s t i n g u i s h a b l e .  In an a t te m p t  to  b e t t e r  r e s o lv e  the  d is c re p a n c y  

between th e  t r a n s fo r m  and th e  re c a p tu re  d a ta ,  the  l a t e r  p o r t i o n  o f  

th e  r e c a p t u r e  graph was r e p l o t t e d  on a s c a le  spanning -100 yA to  

0 yA. T h is  6:1 expans ion  p ro v id e s  s u f f i c i e n t  m a g n i f i c a t i o n  to  

show up most d i s c r e p a n c ie s .

The f i r s t  few e xper im en ts  implement c o n v e n t io n a l  p o t e n t i a l  

waveforms wh ich  were used to  t e s t  the  e f f e c t  o f  e le c t r o c h e m ic a l  

r e v e r s i b i l i t y  on the  a ccu racy  o f  t h i s  t r a n s fo r m  te c h n iq u e .  There ­

f o r e  , r e s u l t s  f rom both  system "A "  and system "B "  w i l l  be 

p re s e n te d .  L a te r  e x p e r im e n ts ,  however, were des igned to  i l l u s t r a t e  

th e  v e r s a t i l i t y  o f  t h i s  t r a n s fo rm  te c h n iq u e  by implement ing  

unusual p o t e n t i a l  waveforms.  The e f f e c t  o f  e le c t r o c h e m ic a l  

r e v e r s i b i l i t y  was no t  o f  i n t e r e s t  in these  exp e r im e n ts  and hence 

o n l y  one system, namely system " A " ,  was s t u d i e d .
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El : Double Step Exper iment

T h is  e x p e r im e n t  was c o n t r o l l e d  by the  program "DSCHEM" (see 

a ppend ix  C ) . The p o t e n t i a l  waveform th a t  was a p p l i e d  is  

i l l u s t r a t e d  in F ig u re  7 .4 .

F ig u re  7 .4  P o t e n t i a l  waveform f o r  doub le  s tep  e xper im en t

The p o t e n t i a l s  Ê  and E^ d e s ig n a te  th e  i n i t i a l  and re v e rs a l  

p o t e n t i a l s  u t i l i z e d  f o r  th e  c y c l i c  vo l tammograms. These p o t e n t i a l s  

a re  in  the  re g io n s  o f  c o n c e n t r a t i o n  p o l a r i z a t i o n  f o r  the  redox 

r e a c t i o n s  o f  th e  f e r r i c / f e r r o u s  co u p le s .  A t  the  p o t e n t i a l  E, , the  

f e r r i c  complex i s  e le c t r o c h e m ic a l1 y  s t a b l e ;  whereas i t  is  the 

f e r r o u s  complex t h a t  is  s t a b l e  a t  E^.

A f t e r  t im e  z e ro ,  d e s ig n a te d  by the  a p p l i c a t i o n  o f  E , th e  

f e r r i c  complex was reduced to  i t s  f e r r o u s  p a r t n e r .  The g e n e r a t i o n  

o f  th e  f e r r o u s  complex proceeded f o r  8 .4  seconds and then the  

p o t e n t i a l  was r e s to re d  to  Ej . The f e r r i c  complex was th e re b y  

re c a p tu re d  under c o n c e n t r a t i o n  p o la r i z e d  c o n d i t i o n s . The r e s u l t s
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o f  th e  doub le  s tep  exper im ent  a re  p resented in F igu res  E1A and EIB. 

E2 : Ramp-Step Exper iment

Th is  exper im en t  was c o n t r o l l e d  by the program "RSCHEM" (see 

append ix  C ) . The p o t e n t i a l  waveform th a t  was a p p l ie d  is  shown in 

F ig u re  7 .5 .

F ig u re  7 .5  P o t e n t i a l  waveform f o r  ramp-step exper iment

The s tep was a p p l ie d  j u s t  b e fo re  the  p o t e n t i a l  reached E^.

T h is  was necessary  to  avo id  a p la te a u .  The step pushed the 

p o t e n t i a l  s l i g h t l y  beyond Ê  but the  system responded the same as 

i t  would a t  Ej s ince  i t  was in the  re g ion  o f  c o n c e n t ra t io n  

p o l a r i z a t i o n .

As the  p o t e n t i a l  was ramped from Ej to  E^, the  f e r r o u s  

complex was genera ted  under i n c r e a s i n g l y  more fa v o u r a b le  c o n d i t i o n s .  

The a p p l i c a t i o n  o f  the  s tep then induced re c a p tu re .

S ince the  p o t e n t i a l  range f o r  the two systems d i f f e r e d  and 

and the ramp r a t e  was c o n s ta n t ,  the  va lue  o f  T (see F ig u re  7 .5 )
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d i f f e r e d  f o r  the  two systems. For the  Fe(CN)g3- system, the ramp 

must span 0 .8  v o l t s  and T was s e le c te d  as 7 .00  seconds. For the 

Fe(C20it ) 3 3~ system, the  ramp o n ly  needed to  span 0 .6  v o l t s  and 

hence T was shor tened to  6.02 seconds.

The r e s u l t s  o f  the  ramp-step exper iments  a re  presented in 

F igu res  E2A and E2B.

E3,E**,E5 : C y c l i c  Ramp Exper iments

These exper iments  were a ls o  c o n t r o l l e d  by the  program 

"RSCHEM". In each exper iment  the p o t e n t i a l  was ramped th rough one 

c y c le  and then held a t  the  i n i t i a l  v a lu e .  The symmetry o f  the  

p o t e n t i a l  waveform was v a r ie d  between exp e r im e n ts .  The waveform 

symmetry is  expressed as the  r a t i o  o f  the  backward ramp r a te  to  

the  fo rw a rd  ramp r a t e .  The normal mode f o r  a c y c l i c  voltammogram 

is  t o  use a symmetry o f  1 :1 ,  b u t ,  in a d d i t i o n  to  t h i s  r a t i o ,  

symmetr ies o f  5:1 and 10:1 were a ls o  t e s te d .  As t h i s  r a t i o  

in c re a s e s ,  the  p o t e n t i a l  waveform d e v ia te s  from th a t  t y p i c a l  o f  a 

c y c l i c  ramp exper iment  towards t h a t  o f  a ramp-step exp e r im e n t .

T h is  t r a n s i t i o n  is i l l u s t r a t e d  in F ig u re  7 .6 .

As w i t h  the  ramp-step exp e r im e n ts ,  the  va lu e  o f  T was changed 

between systems. In an a t te m p t  to  o p t im iz e  per fo rmance,  T was 

s e le c te d  a t  the  e a r l i e s t  p o s s ib le  t ime t h a t  would correspond to  a 

p o t e n t i a l  w i t h i n  the  c o n c e n t ra t io n  p o l a r i z a t i o n  range. T h e re fo re ,  

T occu rs  s l i g h t l y  b e fo re  the  end o f  the  ramping c y c le .



F ig u re  7-6  P o t e n t i a l  waveforms f o r  c y c l i c  ramp exper im ents
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The r e s u l t s  o f  these exper iments  a re  p resented  in F igu res  E3A 

th rough  E5A.

E6 : Ramp-Hold-Step Exper iment

Th is  exper im ent  was v e ry  s i m i l a r  to  the ramp-step exper iment  

except  t h a t  the  s tep  was a p p l ie d  a f t e r  the  ramp had stopped a t  ££• 

The p o t e n t i a l  waveform is  shown in F ig u re  7 .7 .

Figure 7 .7  P o t e n t i a l  waveform f o r  ra m p -h o ld -s te p  exper iment

The v a lu e  chosen f o r  T was 8 .40  seconds. Th is  s e l e c t i o n  was 

made f o r  c o m p a r i t i v e  purposes w i t h  the  doub le  s tep  exp e r im e n t .  

F igu re  E6A shows the  r e s u l t  o f  t h i s  exper im ent .

E7 : M u l t i  s tep  Experiment

The waveform a p p l ie d  in t h i s  exper iment  was the  most unusual 

o f  a l l .  I t  i s  i l l u s t r a t e d  in F ig u re  7 .8 .  Th is  waveform was 

a p p l i e d  by th e  program "DSCHEM" w i t h  a manua l ly  o p e n - c i r c u i t e d  

p e r io d  in the  m id d le  o f  the  g e n e ra t io n  phase. W h i le  the  c e l l  

was o p e n - c i r c u i t e d ,  no c u r r e n t  cou ld  f l o w  and hence the  c e l l  would
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fc>e a t  E ^ , th e  n u l l  p o t e n t i a l ,  which v a r i e s  w i t h  t im e .

F ig u re  7 .8  P o t e n t i a l  waveform f o r  m u l t i s t e p  exper im en t

The c e l l  was o p e n - c i r c u i t e d  by s w i t c h in g  the  s e l e c t o r  s w i t c h  

on th e  PAPvC 170 from " E x t e r n a l  C e l l "  t o  " O f f " .  The t im in g  f o r  

t h i s  manual o p e r a t i o n  co u ld  no t  be reproduced a c c u r a t e l y  enough to  

en ab le  a background c o r r e c t i o n  to  be per fo rmed and t h e r e f o r e  these  

da ta  a re  p resen ted  u n c o r re c te d .

The da ta  and t r a n s fo r m  a re  p resen ted  in F ig u re  E7A.

The c o t t r e l l i a n  dependence o f  the  g e n e ra t i o n  c u r r e n t  was 

s tu d ie d  by t e s t i n g  the  co ns tancy  o f  i ^ ( t ) t 2. The v a r i a t i o n  in  

t h i s  pa ram ete r  was l i m i t e d  to  t  1% d e m o s t ra t in g  t h a t  the  c o n t r i ­

b u t i o n  f rom e x t ra n eo u s  so u rces ,  such as n o n - l i n e a r  d i f f u s i o n ,

was v e r y  sna11.
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E r r o r  Ana l y s i s

The p reced ing  g raphs,  F igu res  E1A th rough  E7A, c l e a r l y  

i l l u s t r a t e  the  success o f  t h i s  t ra n s fo rm  te ch n iq u e .  The curve 

o b ta in e d  by H i l b e r t  t r a n s fo r m a t i o n  matches the  re ca p tu re  data so 

w e l l  t h a t  f o r  many o f  the  exper im ents ,  d is c re p a n c ie s  can o n ly  be 

d e te c te d  on the  expanded s ca le .  Th is  degree o f  p r e c i s i o n  is  

encourag ing  s in c e ,  in  a d d i t i o n  to  the  usual exper im enta l  e r r o r s ,  

an e r r o r  is  imposed by an a p p ro x im a t io n  made w i t h i n  the a lg o r i t h m .  

The c o n t r i b u t i o n s  from each o f  these e r r o r  sources has been 

i n v e s t i g a t e d  to  de te rm ine  t h e i r  w e ig h t i n g .

The a l g o r i t h m i c  e r r o r  was i n v e s t ig a te d  w i t h  s y n t h e t i c  data  

r e p r e s e n t a t i v e  o f  a doub le  p o t e n t i a l  s te p .  The ch o ice  o f  t h i s  

exper im ent  was n e c e s s i ta te d  by the  la ck  o f  a n a l y t i c a l  s o lu t i o n s  

f o r  r e c a p tu re  f o l l o w i n g  o th e r  waveforms. The s y n t h e t i c  data were 

genera ted  w i t h  the  same t ime parameters t h a t  were used f o r  

sampling the  exper im en ta l  systems. The r a t i o  o f  the c u r r e n t ,  

i ^ [ T ] , o b ta in e d  from the  t ra n s fo rm  compared to  the  re c a p tu re  d a ta ,  

i [ d ] , is  p resented in F ig u re  7 .9  to  i l l u s t r a t e  the  r e l a t i v e  e r r o r  

in t ro d u c e d  by the  t r a n s fo rm  a lg o r i t h m .

The l i n e  denoted i [ D ] / i r [D] serves as a re fe re n c e  a g a in s t  

wh ich  the  t ra n s fo rm s  can be compared. The curve  " A L L (0 )M 

d e s ig n a te s  the  r e l a t i v e  e r r o r  f o r  the t ra n s fo rm  o f  the  da ta  se t  

t h a t  c o n ta in s  a l l  A00 p o in t s  t h a t  were gene ra ted .  The e r r o r  in
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t h i s  t r a n s fo rm  was o n ly  0.6% a t  the  t ime 5T. The curve  UA L L (1 ) "  

was d e r iv e d  from the  same data  se t  t h a t  was used f o r  "ALL(O)"  

except  t h a t  the  f i r s t  g e n e ra t io n  p o in t  was o m i t t e d .  Th is  data  set 

f o r m u la t i o n  is  s i m i l a r  to  t h a t  used f o r  both o f  the doub le  s tep 

exper im ents  in which the f i r s t  data p o in t  was beyond the range o f  

the  measuring in s t ru m e n t  and th e r e fo r e  unknown. Hence the " A L L (1 )M 

cu rve  r e f l e c t s  the  a l g o r i t h m i c  e r r o r  in h e re n t  in  the exper im enta l  

t r a n s fo rm s .  Ignorance o f  the  f i r s t  da ta  p o in t  increased the 

a l g o r i t h m i c  e r r o r  a t  the  t ime 5T to  1%. Th is  inc rease by an o rd e r  

o f  magni tude was a p p a re n t l y  caused by the  l i n e a r  f i t t i n g  r o u t i n e  

w i t h i n  the a lg o r i t h m .  The a lg o r i t h m  approx imates the  cu rve  by 

f i t t i n g  s t r a i g h t  l i n e s  between c o n se cu t ive  p o in t s .  At both ends 

o f  the  cu rv e ,  the  f i t  t o  the  boundar ies  o f  the  g e n e ra t io n  re g io n  

i s  o b ta in e d  by e x t r a p o l a t i n g  the  l i n e  desc r ibed  by the  two c l o s e s t  

p o in t s .

The c u r r e n t  f o r  a doub le  s tep  exper iment  is  p r o p o r t i o n a l  to

- J -
t  2 and hence i t  f a l l s  r a p i d l y  from an i n i t i a l  va lue  o f  i n f i n i t y .  

T h is  produces a curve  which looks l i k e  the f a l l i n g  edge o f  a 

s p ik e .  A l i n e a r  f i t  between two p o in t s  on such a curve  w i l l  

d e s c r ib e  a l i n e  which w i l l  l i e  above the  cu rve  f o r  a l l  i n t e r v e n in g  

p o i n t s .  An e x t r a p o l a t i o n  o f  such a f i t ,  however, w i l l  d e f i n e  an 

e n d p o in t  t h a t  is  too low. T h e re fo re ,  a l i n e a r  f i t  e s t a b l i s h e s  a 

d e l i c a t e  ba lance between h igh and low a p p ro x im a t io n s  to  the  cu rve .



For th e  "A L L (O ) "  da ta  s e t ,  the  o v e r a l l  f i t  must have been s l i g h t l y  

h ig h  whereas the  f i t  f o r  the  " A L L ( l ) "  da ta  se t  was too low. The 

l o w e r in g  o f  the  o v e r a l l  f i t  to  the  " A L L ( l ) "  d a ta  se t  cou ld  have 

been p r e d i c t e d  s in c e  the  o m iss io n  o f  the  f i r s t  da ta  p o i n t  would 

low er  th e  e x t r a p o l a t i o n  a t  t im e  z e ro .  The magn i tude  o f  t h i s  

e f f e c t ,  however, was a s u r p r i s e .  Even so, the  e r r o r  is  s t i l l  l ess  

than seven p e rc e n t .

Two new data  s e ts  were formed by t a k in g  a l t e r n a t e  p o in t s  from 

th e  o r i g i n a l  d a ta  s e t .  One da ta  se t  c o n s is te d  o f  the  odd-numbered 

p o i n t s  and the  r e l a t i v e  e r r o r  in i t s  t r a n s fo r m  is  d e s ig n a te d  

"ODD(O)" .  The o t h e r  da ta  se t  c o n s is te d  o f  th e  even-numbered p o in t s  

and th e  r e l a t i v e  e r r o r  in i t s  t r a n s fo r m  is  d e s ig n a te d  by "EVEN(O)".  

The "ODD(O)" and "ALL (O )"  da ta  se ts  have the  same i n i t i a l  da ta  

p o i n t  but the  sampl ing  i n t e r v a l ,  A t ,  f o r  the  fo rm e r  da ta  se t  is  

tw i c e  t h a t  o f  the  l a t t e r .  The "EVEN(O)" and " A L L ( l ) "  a re  r e l a t e d  

in  a s i m i l a r  f a s h i o n .

I n c o rp o ra te d  i n t o  the  t r a n s fo rm  a lg o r i t h m  is  the  assumpt ion 

t h a t  At i s  s m a l l .  The a p p ro x im a t io n  made by t h i s  assumpt ion  

improves as At approaches ze ro  and hence the inc reased  e r r o r  in 

"0 D D (0 )M o ve r  "A L L (O ) "  r e f l e c t s  t h i s  dependence. Ano the r  depend­

ence, t h a t  o f  the  e x t r a p o l a t i o n  a t  t im e  z e ro ,  is  r e i n f o r c e d  by the  

s i m i l a r i t i e s  o f  th e  cu rves  "EVEN(O)" and " A L L ( 1 ) " .

The sp ik e s  encoun te red  in the  g e n e r a t i o n  re g io n  o f  the  doub le



s tep  and m u l t i s t e p  exper iments  a re  approx imated ve ry  p o o r l y  by the 

l i n e a r  f i t  used in the  t r a n s fo rm  a lg o r i t h m .  A l i n e a r  a p p ro x im a t io n  

o f  the  peaks f o r  the  v a r io u s  ramp exper iments  would a ls o  no t  be 

ve ry  a c c u r a t e ,  but t h i s  e r r o r  cou ld  s t i l l  no t  approach t h a t  

encountered f o r  an e x t r a p o l a t i o n  over  a s p ik e .  Based on t h i s  

assum pt ion ,  the  a l g o r i t h m i c  e r r o r  ?n the  ramp exper iments  should 

be less  than the  7 % found f o r  the  doub le  s tep  exper im en t .  The 

e r r o r  in the  m u l t i  s tep  e x p e r im e n t ,  however, would s u r e l y  be more 

than t h i s  s in c e  two sp ikes  must be approx im ated ;  one w i t h o u t  the 

b e n e f i t  o f  an e x t r a p o l a t i o n .  The e r r o r  in the t ra n s fo rm  f o r  the 

m u l t i s t e p  exper im ent  does appear to  be la r g e r  than t h a t  found in 

any o t h e r  e x p e r im e n t ,  but t h i s  cou ld  a ls o  be due to  background- 

u n co r re c te d  da ta  being ana lysed .

The e r r o r s  a t t r i b u t e d  to  exper im en ta l  measurements would be 

d i f f i c u l t  t o  seg rega te  but a t  l e a s t  some idea o f  the rep ro d u c ­

i b i l i t y  o f  the  da ta  may be gained from F igu re  7 .1 0 .  In t h i s  

d iag ram ,  da ta  a re  p resented f o r  f i v e  d i s t i n c t  ramp exper iments  

w i t h  the  cyan ide  system. Over the  f i r s t  seven seconds o f  these 

e x p e r im e n ts ,  the  p o t e n t i a l  was ramped a t  the  same r a te  and ove r  

the  same range. Hence the  data  f o r  these exper iments  should  be 

i d e n t i c a l  ove r  t h i s  re g io n .

The t im in g  f o r  the  sampling o f  t h i s  da ta  appears to  be q u i t e

r e p r o d u c ib l e  s in c e  the  peak l o c a t i o n  remains c o n s ta n t .  However
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t h e r e  i s  some v a r i a t i o n  in the c u r r e n t s  t h a t  were measured. The 

c u r r e n t  da ta  p resented in F ig u re  7 .10  are  b a ckground-co r rec ted  and 

hence r e f l e c t  e r r o r s  in c o rp o ra te d  i n t o  measurements on two 

s o l u t i o n s .

At any g iven  t im e ,  the  c u r r e n t  d i s p la y s  a v a r i a t i o n  o f  about 

8% over  the  f i v e  se ts  o f  da ta .  Each o f  the s i g n a l s ,  however, 

i n t e r m in g le s  w i t h  the o th e rs  and none is  c o n s i s t e n t l y  h igh o r  low. 

As an example, the  c u r r e n t  f o r  exper iment  E5A crosses a l l  the 

o t h e r  exper im en ta l  c u r r e n t s .  I n i t i a l l y  i t  was the l a r g e s t ,  near 

the  peak i t  o b ta in e d  a median va lu e  and then ,  on the t a i l  ex tend ing  

beyond the  peak, i t  became the s m a l le s t  c u r r e n t .

S ince the  e xper im en ta l  e r r o r  ou tweighs  the  a l g o r i t h m i c  e r r o r ,  

most o f  the  d is c re p a n cy  between the t ra n s fo rm  and re ca p tu re  data  

must have a r i s e n  from exper im en ta l  sources .  These sources would 

in c lu d e  c a p a c i t a t i v e  c u r r e n t s  t h a t  a re  produced by the cha rg ing  

and d is c h a r g in g  o f  the  e le c t r o d e  doub le  l a y e r ,  c u r r e n t s  t h a t  

o r i g i n a t e  from n o n - l i n e a r  d i f f u s i o n ,  and s t r a y  c u r r e n t s  t h a t  are 

the  r e s u l t  o f  i n s t ru m e n ta l  n o ise .  Background s u b t r a c t i o n  would 

h e lp  to  remove some o f  these extraneous c u r r e n t s  but the  c o r r e c t i o n  

would no t  be p e r f e c t .  A techn ique  t h a t  cou ld  have improved the  

agreement would have been to  average the o u tp u t  s ig n a l  ove r  severa l  

runs .  T h is  would have improved the  c o r r e c t i o n  f o r  the c a p a c i t a t i v e

c u r r e n t s  a l th o u g h  o th e r  components may have s t i l l  been a problem.



Even though t h i s  a ve rag ing  techn ique  was not used, the s i m i l a r i t y  

between the  t r a n s fo rm  and re c a p tu re  data  is  s t i l l  s a t i s f a c t o r y .

D ? scuss i on

As mentioned e a r l i e r ,  these seven exper iments  were d iv id e d  

i n t o  two c l a s s e s ,  each w i t h  i t s  own purpose. The f i r s t  th re e  were 

in tended  to  t e s t  the  dependence o f  the t ra n s fo rm  on the e l e c t r o ­

chemica l  r e v e r s i b i l i t y  o f  the system whereas the l a s t  f o u r  were 

des igned to  i l l u s t r a t e  the  v e r s a t i l i t y  o f  t h i s  t r a n s fo rm  techn ique .

The e x te n t  o f  the  r e v e r s i b i l i t y  o f  each o f  the systems was 

e s ta b l i s h e d  by compar ison o f  parameters taken from the  c y c l i c  

voltammograms (F ig u re s  7.3A and 7 - 3 B) w i t h  those p re d ic te d  by 

r e v e r s i b l e  t h e o r y . 2 The va lues  are  p rov ided  in Tab le  7 .1 .  The 

t h e o r e t i c a l  va lues  assume t h a t  the system is  c o m p le te ly  r e v e r s i b l e .

System
nF f-> ) 
S '  E -E RT( p r j

Parameter 1 Experiment
Revers i b le  

Theory

A 16.07^

nF
RT t  -t~ 

. p pj
i
1

2.33 2.23

ir / ■+I /  I
P P

-0 .758 -0 .7 8 8

B 5.955

- 1  RT I

f \
t -E 
. P PJ

8.76 2.27

ir , l /  1
P P

-0.51*8 -0 .6 8 7

Tab le  7-1 R e v e r s i b i l i t y  parameters f o r  the  e xper im en ta l  systems. 
The peak c u r r e n t  and peak p o t e n t i a l  a re  denoted by ip and Ep 
r e s p e c t i v e l y .  The ramp d i r e c t i o n  a t  the peak is  denoted by the  
a r row .



The parameters f o r  system "A "  a re  in much b e t t e r  agreement w i t h  

th e o ry  than are  the  parameters f o r  system "B"  and hence the  

Fe(CN)53' /F e ( C N ) 64" coup le  was more r e v e r s i b l e  than the 

Fe(C20lt) 3 3" /F e (C 20l+)3 lt-  c o u p le  a t  the p la t in u m  e le c t r o d e .  Tab le  7.1 

a ls o  i l l u s t r a t e s  t h a t  the  peak se p a ra t io n  is  more s e n s i t i v e  to  the 

e le c t r o c h e m ic a l  r e v e r s i b i 1 i t y  than is  the r a t i o  o f  the peak h e ig h ts .

I f  the  t r a n s fo rm  is  dependent upon e le c t ro c h e m ic a l  r e v e rs ­

i b i l i t y ,  then the  r e s u l t s  f o r  system "A"  should be b e t t e r  than 

those f o r  system " B " .  Th is  was t r u e  f o r  the  doub le  s tep  exper iment  

in which the  agreement f o r  system "B "  was good but t h a t  f o r  system 

"A "  was even b e t t e r .  For the  ramp-step exp er im e n t ,  however, the 

r o le s  a re  reve rse d .  The t r a n s fo rm  f o r  system "B "  was v e ry  good 

whereas the  e r r o r  in the  system "A"  t r a n s fo rm  was about the  l a r g e s t  

o f  any exp er im e n t .  The t ra n s fo rm  f o r  the 1:1 ramp exper iment  was 

e x c e l l e n t  f o r  both systems but the  shape o f  the cu rve  f o r  system 

"B "  was s l i g h t l y  b e t t e r  than t h a t  f o r  system " A " .  A p robab le  

source o f  e r r o r  f o r  the  t ra n s fo rm  o f  system "A"  was an unexp la ined  

" d i p "  in the c u r r e n t  t h a t  occu r red  near the re v e rs a l  p o t e n t i a l .

I t  would appear t h a t ,  based on these th re e  e xp e r im e n ts ,  the  

t r a n s fo rm  has no dependence on the e le c t r o c h e m ic a l  r e v e r s i b i l i t y  

s in c e  each system scored a w in ,  a l o s s ,  and a t i e .

The d is c re p a n c y  between i [T ] and i ^ [D] f o r  the  remain ing  f o u r  

exper im ents  was s t i l l  f a i r l y  small  but i t  appeared to  be a f u n c t i o n



. o f  th e  q u a l i t y  o f  th e  background c o r r e c t i o n .  The da ta  f o r  th e  

r a m p - h o ld - s t e p  e xp e r im e n t  were the  smoothest o f  the  f o u r  

e x p e r im e n ta l  cu rve s  and t h e r e f o r e  appear to  have been c o r r e c t e d  

th e  most e f f i c i e n t l y .  The d is c re p a n c y  between i [T] and i ^ [ D j was 

a l s o  s m a l l e r  f o r  t h i s  e xper im en t  than f o r  any o t h e r .  As mentioned 

e a r l i e r ,  th e  te c h n iq u e  by which  the  m u l t i s t e p  waveform was a p p l i e d  

p re ven te d  background s u b t r a c t i o n .  The la c k  o f  t h i s  c o r r e c t i o n  was 

a p p a r e n t l y  r e s p o n s ib le  f o r  the  r e l a t i v e l y  l a rg e  d is c re p a n c y  between 

i [T ] and i [ D ] f o r  t h i s  e x p e r im e n t .  The d is c r e p a n c ie s  between 

i [T ] and i ^ [ D] f o r  these  f o u r  e xp e r im e n ts  were l a r g e r  than those 

f o r  the  c o n v e n t io n a l  waveforms. The r e c a p tu re  c u r r e n t  f o r  each o f  

these  e x p e r im e n ts ,  however, was s t i l l  d e s c r ib e d  q u i t e  a c c u r a t e l y  

by th e  H i l b e r t  t r a n s fo r m .

Comments

The v e r s a t i l i t y  o f  t h i s  t r a n s fo rm  te c h n iq u e  has been 

i l l u s t r a t e d  by the  l a c k  o f  dependence on bo th  the  n e r n s t i a n  

b e h a v io u r  o f  th e  system and the  p o t e n t i a l  waveform t h a t  is  a p p l i e d  

to  i t .  As suggested e a r l i e r ,  a method i n c o r p o r a t i n g  s ig n a l  

a v e ra g in g  cou ld  be used to  improve the  s ig n a l  q u a l i t y  and t h e r e f o r e  

in c re a s e  the  a ccu ra cy  o f  th e  H i l b e r t  t r a n s fo r m .  Th is  p rocedure  

would be the  most b e n e f i c i a l  f o r  exp e r im e n ts  in which  the  t r a n s fo rm  

was to  be a p p l i e d  f o r  a n a l y t i c a l  purposes.



CHAPTER 8

RECONSTRUCTION OF i g ( t )  FROM i r ( t )

I t  was shown in ch a p te r  6 th a t  the n e g a t iv e  H i l b e r t  t ra n s fo rm  

o f  the re c a p tu re  f u n c t i o n ,  R ( r ) ,  w i l l  g iv e  the g e n e ra t io n  

f u n c t i o n ,  G (g ) ,  f rom which i g ( t )  may be c a l c u l a t e d .  R e c a l l ,  

however, t h a t  the re ca p tu re  f u n c t i o n  was d e f in e d  as

where R ^ ( r )  and R ( r ) are unknown f u n c t i o n s  o f  r which have no 

exper im en ta l  s i g n i f i c a n c e .  Since the H i l b e r t  t r a n s fo rm  spans 

_ < » < r < o o > R (r)  must be known over  t h i s  range to  p e rm i t  the t ra n s fo rm  

to  be per fo rmed.  Hence a method had to  be dev ised th a t  cou ld  deal 

w i t h  the ignorance o f  R ^ ( r )  and R ( r )  to  e x p l o i t  the H i l b e r t  

t r a n s fo rm  as a means o f  r e c o n s t r u c t i n g  the g e n e ra t io n  c u r r e n t .

I )  Curve F i t t i n g

The re c a p tu re  f u n c t i o n  in the re ca p tu re  phase, denoted R _ ( r ) ,  

and the g e n e ra t io n  f u n c t i o n  in the g e n e ra t io n  phase, denoted

G2 (g) , are g iven  by



and

Hence R , ( r )  may be c a l c u l a t e d  from th e  r e c a p tu re  c u r r e n t  and G^Cg) 

may be used t o  c a l c u l a t e  th e  g e n e r a t i o n  c u r r e n t .

I f  t h e  f u n c t i o n a l  fo rm o f  was s e t > th e n ,  s in c e  the

g e n e r a t i o n  f u n c t i o n  i s  ze ro  e lse w h ere ,  the  f u n c t i o n s  R̂  ( r ) , R^Cr) ,  

and R, ( r )  would be known f rom th e  H i l b e r t  t r a n s fo r m  o f  6 2 ( g ) .  I f  

a w e i g h t i n g  was a p p l i e d  to  62(g)  then the  same w e ig h t i n g  would be 

a p p l i e d  t o  each o f  th e  f u n c t i o n s  R ^ ( r ) ,  RpCr) ,  and R ^ ( r ) .  

S i m i l a r l y ,  i f  62 (g)  was composed o f  a s e r i e s  o f  f u n c t i o n s  w i t h  

g iv e n  w e i g h t i n g s ,  th e  f u n c t i o n s  R̂  ( r ) , R 2 ( r ) ,  and R ^ ( r )  cou ld  be 

d e te rm in e d  by H i l b e r t  t r a n s f o r m a t i o n  o f  these  f u n c t i o n s  fo l l o w e d  

by a p p l i c a t i o n  o f  th e  c o r re s p o n d in g  w e i g h t i n g s .  However, the  

o n l y  R ^ ( r )  f u n c t i o n  which has e xp e r im e n ta l  s i g n i f i c a n c e  is  R ^ ( r ) .  

I f  R ^ ( r )  i s  f i t t e d  to  a s e r ie s  o f  f u n c t i o n s  which a re  H i l b e r t  

t r a n s fo r m s  o f  f u n c t i o n s  used to  d e s c r ib e  62(g)  then i t  may be 

p o s s i b l e  to  e x t r a c t  th e  w e ig h t i n g s  which  a re  r e q u i r e d  to  

r e c o n s t r u c t  62 (g )  and thence th e  g e n e r a t i o n  c u r r e n t .

A c u rv e  f i t t i n g  r o u t i n e  was des igned to  f i t  R , ( r )  to
5

a n a l y t i c a l  f u n c t i o n s  t h a t  were H i l b e r t  t r a n s fo rm s  o f  f u n c t i o n s  

s e le c t e d  to  d e s c r i b e  6 2 ( g ) .  The f u n c t i o n  R ^ ( r )  was approx im ated  

by



f o r  which the  N c o e f f i c i e n t s  A were dete rmined f o r  the fu n c t i o n s
n

f  ( r )  by a program g iven  in appendix C. Once these c o e f f i c i e n t s  

were de te rm ined ,  the f u n c t i o n  G? (g) cou ld  be approx imated by

where hn (g) are a n a l y t i c a l  f u n c t i o n s  se le c te d  w i t h  the

f u n c t i o n a l i t y  o f  the g e n e ra t io n  c u r r e n t  in mind. The domains f o r

f  ( r )  and h (g) a re  shown in Table  8 .1 .  n n

G(g) R(r )

0 , g< - l Rj ( r )  , r < - l

hn (g) ’
- 1 <g<1 R£ ( r )  , - l < r < l

0 , g>1 f n ( r )  , r> l

Tab le  8.1 Domains o f  a n a l y t i c a l  f u n c t i o n s  t h a t  comprise  the 
g e n e ra t io n  and re ca p tu re  f u n c t i o n s .

A l though  the f u n c t i o n s  R ^ ( r )  and R2 ( r )  w i l l  be known f o r  a g iven

h ( g ) , these f u n c t i o n s  d id  not p a r t i c i p a t e  in the f i t t i n g  
n

o p e r a t i o n  s ince  o n ly  data in e x p e r im e n t a l l y  s i g n i f i c a n t  reg ions  

were f  i t t e d .

The s e le c t i o n  o f  f i t t i n g  fu n c t i o n s  was l i m i t e d  to  those f o r

which the H i l b e r t  t r a n s fo rm  r e l a t i o n s h i p  was known. Hence th e re



was no t  a g r e a t  deal o f  ch o ice  in t h i s  s e l e c t i o n .  The s e l e c t i o n  

o f  f u n c t i o n s  was based on assumpt ions about the fo rm o f  G^(g ) •

The r e s u l t s  f o r  two se ts  o f  f i t t i n g  f u n c t i o n s  f o l l o w .

( i ) Power S e r ie s

I t  has been shown p r e v i o u s l y  t h a t  the g e n e ra t i o n  c u r r e n t  f o r  

a C o t t r e l l  exp e r im e n t  is  dependent upon t 2 and hence an 

a p p r o p r i a t e  power s e r ie s  to  d e s c r ib e  i ( t )  would be

T h is  e x p re s s io n  may be r e w r i t t e n  as

where

T h e r e fo r e ,  from e q u a t io n  ( 8 . 3 ) ,

The H i l b e r t  t r a n s fo r m  o f  e q u a t io n  (8 .9 )  may be found in Tab le  I .  

T h i s  e s t a b l i s h e s  R , ( r )  as



The f u n c t i o n a l i t y  o f  ^ ( g )  and f n ( r ) as d i c t a t e d  by e q ua t io n s  

(8 .9 )  and (8 .10 )  was determ ined f o r  the f i r s t  f i v e  members o f  

these s e r i e s .  The d e r i v a t i o n s  are  p resen ted  in the f i r s t  p a r t  o f  

appendix  E and the co r resp o n d in g  curves are p l o t t e d  in F igu res  8.1 

and 8 .2 .

The f u n c t i o n s  f  ( r )  were eva lu a te d  over  the range 1<r <5 a t

i n t e r v a l s  o f  0.1 and then f i l e d  on the computer t o  form a data

base named GUS. S y n th e t i c  re ca p tu re  data were then genera ted  from

known com b ina t ions  o f  the f  ( r )  f u n c t i o n s .  The numbers w i t h i n  then

data  base and the re ca p tu re  d a t a f i l e s  con ta ined  fo u r te e n  

s i g n i f i c a n t  f i g u r e s .  However, exper im enta l  re ca p tu re  data would 

not possess any more than f o u r  s i g n i f i c a n t  f i g u r e s .  T h e re fo re ,  

a d d i t i o n a l  d a t a f i l e s  were c re a te d  which possessed numbers w i t h  

o n ly  f o u r  s i g n i f i c a n t  f i g u r e s .

The f i t s  to  the d a t a f i l e s  S-IT03 and ^S-IT03 are g ive n  in 

appendix  F. These d a t a f i l e s  were generated by summing a l l  f i v e  o f  

the f  ( r )  f u n c t i o n s  w i t h  equal w e ig h t i n g .  The fo rmer o f  these 

f i l e s  c o n ta in s  numbers w i t h  fo u r te e n  s i g n i f i c a n t  f i g u r e s  whereas 

the l a t t e r  f i l e  c o n ta in s  numbers w i t h  o n ly  f o u r .  The c o e f f i c i e n t s  

f rom these f i t s  a long w i t h  the sample v a r ia n c e ,  s2 , are summarized 

in Tab le  8 .2 .  The sample v a r ia n c e ,  e q u i v a le n t  to  the reduced c h i -  

square ,  is  d e f in e d  as
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where J is the number of  data po int s ,  N is the order  of  the f i t ,  

and Aj is the d i f f e r e n c e  between the f i t  and the data at  the j t h  

data p o i n t .  Therefore  a small s2 ind icates  a good f i t  to the 

d a t a .

D a t a f i l e S-1T03 AS-1T03

A- i 0 .999^ -1 3 .6 8

Ao 1.0055 127.59

A , 0.9875 -2 8 5 .5 6

a 2 1.0105 245.^1

A3
0.9970 -6 9 .7 8

2s 8.25X10” 12
q

7.13X10

Ta b le  8 .2  Summary o f  c o e f f i c i e n t s  and sample v a r ia n c e  f o r  some 
power s e r i e s  f i t s .

The s 2 f o r  bo th  o f  these f i t s  is  q u i t e  smal l  and t h e r e f o r e  

i n d i c a t e s  t h a t  these are  good f i t s  to  the d a ta .  However, the 

c o e f f i c i e n t s  which d e s c r ib e  the f i t s  d i f f e r  s i g n i f i c a n t l y .  A l l  o f  

the  c o e f f i c i e n t s  were expected  to  be u n i t y  based on the manner in 

which  these d a t a f i l e s  were g e ne ra te d .  The c o e f f i c i e n t s  f o r  the 

f i t  t o  S - IT03 met t h i s  e x p e c t a t i o n  q u i t e  w e l l  but those f o r  the 

f i t  t o  AS-IT03 were ve ry  s u r p r i s i n g .  A l th o ug h  the f i t  to  4 S — I TO 3 

matches the  da ta  ve ry  w e l l ,  the  c o e f f i c i e n t s  which d e s c r ib e  the 

f i t  co u ld  be m is le a d in g  i f  used to  i n f e r  p r o p e r t i e s  o f  the 

g e n e r a t i o n  p ro ce ss .  As an example, the c o e f f i c i e n t  A  ̂ is  r e l a t e d  

to  the c o n t r i b u t i o n  from a c o t t r e l l i a n  g e n e ra t i o n  c u r r e n t .

A l th o u g h  the  f i l e  4S-IT03 was gene ra ted  w i t h  A_^ equal to  u n i t y ,



the f i t  i n d i c a te s  t h a t  the c o n t r i b u t i o n  from a c o t t r e l l i a n

g e n e ra t io n  c u r r e n t  is  n e g a t ive  and f a r  from u n i t y .  T h e re fo re  t h i s  

cou ld  induce erroneous assumpt ions about the g e n e ra t io n  p rocess .

I t  appeared th a t  these f i t t i n g  f u n c t i o n s  cou ld  not be used to  

d e s c r ib e  data r e p r e s e n ta t i v e  o f  exper im enta l  accuracy and 

t h e r e f o r e  ano ther  se t  o f  f i t t i n g  fu n c t i o n s  was in v e s t i g a t e d .

( i i )  Or thogonal  Po lynom ia ls

N e i th e r  o f  the s e r ie s  desc r ibed  by equa t ions  (8 .9 )  and (8 .10)  

is  comprised o f  o r thogona l  f u n c t i o n s .  However, i t  may be 

advantageous to  c o n s id e r  a set o f  o r thogona l  f u n c t i o n s  f o r  reasons 

g iven  in ch a p te r  2. Consider  the a p prox im a t ion

o)
where Pn V2’ 1 (g)  are Jacobi  po lynom ia ls  which are  o r thogona l  in 

the range — 1<g<1. Then, from e q ua t io n  ( 8 . 3 ) ,

The H i l b e r t  t r a n s fo rm  o f  e q ua t io n  (8 .13)  is  g iven  in Table I  which 

l i s t s  R , ( r )  as

( ' '  0 )where Q V2’ ' ( r )  a re  Jacobi f u n c t i o n s  o f  the second k in d .  Th is  
n



e x p re ss io n  may then be in c o rp o ra te d  i n t o  e q ua t io n  (8 .2 )  to  y i e l d

The f i t t i n g  routine was applied to equation (8.15) rather  

than equation (8.1A) since i t  was a simpler expression to deal 

with.  The functional forms of the f i r s t  seven members of 

Pn (g) and Q ( ^ > 0 ) ( r ) are determined in the second part of

appendix E. These functions have been plotted in Figures 8.3 and 

8.^ as vi sual aids.

The functions Q (r )  were evaluated over the range 1<r<5

at in tervals  of 0.1 and then f i l e d  to form a data base denoted 

JAC0BI7- Synthetic recapture data were generated once more and 

f i l e d  with both four and fourteen s ig n i f ican t  f igures.

The f i t s  f o r  the f i l e s  Q0T06 and AQ0T06 are l i s t e d  in 

appendix  D. These f i l e s  were generated by summing a l l  o f  the 

Q ( r )  f u n c t i o n s  w i t h  u n i t y  w e ig h t i n g .  The l a t t e r  o f  these

f i l e s  co n ta in e d  numbers w i t h  o n ly  f o u r  s i g n i f i c a n t  f i g u r e s .  The 

c o e f f i c i e n t s  and sample v a r ia n ce  f o r  these f i t s  are summarized in 

Tab le  8.3*  The f i t  to  Q0T06 is  much b e t t e r  than t h a t  to  

and the c o e f f i c i e n t s  are a ls o  c l o s e r  to  the expected va lues  o f  

u n i t y .  The f i t  to  4Q0T06, however, d e sc r ib e s  the re ca p tu re  

c u r r e n t  f a i r l y  a c c u r a t e l y  and hence th e re  was s t i l l  hope t h a t  the 

g e n e ra t i o n  c u r r e n t  cou ld  be re c o n s t ru c te d  w i t h  the c o e f f i c i e n t s
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D ata f  i 1e Q0T06 4Q0T06
Ao 1.0001 1.015

A l 0.9976 0.^98

a2 1.0260 6.485

A3 0.8715 - 26.719

A* 1.3171 71.805

A5 0.6190 - 87. 55**

A6 1. 177^ 4A.030
2s 7 . 18X10~12 * t .^3X10"9

Table  8.3 Summary o f  c o e f f i c i e n t s  and sample va r ia n ce  f o r  some 
Jacobi f u n c t i o n  f i t s .

from the f i t  to  the re ca p tu re  c u r r e n t  when a p p l ie d  to  the 

co r resp o n d in g  P (g) f u n c t i o n s .

D a t a f i l e s  des igna ted  GALVAN-R and GALVAN-4R were b u i l t  to  

re p re se n t  the re ca p tu re  c u r r e n t  f o l l o w i n g  g a l v a n o s t a t i c
/ 3̂ r\ \

g e n e ra t i o n .  Since Pn ' 2’ ' ( g )  i s e q u iv a le n t  to  a g a1v a n o s t a t i cu

g e n e ra t io n  c u r r e n t ,  Qq ( r )  would be r e p r e s e n ta t i v e  o f  the

co r resp o n d in g  re c a p tu re  c u r r e n t  and hence the f i t  to  the

fo rem ent ioned  d a t a f i l e s  should g iv e  u n i t y  f o r  A. and zero  f o r  the

remain ing  c o e f f i c i e n t s .  The c o e f f i c i e n t s  and sample va r ia n c e  f o r

these f i t s  a re  summarized in Tab le

The f i t  to  GALVAN-R adhered to  our  e x p e c ta t io n s  w i t h  Aq being 

ve ry  c lo s e  to  u n i t y  and a l l  remain ing c o e f f i c i e n t s  being less  than 

10"5 . These c o e f f i c i e n t s  were then used to  r e c o n s t r u c t  the 

g e n e ra t io n  c u r r e n t  GALVAN-G, as shown in appendix F. The



Data f  i l e GALVAN-R GALVAN-4R

Ao

A1

0.99999998 0.99979

1 . 1869X10-7 -0 .01737

4
A3

A4

1.7181X10-6  

-8 .6690X10"6 

9.7835X10-6

0.44435 

-3 .39992 

11.28159

A5 0 -16.89685

A6 0 9.34476

2
s 1.532X1o ~ 17 6 . 170X10“ 10

Table  8 .4  Summary o f  c o e f f i c i e n t s  and sample v a r ia n ce  f o r  Jacobi 
f u n c t i o n  f i t s  to  re cap tu re  data co r respond ing  to  g a 1v a n o s t a t i c  
gene ra t  i o n .

r e c o n s t ru c te d  g e n e ra t io n  c u r r e n t ,  denoted F i t i ,  a long w i t h  the 

exac t  s o l u t i o n  are i l l u s t r a t e d  in F igure  8 .5 .  Th is  graph 

demonstra tes  t h a t  t h i s  is  an e x c e l l e n t  app ro x im a t io n  o f  the 

g e n e ra t io n  c u r r e n t .  The sample v a r ia n ce  f o r  the r e c o n s t ru c te d  

g e n e ra t io n  c u r r e n t  was 3X10-11. Hence F igu re  8 .5  may a ls o  serve 

as an a id  f o r  comparing p r e v io u s l y  quoted sample v a r ia n c e s .

The c o e f f i c i e n t s  f o r  the f i t  to  GALVAN-4R were not near those 

t h a t  were expected but they were used to  r e c o n s t r u c t  the 

g e n e ra t io n  c u r r e n t  GALVAN-4G to  lea rn  how w e l l  t h i s  f i t t i n g  

r o u t i n e  would work w i t h  data r e p r e s e n ta t i v e  o f  e xper im en ta l -  

accu racy .  The re c o n s t ru c te d  g e n e ra t io n  c u r r e n t  has been p l o t t e d  

in F ig u re  8 .6  as Fi 12 - The re c o n s t ru c te d  g e n e ra t io n  c u r r e n t  is  

c l e a r l y  not r e p r e s e n ta t i v e  o f  the exac t  s o lu t i o n  and i t  cou ld  not 

be used to  ga in  in f o rm a t io n  about the g e n e ra t io n  p rocess .
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I t  appears t h a t  the second s e le c t i o n  o f  f i t t i n g  f u n c t i o n s  was 

not much b e t t e r  than the f i r s t  f o r  r e p re s e n t in g  data th a t  were 

designed to  s im u la te  the p r e c i s i o n  o f  exper imenta l  measurements. 

Another se t  o f  f i t t i n g  f u n c t i o n s  was sought t h a t  would be 

o r th o go n a l  in the  re ca p tu re  domain, s ince  the c o e f f i c i e n t s  f o r  the 

f i t  a re  c a l c u l a t e d  from data  in t h i s  domain. (Note th a t  the 

Jacobi  f u n c t i o n s  were o r thogona l  o n ly  in the g e n e ra t io n  domain.) 

Th is  search was unsuccess fu l  and hence another  approach was taken. 

Summary o f  Curve F i t t i n g

The r e c o n s t r u c t i o n  o f  the g e n e ra t io n  c u r r e n t  based on 

c o e f f i c i e n t s  o b ta in e d  from a f i t  o f  the  recap tu re  c u r r e n t  has been 

shown to  be success fu l  f o r  data  o f  h igh  p r e c i s i o n .  However, the 

leve l  o f  p r e c i s i o n  is  beyond ins t ru m e n ta l  c a p a b i l i t y  and hence 

an o th e r  approach was necessary .

I I )  I t e r a t i v e  H i l b e r t  T ra n s fo rm a t io n

The s t a t e  o f  knowledge o f  the th re e  reg ions  o f  the g e n e ra t io n  

and re c a p tu re  f u n c t i o n s  is  summarized in Tab le  I I .  Desp i te  the 

e x te n s iv e  ignorance o f  these f u n c t i o n s ,  i t  may be p o s s ib le  to  make 

use o f  the known reg ions  to  improve a guessed g e n e ra t io n  f u n c t i o n .  

The procedure  is  rep resen ted  d iag ram m at ica l  1y by the f l o w c h a r t  

g iven  as F ig u re  8 .7 -  Each s tep  in the a lg o r i t h m  is d e sc r ibed

below:



F ig u re  8 .7  F low cha r t  o f  an i t e r a t i v e  scheme to  c a l c u l a t e

i ( t )  f rom i ( t )
9 r



( i )  C a lc u la te  the  re c a p tu re  f u n c t i o n  R (r )  f o r  r> l  f rom the 

measured re c a p tu re  c u r r e n t  i r ( t ) .  Th is  p a r t ,  ( ^ ( r ) ,  o f  the 

re c a p tu re  f u n c t i o n  is  h e n c e fo r th  assumed to  be known e x a c t l y  and 

prec i s e l y .

( i i )  Make a guess concern ing  i g ( t )  and hence c a l c u l a t e  an 

approx imate  62(g) f u n c t i o n  f o r  — 1<g<1. Note t h a t  the g e n e ra t io n  

f u n c t i o n  o u t s i d e  o f  t h i s  g domain is  ze ro .

( i i i )  Use the approx imate  Go(g) f u n c t i o n  to  implement the H i l b e r t  

t r a n s fo rm a t  ion

f o r  r  va lues  in the range -<»<r<l , the reby  produc ing  approx imate 

va lues  f o r  the R^( r ) and R2(r )  p o r t i o n s  o f  the re ca p tu re  f u n c t i o n ,

( i v )  Use these R ^( r )  and R2(r )  f u n c t i o n s ,  to g e th e r  w i t h  the exac t  

R ^ ( r )  f u n c t i o n  to  implement the n e ga t ive  H i l b e r t  t r a n s fo rm a t io n

f o r  g va lues  in the range — 1<g<1, the reby  improv ing the 62(g)  

approx imat i o n .

(v)  The convergence o f  62(g) can be te s te d  by comparing the 

H i l b e r t  t r a n s fo rm  o f  62(g)  w i t h  the exac t  s o l u t i o n  o f  R ^ ( r ) .

( v i )  I f  62(g)  has not converged, repeat s teps ( i i i )  and ( i v ) .

( v i i )  I f  62(g)  has converged, c a l c u l a t e  the g e n e ra t io n  c u r r e n t

i g ( t ) .

Th is  i t e r a t i v e  approach re q u i re d  a numer ica l  method f o r

p e r fo rm in g  the H i l b e r t  t r a n s f o r m t i o n . Th is  n e c e s s i ta te d  a method



t h a t  cou ld  deal w i t h  both an i n f i n i t e  i n t e g r a t i o n  range and the 

s i n g u l a r i t i e s  t h a t  a r i s e  when g and r are e q ua l .  A p p ly in g  the 

subst  i t u t  ions

and

to  e q u a t io n s  (8 .16)  and (8 .17)  y i e l d s

and

where the ang les  are in rad ian  measure. I he i n t e g r a l s  in these 

e q ua t io n s  may be approx imated by summations g i v i n g

and



where the angles a re  measured in degrees and the summations are 

e v a lu a te d  ove r  data spaced a t  1%° i n t e r v a l s .  The s i n g u l a r i t y  t h a t  

a r i s e s  a t  0=<j> may be compensated f o r  by o m i t t i n g  the co tangent  

term from these e xp re ss io n s .  Hence the preced ing  equa t ions  p e rm i t  

the H i l b e r t  t r a n s fo r m a t io n s  to  be eva lua ted  by f i n i t e  summations.

The i t e r a t i v e  scheme was te s te d  us ing equa t io n s  (8 .20a)  and 

(8 .20b)  w i t h  data generated a t  1%° i n t e r v a l s  f o r  a c o t t r e l l i a n  

gene ra t  i o n / r e c a p tu r e  scheme. The s o lu t i o n s  f o r  G(6) and R ( 4>) are 

i l l u s t r a t e d  in F igu re  8 .8 .  I t  was d iscove red  th a t  a f t e r  o n ly  one 

i t e r a t i o n  the new G„(6)  d ive rged  from the t r u e  s o l u t i o n  even 

though the exac t  s o l u t i o n  had been used f o r  the guess o f  6 2 (0 ) .

In an a t te m p t  to  le a rn  what the t ra n s fo rm  was doing to  the da ta ,  

the e n t i r e  G(0) f u n c t i o n  was c a l c u la te d  r a th e r  than j u s t  G? (0 ) .

The new G(0) f u n c t i o n  was s l i g h t l y  improved when c a l c u la t e d  from 

data  a t  a spacing o f  H °  but t h i s  was s t i l l  no t ve ry  s a t i s f a c t o r y ,  

as i l l u s t r a t e d  in F igu re  8 .9*  The t r a n s fo r m a t io n  a p p a re n t l y  

smooths the g e n e ra t io n  f u n c t i o n  a t  the d i s c o n t i n u i t i e s .  Th is  

smoothing co n t in u e s  w i t h  p ro g re s s iv e  i t e r a t i o n s  u n t i l  6^(9 )  

converges to  the c o m p le te ly  erroneous shape shown in F igu re  8 .1 0 .

Several g e n e r a t i o n / r e c a p tu r e  f u n c t i o n  p a i r s  were te s te d  w i t h  

t h i s  a l g o r i t h m  and a l l  d is p la y e d  smoothing a f t e r  a s u f f i c i e n t  

number o f  i t e r a t i o n s .  T h e re fo re  i t  was assumed th a t  smoothing was 

in h e re n t  to  t h i s  p a r t i c u l a r  a lg o r i t h m .  Since a d i s c o n t i n u i t y
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o f te n  a r is e s  in the genera t ion  fu n c t io n  a t  e i t h e r  the beginning or  

end o f  the genera t ion  phase, a smoothing opera t ion  is undes i rab le .  

Summary o f  I t e r a t i v e  H i l b e r t  Transformat ion

The f a i l u r e  o f  t h i s  method was very d is a p p o in t in g  since the 

idea behind i t  appeared to  have been q u i te  sound. However, i t  

may be po ss ib le  to  improve t h i s  i t e r a t i v e  approach by study ing new 

a lg o r i thm s  f o r  performing the numerical H i l b e r t  t rans fo rm . A 

thorough study o f  such a lg o r i thm s  may lead to  a successful method 

f o r  re c o n s t ru c t in g  the genera t ion  c u r re n t .



CHAPTER 9

AN APPLICATION OF GENERATION/RECAPTURE ANALYSIS

G e n e ra t Io n / r e c a p tu re  r e a c t i o n  schemes have r a r e l y  been 

a p p l ie d  f o r  a n a l y t i c a l  purposes. One techn ique  th a t  does use t h i s  

scheme is  l i q u i d  chromatography /  e le c t r o c h e m is t r y  (LCEC).* In 

LCEC, the  a n a l y te  is  t r a n s p o r te d  by a m o b i le  phase and hence the 

re c a p tu re  process is  not c o n t r o l l e d  p u re l y  by d i f f u s i o n .  There­

f o r e  t h i s  system would no t  be s u i t a b l e  f o r  H i l b e r t  t ra n s fo rm  

a n a l y s i s .  However, a d e s c r i p t i o n  o f  LCEC can i l l u s t r a t e  the  

advantages t h a t  a g e n e r a t i o n / r e c a p t u r e  scheme can o f f e r .

LCEC versus  GC/MS

Many problems a r i s e  f o r  t r a c e  a n a l y s i s  in complex samples.

In b iomed ica l  rese a rch ,  f o r  i n s ta n c e ,  complex samples such as 

b i o l o g i c a l  f l u i d s  can c o n ta in  thousands o f  i n d i v i d u a l  compounds 

t h a t  a re  o f  no i n t e r e s t  to  the  a n a l y s i s  under c o n s id e r a t i o n .  The 

amount o f  sample is  o f t e n  l i m i t e d  n e c e s s i t a t i n g  measurements o f  

i n d i v i d u a l  compounds in the  p icomole  range and b e lo w .2 R ece n t ly ,  

e s ta b l i s h e d  techn iques  have been combined to  p ro v id e  e x t re m e ly  

s e n s i t i v e  and s e l e c t i v e  a n a l y t i c a l  methods. For example, the  

com b ina t ion  o f  gas chromatography and mass sp e c t ro m e t ry  (GC/MS) 

has r e v o l u t i o n i z e d  the  a n a l y s t ' s  a b i l i t y  to  handle e x t re m e ly  

complex m ix tu r e s .  U n f o r t u n a t e l y ,  t h i s  tech n iq u e  may no t  be



s u i t a b l e  f o r  i n v o l a t i l e  o r  t h e r m a l l y  l a b i l e  samples. In a d d i t i o n ,  

the  expense and c o m p le x i t y  o f  the i n s t r u m e n ta t io n  can make t h i s  

system i m p r a c t i c a l  f o r  many l a b o r a t o r i e s .

The c o u p l i n g  o f  l i q u i d  chromatography w i t h  e le c t r o c h e m is t r y  

p ro v id e s  numerous a d v a n ta g e s .3 Th is  tech n iq u e  is  p a r t i c u l a r l y  

u s e fu l  f o r  samples t h a t  cause problems in the  gas phase but are 

w e l l  s u i t e d  f o r  a n a l y s i s  in a l i q u i d  medium. The LCEC system has 

many p a r a l l e l s  w i t h  the  GC/MS system and the d e t e c t i o n  l i m i t s  

a c h ie v a b le  f o r  both techn iques  a re  about the same.2 A l though 

GC/MS is  more v e r s a t i l e  and has b e t t e r  m o le cu la r  s p e c i f i c i t y ,

LCEC is  c o n s id e r a b ly  less  expens ive and is  more conven ien t  f o r  

many a n a lyse s .

There a re  th re e  s tandard  c o n f i g u r a t i o n s  f o r  the e le c t r o d e s  

in a LCEC system as i l l u s t r a t e d  in F igu re  9 .1 .  The s im p le s t  

c o n f i g u r a t i o n  in c o rp o ra te s  a t h i n - l a y e r  c e l l  w i t h  a s i n g l e  work ing  

e le c t r o d e  whereas the  remain ing c o n f i g u r a t i o n s  in c o rp o ra te  two 

w ork ing  e le c t r o d e s .  These two work ing  e le c t r o d e s  may be arranged 

e i t h e r  in p a r a l l e l ,  where they  are  s i d e - b y - s i d e ,  o r  in s e r ie s ,  

where one e le c t r o d e  is  upstream o f  the  o t h e r .  Each c o n f i g u r a t i o n  

has s p e c i f i c  advantages,  but o n ly  the  dual e le c t r o d e  s e r ie s  

c o n f i g u r a t i o n  w i l l  be d iscussed  in more d e t a i l  s ince  i t  is  the  

o n l y  one t h a t  lends i t s e l f  to  the g e n e r a t i o n / r e c a p t u r e  scheme.



F ig u re  9.1 E le c t ro d e  c o n f i g u r a t i o n s  f o r  LCEC systems. The 
w ork ing  e le c t r o d e  (W) i s  s i t u a t e d  in  a t h i n  la y e r  re g io n .  The 
re fe re n c e  e le c t r o d e  (R) and a u x i l i a r y  e le c t r o d e  (A) a re  loca ted  
in  a separa te  compartment o u t s i d e  the t h i n  l a y e r .

E l i m i n a t i o n  o f  D isso lved  Oxygen I n te r f e r e n c e

The m a j o r i t y  o f  a p p l i c a t i o n s  f o r  LCEC have been d i r e c t e d

towards a n a ly te s  which a re  e l e c t r o c h e m ic a l l y  o x i d i z a b l e .

R educ t ive  a p p l i c a t i o n s  have been h indered by the  presence o f

d is s o l v e d  oxygen in m o b i le  phase m ix tu re s  and sample s o l u t i o n s .

S o lu t i o n s  in e q u i l i b r i u m  w i t h  the  atmosphere t y p i c a l l y  c o n ta in

10"^ to  ICT^M oxygen1 which can make t r a c e  a n a l y s i s  im po ss ib le

because o f  u n a cce p ta b ly  h igh  re s id u a l  c u r r e n t s .  The oxygen

c o n c e n t r a t i o n  f o r  the m o b i le  phase can u s u a l l y  be lowered to

a c c e p ta b le  l e v e l s  by a p p r o p r ia t e  methods but ha nd l in g  o f  the

sample is  more r e s t r i c t e d  and hence t o t a l  oxygen removal is



o f t e n  im p o s s ib le .

One method f o r  removing oxygen from the  sample is  i l l u s t r a t e d  

in F ig u re  3. 2 .  Th is  method r e l i e s  on the e le c t ro c h e m ic a l  

r e v e r s i b i l i t y  o f  the  a n a ly te  redox coup le  and the  i r r e v e r s i b i l i t y  

o f  th e  o x y g e n /p e ro x id e /w a te r  redox system. The upstream e le c t r o d e ,  

which serves as a g e n e ra to r ,  is  se t  a t  a p o t e n t i a l  which is 

s u f f i c i e n t l y  n e g a t ive  to  induce the  r e d u c t io n  o f  the a n a ly te  and 

the  d is s o l v e d  oxygen. The downstream e le c t r o d e ,  which serves as a 

d e t e c t o r ,  is  se t  a t  a p o t e n t i a l  which is  s u f f i c i e n t l y  p o s i t i v e  to  

r e o x id i z e  the  a n a l y te  re d u c t io n  p ro du c t  but not the  p e ro x id e  o r  

w a te r .  Hence the c u r r e n t  t h a t  f lo w s  a t  the  d e te c to r  w i l l  be f r e e  

o f  i n t e r f e r e n c e  from oxygen.

F ig u re  9 .2  "Removal"  o f  d i s s o l v e d  oxygen v i a  dual s e r ie s  LCEC.

A l though  in t h i s  techn ique  the  g e n e ra t io n  and re ca p tu re  

r e a c t i o n s  occu r  s im u l ta n e o u s ly  a t  se p a ra te  e l e c t r o d e s ,  the concept 

is  e s s e n t i a l l y  the  same as the  H i l b e r t  t r a n s fo rm  approach.



CHAPTER 10

SUMMARY

The b e n e f i t s  o f  seve ra l  t ra n s fo rm  techn iques have been 

presen ted  and a new a p p l i c a t i o n  f o r  the H i l b e r t  t r a n s fo rm  has been 

deve loped .  The H i l b e r t  t r a n s fo rm  r e l a t i o n s h i p  was proven 

t h e o r e t i c a l l y  and then employed n u m e r i c a l l y  to  demonstra te  t h a t  

the  re c a p tu re  c u r r e n t  cou ld  be desc r ibed  q u i t e  a c c u r a t e l y  by the 

t ra n s fo rm  o f  the  g e n e ra t io n  c u r r e n t .  Th is  o p e ra t i o n  was ve ry  

s u c ce ss fu l  w i t h  c l o s e l y  spaced s y n t h e t i c  data  and a lmost as 

su cce ss fu l  w i t h  e xper im en ta l  da ta .  I t  was te s te d  w i t h  exper imenta l  

da ta  t h a t  were o b ta in e d  w i t h  two chemical systems under a v a r i e t y  

o f  e x c i t a t i o n  waveforms to  i l l u s t r a t e  i t s  v e r s a t i l i t y .  However, 

a su cce ss fu l  a lg o r i t h m  was no t  dev ised t h a t  would enab le  an 

i n t e r f e r e n c e - f r e e  g e n e ra t io n  c u r r e n t  to  be re c o n s t ru c te d  from a 

r e c a p tu re  c u r r e n t  and t h i s  t r a n s fo rm  w i l l  no t have f u l f i l l e d  i t s  

p o t e n t i a l  u n t i l  such an a lg o r i t h m  is  developed.



APPENDIX A

The o p e r a t i o n  o f  Laplace t r a n s fo r m a t io n  is  a p p l ie d  r o u t i n e l y  

in e l e c t r o c h e m is t r y  [see re fe re n c e  (1) f o r  examples] .  A p ro o f  o f  

e q u a t io n  (6 .3 )  w i l l  be p rov ided  here which r e l i e s  upon t h i s  

t r a n s fo rm .

The th re e  phases o f  the  exper iment  a re  summarized in 

Tab le  A . 1.

Phase E le c t ro d e  React ion Time Per iod

Equ i i i br i urn none -oo<t<0

Generat i on X + n e —* Y g 0<t<T

Recapture Y + n e —► Z r T<t<°°

Tab le  A . 1 Summary o f  exper im enta l  phases.

Let C ( x , t )  denote the  c o n c e n t ra t io n  o f  spec ies  Y a t  a 

d is t a n c e  x from the  e le c t r o d e  a t  a t ime  t  in the i n t e r v a l  0<t<T. 

The f o l l o w i n g  c o n d i t i o n s  can be a p p l ie d  to  Y d u r in g  the g e n e ra t io n  

phase:

( i )  Y is  t r a n s p o r te d  in  accordance w i t h  F i c k ' s  second law o f  

d i f f u s i o n

( i i )  i n i t i a l l y ,  Y is  absent from s o l u t i o n



( i i i )  a t  a s u f f i c i e n t  d i s t a n c e  from the  e le c t r o d e ,  Y w i l l  remain 

absent  from s o l u t i o n

( i v )  the  t o t a l  number o f  e l e c t r o n s  t r a n s f e r r e d  a t  the e le c t r o d e  in 

a u n i t  t im e  must be p r o p o r t i o n a l  to  the  q u a n t i t y  o f  Y t h a t  reaches 

the  e le c t r o d e  in t h a t  t ime  p e r io d

The Laplace t r a n s fo rm  o f  C ( x , t )  w i t h  re sp ec t  to  t  w i l l  be 

denoted C ( x , s ) ,  s be ing a dummy v a r i a b l e .  T ra n s fo rm a t io n  o f  

e q u a t io n  ( A . l )  f o l lo w e d  by s u b s t i t u t i o n  o f  e qua t ion  (A .2) y i e l d s

T ra n s fo rm a t io n  o f  e q ua t io n s  (A .3) and (A. g iv e

where i (s) is  the  Laplace t r a n s fo rm  o f  i ( t ) .  
g 9

Equat ion  ( A . 5) is  a second o rd e r  o r d in a r y  d i f f e r e n t i a l  

e q u a t io n  t h a t  can be so lved in terms o f  two a r b i t r a r y  c o n s ta n ts  

B j ( s )  and B^(s) as

b u t ,  i f  e q ua t io n  (A .6) is  to  be s a t i s f i e d ,  B 2 U )  must be ze ro .



D i f f e r e n t i a t i o n  then g ive s

which upon compar ison w i t h  e q ua t ion  ( A .7) e s ta b l i s h e s  (s) as

i ( s ) / [ n  A F (s D )2] .  Equat ion (A .8) may now be w r i t t e n  as 
9 9

In v e rs io n  o f  e q ua t io n  ( A . 10) is  p o s s ib le  w i t h  the  a id  o f  the 

c o n v o lu t i o n  i n t e g r a l  o f  Lap lace  t r a n s fo rm a t  i o n . 2 A p p l i c a t i o n  o f  

t h i s  i n t e g r a l  to  e qua t ion  ( A . 10) g ive s

The c o n c e n t r a t i o n  p r o f i l e  d u r in g  the g e n e ra t io n  phase cannot be

dete rm ined  from e q ua t ion  ( A . 11) un less  the  f u n c t i o n a l  form o f

i ( t )  i s  known. However, t h i s  equa t ion  is  u s e fu l  in i t s  p resen t  
9

form s in c e  i t  is  a p p l i c a b l e  to  any g e n e ra t io n  c u r r e n t .

Now c o n s id e r  the  re ca p tu re  phase o f  the e xper im en t .  

C o n d i t i o n s  ( A . l )  and (A .3) a re  s t i l l  a p p l i c a b l e  but (A .2) and 

(A. k)  a re  n o t ,  and t h e r e f o r e  must be re p la ce d .  The re c a p tu re

r e a c t i o n  is  i n i t i a t e d  a t  t ime  t=T. At t h i s  i n s t a n t ,  the  

c o n c e n t r a t i o n  p r o f i l e  is  g iven  by



a c c o rd in g  to  e q ua t io n  ( A . 11).  A new boundary c o n d i t i o n ,

now a r i s e s  as a consequence o f  Y being consumed under c o n d i t i o n s  

o f  comp le te  c o n c e n t ra t i o n  p o l a r i z a t i o n  f o r  t>T. The re c a p tu re  

c u r r e n t  i s  g iven  by

which is  the  analogue o f  e q ua t ion  (A. in  the  re c a p tu re  phase. 

T h e r e fo r e ,  th e  e v a lu a t i o n  o f  the  re ca p tu re  c u r r e n t  does no t  

r e q u i r e  a comple te  e xp ress io n  C ( x , t )  f o r  the  c o n c e n t ra t io n  

p r o f i l e ;  o n l y  th e  s u r fa c e  g r a d ie n t  3 C ( 0 , t ) / 3 x  need be known.

Using a as the  dummy v a r i a b l e  f o r  Laplace t r a n s fo r m a t i o n  w i t h  

r e s p e c t  t o  t - T ,  the  t ra n s fo rm s  o f  equa t ions  ( A . l ) ,  { A . 3 ) ,  and 

( A . 13) are

and

Equat ion  ( A . 15) is  an inhomogeneous second o rd e r  o r d in a r y



d i f f e r e n t i a l  e q ua t io n  t h a t  can be so lved by s tandard  methods^ 

to  g i v e

where B i ( a )  and 82(a)  a re  a r b i t r a r y .  A p p l i c a t i o n  o f  c o n d i t i o n  

( A . 16) e s ta b l i s h e s  t h a t

w h i l e  c o n d i t i o n  ( A . 17) e s ta b l i s h e s  B i ( a )  as the  n e g a t iv e  o f  

8 2 ( a ) .  Hence e q ua t io n  ( A . 18) may be w r i t t e n  as

D i f f e r e n t i a t i o n  o f  e q ua t io n  ( A .20) w i t h  respec t  to  x leads to



which  s i m p l i f i e s  to

on s e t t i n g  x equal t o  ze ro .  S u b s t i t u t i o n  o f  C (x ,T)  from equa t ion  

( A . 12) g iv e s

a f t e r  th e  o rd e r  o f  the  two i n t e g r a t i o n s  is  reve rsed .  The inne r  

i n t e g r a l  may be more e a s i l y  eva lua ted  a f t e r  a change o f  v a r i a b l e  

to  { cf( T - t ) } ^ + x / [ 2 { D ( T - t ) 2} ] . Th is  leads to

as the  f i n a l  e xp ress io n  f o r  the  t ra n s fo rm  o f  the  su r fa c e  

c o n c e n t r a t i o n  g r a d ie n t  d u r in g  the  re c a p tu re  phase.

Tab les o f  Laplace t r a n s fo rm s 4 g iv e  the  i n v e r s io n

f o r  k a p o s i t i v e  c o n s ta n t .  R e c a l l in g  t h a t  a i s  the  dummy v a r i a b l e  

c o r re sp o n d in g  to  t - T ,  the i n v e rs io n  o f  e q u a t io n  (A .2*0 is

Combinat ion o f  t h i s  exp ress ion  w i t h  e q ua t ion  ( A . 1*0 leads to



which  comple tes the  p ro o f .



APPENDIX B

A p r o o f  o f  e q u a t io n  {S. k )  i s  p ro v id e d  here us ing  the 

f r a c t i o n a l  c a l c u l u s .  I t  w i l l  be assumed t h a t  th e  g e n e ra t i o n  and 

r e c a p t u r e  a re  mutual converses .  T h is  g e n e r a t i o n / r e c a p t u r e  scheme 

may be expressed as

where n is  p o s i t i v e  f o r  a r e d u c t i v e  g e n e ra t i o n  r e a c t i o n ,  and 

n e g a t i v e  f o r  an o x i d a t i v e  one.

I f  an e l e c t r o a c t i v e  s p e c ie s ,  i n i t i a l l y  p re s e n t  a t  a u n i fo rm  

c o n c e n t r a t i o n  C , is  t r a n s p o r t e d  to  a n d /o r  from an e le c t r o d e  by 

semi i n f i n i t e  p la n a r  d i f f u s i o n ,  then i t s  c o n c e n t r a t i o n  a t  the  

e l e c t r o d e  s u r fa c e  i s  g ive n  b y 1

where m ( t )  is the  f a r a d a i c  semi i n t e g r a l  and D is  the  d i f f u s i o n  

c o e f f i c i e n t  o f  the  e l e c t r o a c t i v e  s p e c ie s .  The f a r a d a i c  semi­

i n t e g r a l  may be d e f i n e d  as

where i ( t )  i s  the  f a r a d a i c  c a t h o d ic  c u r r e n t  f l o w i n g  a t  t ime t .

For spe c ie s  Y in t h i s  e q u i 1 i b r i u m / g e n e r a t i o n / r e c a p t u r e  

e x p e r im e n t ,  C” is  z e ro .  In a d d i t i o n ,  the re c a p tu re  r e a c t i o n



proceeds under c o n d i t i o n s  o f  c o n c e n t ra t io n  p o l a r i z a t i o n  and hence 

C (0 , t> T )  is  a l s o  ze ro .  T h e re fo re ,  i t  f o l l o w s  from e q ua t io n  (B.2 )  

t h a t  m(t>T)  must a ls o  be ze ro .  The c o n v o lu t i o n  i n t e g r a l  d e f i n i n g  

th e  semi i n t e g r a l  in e q ua t ion  (B.3) may be s p l i t  i n t o  two 

components th e re by  d e f i n i n g  m(t>T) as

The second o f  these i n t e g r a l s  re p re se n ts  the o p e r a t i o n  o f  semi-  

i n t e g r a t i n g  the  c u r r e n t  s t a r t i n g  a t  t ime  t=T and t h e r f o r e  i t  may 

be r e f e r r e d  t o  as the  " r e c a p t u r e  semi i n t e g r a l " .  Th is  i n t e g r a l  may 

be w r i t t e n  in th e  n o t a t i o n  o f  th e  f r a c t i o n a l  c a l c u lu s  as

I t  then f o l l o w s  t h a t

by combin ing equa t ions  {B. k )  and (B.5)»

In th e  same way t h a t  the d e r i v a t i v e  o f  an i n t e g r a l  o f  a 

f u n c t i o n  is  the  f u n c t i o n  i t s e l f ,  the  s e m id e r i v a t i v e  o f  the  semi­

i n t e g r a l  o f  a f u n c t i o n  w i l l  a l s o  be the f u n c t i o n  i t s e l f . 2 

T h e r e fo r e ,  i f  e q u a t io n  (B.6) i s  s e m i d i f f e r e n t i a t e d  us ing  T as the



lower  l i m i t ,  then

The term in braces may be e va lua ted  by making the s u b s t i t u t io n

z = ( t - T ) / ( T - x )  which s i m p l i f i e s  i t  to  ( T - t ) ^d2( l + z )  2/ d z 2. The

s e m id e r i v a t i v e  o f  (1+z) 2 may be found in s tandard  t a b l e s 2 to  be

[ { i r z )  a 1+z ) ]  and hence the  embraced term in  e qua t ion  (B.7)  is  

J' J-
(T- t ) 2/ [ { it( t —T) } 2( t —t ) ] .  Equat ion (B.7)  then becomes

w h ich ,  a p a r t  f rom m inor  n o t a t i o n a l  d i f f e r e n c e s ,  is  i d e n t i c a l  to  

e q u a t io n  (6. k)  and hence completes the  p r o o f .



APPENDIX C

This appendix contains some of the programs that were 

essentia l for  th is  research. The f i r s t  program that is given 

is w r i t ten  in FORTRAN and was run on a Honeywell CP-5 computer. 

The remaining programs are wr i t ten  in BASIC and were run on a 

HP- 8 5  personal computer. Comments have been embedded through­

out these programs to aid in th e i r  in te rpre ta t ion .



- ---- -------------------------- —-------------------------------------------------------------------------- — ----------------------— ------------------------------------------------------------------- ■&

a p r o g r a m : f i t m o d  a
*  ROM: FITMOD-ROM a
a -a-
*  REFERENCE:  D a t a  R e d u c t i o n  a n d  E r r o r  A n a l y s i s  f o r  t h e  a
a P h y s i c a l  S c i e n c e s ,  b y  P h i l i p  R.  B e v I n a t  on a
*  a
*  T h i s  p r o s r a w  f i t s  d a t a  up  t o  s e v e n  p a r a m e t e r s .  The  *
*  d a t a f i l e  m u s t  be i n p u t  w i t h  t h e  v a l u e  o f  t h e  a r a u m e n t  a
*  i n  c o l u m n  one a n d  t h e  f u n c t i o n  v a l u e  i n  c o l u m n  t w o .  A a
*  f i l e  m u s t  a l s o  be i n p u t  w h i c h  c o n t a i n s  t h e  f i t t i n a  a
*  b a s i s  c o m p r i s e d  o f  s e v e n  c o l u m n s  o f  f i t t i n a  f u n c t i o n s  a
a e v a l u a t e d  o v e r  t h e  r a n a e  o f  t h e  a r a u m e n t .  -a
a A f i l e i s  e v e n t u a l l y  o u t p u t  w h i c h  c o n t a i n s  t h e  c o -  a
a e f f i c i e n t s  f o r  t h e  f i t ?  t h e i r  s t a n d a r d  d e v i a t i o n s  , a n d  a
a C h i - s a u a r e  a s  w e l l  as  d a t a  f o r  t h e  f i t t e d  c u r v e .  a
a #
a LAST REMISED:  AUGUST 1 9 8 2  a
a BY:  M i K e  H e m p s t e a d  a
a *
a ------------------------------------------------------------------------------------------------------------------------------------- 4

S e t  v a r i a b l e  t y p e s  and s t o r a s e

I M P L I C I T  DOUBLE PRECISION ( A - H , 0 - Z )
DIMENSION DA TA (S O, 2 ) , R F ( 6 0 , 7 ) , N P S < 2 0 >
DI MENSI ON A < 7 ) , F I T ( S O ) , Y ( S O ) , S I G M A A ( 7 ) , F ( 7 )  
CHARACTERa11 I N r  I L E ( 2 0 ) , OUTFILfc. ( 2 0 ) , R F I L E ( 2 0 ) , ANS
LOGICAL EXI  ST 1 , E X I S T 2 , EX IST3  

I n i t i a l i z e  f i l e  c o u n t e r

N F I L £ = I  

I n i t i a l i z e  a r r a y s

1 DO 2 1 = 1 , 7  
F ( I  ) = 0 . ODO

2 CONTINUE
DO 3 1 = 1 , 6 0
F I T ( I ) = 0 . 0

3 CONTINUE

I n p u t  d a t a f i l e



10 OUTPUT '  '  OUTPUT ' I N P U T - F I L E  NAME (MAX.  11 CHAR; ESC F TO E N D ) '  
R E A D ( 1 0 5 , 1 5 , E N D = 1 2 0 )  I N F I L E ( N F I L E )
I N QU IR E  ( F I L E = I N F I L E ( N F I L E ) , E X I S T = E X I 5 T 1 )
I F  ( . N O T .  E X I S T 1) OUTPUT ' F I L E  DOES NOT E X I S T ' JGOTO 10 
OPEN < U N I T = 5 5 , F I L E = I N F I L E ( N F I L E ) ,U S AGE = ' I N P U T ' )
OUTPUT ' INPUT THE NUMBER OF DATA P O I N T S '
R E A D ( 1 0 5 , 5 5 ) N P S ( N F I L E )
I F  ( N P S ( N F I L E ) . G T . G O )

1 OUTPUT ' *  *  *  WARNING : ONLY F I R S T  SO POINTS READ'
2 N P S ( N F I L E ) =60

DO 100  1 = 1 , N P S ( N F I L E )
READ( 5 5 , S 5 ) ( DATA( I , J ) , J = 1 , 2 )

100  CONTINUE
CLOSE ( U N I T  = 5 5 )

E n t e r  f i t t i n a  f u n c t i o n s

11 OUTPUT'  ' ?OUTPUT' I N P U T - F I L E  FOR F I T T I N G  FCNS (MAX.  11 C H A R . ) '  
R E A D ( 1 0 5 , 1 5 , END= 1 2 0 )  R F I L E ( N F I L E )
I N QU IR E  ( F I L E = R F I L E ( N F I L E ) , E X I S T = E X I S T 2 )
I F  ( . N O T .  E X I S T 2 ) OUTPUT ' F I L E  DOES NOT E X I S T ' GOTO 11 
OPEN ( U N I T = 5 5 , F I L E = R F I L E ( N F I L E ) , USAGE=' I N P U T ' )
DO 2 0 0  1 = 1 , N PS( N F I L E )
READ( 5 5 , S B ) ( R F ( I , J ) , J = 1 , 7 )

2 0 0  CONTINUE
CLOSE ( U N I T  = 5 5 )

P r e p a r e  d a t a  f o r  f i t t i n a

DO 4 1 = 1 , N P S ( N F I L E )
Y ( I ) =DATA( 1 , 2 )

4 CONTINUE

P r o m p t  f o r  o r d e r  o f  f i t

9 9 9  OUTPUT ' W h a t  o r d e r  o f  f i t  i s  d e s i r e d '  
READ <105 r 5 5 )  NORDER

Z e r o  a l l  c o e f f i c e n t s

DO G J = l r 7  
A ( J ) = 0 . ODO 
SIGMAA< J ) = 0 . ODO 

6 CONTINUE



P e r f o r m  t h e  f i t t i n a  r o u t i n e

CALL B E T A F I T  ( Y , R F , N P S( N F I L E ) , NORDER- 1, 0 , 0  , F , F I T  , A , SIGMAA , CHISQR

O u t p u t  C h i s a u a r e

W R I T E ( 1 0 5  r 9 0 )  CHISQR

T e s t  f o r  r e p e t i t i v e  f i t

OUTPUT ' W o u l d  you  l i k e  a d i f f e r e n t  o r d e r  o f  f i t '
READ <105 , 15 )  ANS
I F  < A N S < 1 : 3 ) . E G . ' Y E S ' > GO TO 9 9 9

O u t p u t  t h e  f i t t e d  c u r v e

2 0  OUTPUT'  ' ?OUTPUT ' O U T P U T - F I L E  NAME FOR F I T T E D  CURVE (MAX 11 CHAR.

READ( 1 0 5  , 1 5 , E N D = 1 2 0 )  O U T F I L E ( N F I L E )
I NQUIRE ( F I L E = Q U T F I L E ( N F I L E ) , E X I S T = E X I S T 3 >
I F  ( . N O T . E X I S T S )  OUTPUT ' ' m,GOTO 30
WRITE ( 1 0 8  , 2 5 )  O U T F I L E ( N F I L E )
READ( 1 0 5  , 15 )  ANS
I F  < A N S ( 1 1 3 ) . N E . ' Y E S ' ) GOTO 20
OUTPUT ' ' t OUTPUT ' *  *  *  F I L E  WI LL  BE OVERWRITTEN *  * '

3 0  OPEN ( U N I T = S G r F I L E = O U T F I L E ( N F I L E ) r U S A G E = ' O U T P U T ' )
W R I T E ( SB r 7 5 )  I N F I L E < N F I L E ) , R F I L E ( N F I L E )
DO 14 1 = 1 , 7  
J = I - 1
W R I T E ( S B , 8 5 )  J , A ( I ) , S IG MA A( I )

14 CONTINUE
W R I T E ( S B , 9 0 )  CHISQR 
W R I T E ( 6 6 , 9 5 )
DO I B  1 = 1 , N P S ( N F I L E )
W R I T E ( G B , 1 0 5 )  ( D A T A ( I , J ) , J = 1 , 2 ) , F I T ( I )

16 CONTINUE
CLOSE ( U N I T = G 6 )

S t e p  f i l e  c o u n t e r

N F I L E = N F I L E + 1
I F  ( N F I L E . L T . 2 1 )  W R I T E ( 1 0 8 , 3 5 )  JGOTO 1
OUTPUT 'PROGRAM CAN ONLY HANDLE TWENTY F I L E S  AT A T I M E '

O u t p u t  a n a l y s i s  s u mm ar y



120 N F IL E =N F IL E - 1
WRITE( 1 08  r 4 5 ) NFILE  
DO 17 J= 1r N F IL E
WRITE( 1 0 8 , 4 6 )  I N F I L E ( J ) , R F I L E ( J ) ,  OUTF ILE( J ) ,N P S ( J )

17 CONTINUE 
5 FORMAT ( F 4 . 2 , 5 ( 1 X f E 1 4 . 8 )  )

15 F O R M A T ( A l l )
2 5  FORMAT( 2 / , 5 X , ' * * *  WARNING : F I L E  ' , A 1 1 ,  'ALREADY E X I S T S . ' ,  / ,

1 '  DO YOU WANT TO OVERWRITE I T . ( Y E S / N O ) ' )
3 5  F O R M A T < 2 / , 4 0 ' - ' f / , 1 H 1 )
4 5  F 0 R M A T ( 4 X , G ,  ' F I L E ( S )  PROCESSED / / T 5 , ' I N P U T - F I L E ' , T 2 0 ,

1 ' B A S I S - F I L E ' , T 3 5 ,  ' O U T P U T - F I L E  ' , T 5 0 , ' #  OF DATA PTS ' , / )
4S F O R M A T < T 5 , A 1 1 , T 2 0 , A 1 1 , T 3 5 , A 1 1 , T 5 5 , G )
5 5  FORMAT( G )
S5 FORMAT(2G)
GS FORMAT<7G)
7 5  F 0 R M A T ( T 5 ,  ' T h i s  f i l e  l i s t s  t h e  f i t  f o r  ' , A 1 1 f / ,

I T S , ' T h e  c o r r e s p o n d  i n s  f i t t i n g  f u n c t i o n  d a t a  i s  '
2 ' 3 i u e n  i n  ' , A 1 1 , 2 / , T 5 , ' C o e f f i c e n t s  ' , T 3 5 , ' S . D . AJ ' )

8 5  FORMAT( T 5 , ' A ( ' , 1 1 , ' ) = ' , 1 P E 1 5 . 8 , T 3 1 , 1 P E 1 5 . 8 )
9 0  FORMAT( 2 / , T 5 , ' T h e  v a l u e  o f  C h i - s a u a r e  i s  ' f 1 P E 1 5 . 8 >
9 5  F 0 R M A T ( 2 / , 4 X , ' D a t a  g e n e r a t e d  b y  f i t  ' , / , T S , ' r ' , T 1 9 , ' i r  ' , T 3 8 , ' f i t  ' 

10 5  F O R M A T < 4 X , F 4 . 2 , 4 X r 1 P E 1 5 . 8 , 4 X , 1 P E 1 5 . 8 )
STOP
END

t t * * * * * * * * # * # # # * # * * * * * # * * * * * * * * * # * * # * * * # # - # # * * * # * * - * #

F u n c t i o n  f i t t i n g  s u b r o u t i n e

SUBROUT I NE BETAF I T ( Y , P , N P TS , NORDER, NEMEN, MODE,
1 F T E S T r Y F I T fA fSI GMAA fCHISQR)

I M P L I C I T  DOUBLE PRECI SION ( A - H , 0 - Z >
DIMENSION Y ( SO) , F T E S T < 7 > , Y F I T ( G O ) ,

1 A ( 7 ) r S I GMAA( 7 ) r B ( 7 > , S I G M A B( 7 >
DIMENSION P ( 6 0 f7> ,BETA<7> f A L P HA ( 7 , 7 )

10 NTERMS=1 
NCOEFF=1 
JMAX=N0RDER+1

A c c u m u l a t e  m a t r i c e s  ALPHA and  BETA

120 DO 130 J = 1 , NTERMS 
B E T A ( J ) = 0 .
DO 130 K=1,NTERMS



130 A L P H A ( J , K ) = 0 .
140 DO 150 1 = 1 xNPTS 

DO 150 J = 1 , NTERMS 
BETA( J ) =BETA( J ) + P ( I , J ) * Y ( I )
DO 150 K = J ,NTERMS
ALPHA( J , K ) = ALPHA( J , K > + P ( I , J ) * P ( I , K >  

150 ALPHA( K r J ) = ALPHA( J , K )

D e l e t e  f i n e d  c o e f f i c i e n t s

ISO IF  < NEOEN) 1 7 0 , 2 3 0 , 2 0 0  
170 DO 190 J = 3 , NTERMS,2 

BETA < J ) =0.
DO ISO K = 1 , NTERMS 
ALPHA( J , K )=0 .

180 ALPHA<K,J )=0 .
190 ALPHA( J , J )=1 .

GO TO 230  
20 0  DO 220  J = 2 , NTERMS,2 

BETA < J > =0.
DO 210  K=l ,NTERMS  
ALPHA( J , K ) = 0 .

2 1 0  ALPHA( K , J ) = 0 .
220  ALPHA( J , J ) = 1 .

I n v e r t  c u r v a t u r e  m a t r i x  ALPHA

230  DO 240  J = 1 , JMAX 
A ( J ) =0 .
SIGMAA( J > =0.
B ( J ) =0 .

240  SIGMAB < J ) = 0 .
DO 250 1 = 1 , NPTS 

250  Y F I T < I > =0 .
26 0  CALL MATINO(ALPHA,NTERMS,DET)

I F  (DET)  2 8 0 , 2 7 0 , 2 8 0  
27 0  CHISQR=0.

GO TO 5S0

C a l c u l a t e  c o e f f i c i e n t s , f i t  and C h i - s q u a r e

280  DO 300  J=l ,NTERMS  
DO 290  K = 1 , NTERMS 

2 9 0  A ( J > = A ( J ) +BETA ( K ) ALPHA ( J , K )
DO 300 1 = 1 , NPTS



3 0 0  Y F I T  < I ) = Y F I T ( I ) + A ( J ) * P ( I , J )
3 1 0  C H I S Q = 0 .

DO 3 2 0  I = 1 , N P T S  
3 2 0  C H IS Q = C H IS Q + ( Y ( I >- Y F I T ( I ) > * * 2  

FR£E=NPTS-NCOEFF 
CHISGR=CHISG/FREE

T e s t  f o r  end  o f  f i t

3 3 0  I F  ( NTERMS-JMAX) 3 4 0 , 4 6 0 , 4 6 0  
3 4 0  I F  < N C O E F F -2 ) 3 5 0 , 3 6 0 , 4 0 0  
3 5 0  I F  < NEUEN ) 3 8 0 , 3 8 0 , 3 7 0  
3 6 0  I F  (NEVEN) 3 7 0 , 3 8 0 , 3 7 0  
3 7 0  NTERMS=NTERMS+2 

GO TO 3 8 0  
3 8 0  NTERMS=NTERMS+1 
3 9 0  NC0EFF=NC0EFF+1 

CHISQ1=CHISQ 
GO TO 120 

4 0 0  F U A L U E = (C H IS Q 1 -C H IS G ) /C H IS Q R
I F  ( F T E S T ( NTERMS) -F O A L U E } 3 6 0 , 4 1 0 , 4 1 0

4 1 0  I F  (NEMEN) 4 2 0 , 4 3 0 , 4 2 0  
4 2 0  NTERMS=NTERMS-2 

GO TO 4 40  
4 3 0  NTERMS=NTERMS-1 
4 4 0  NCQEFF=NCOEFF-1 

JMAX=NTERMS 
4 5 0  GO TO 120

C a l c u l a t e  r e m a i n d e r  o f  o u t p u t

4 6 0  I F  (MODE) 4 7 0 , 4 8 0 , 4 7 0  
4 7 0  UARNCE=1.

GO TO 49 0  
4 8 0  OARNCE=CHISQR 
4 9 0  DO 5 0 0  J = l ,N T E R M S
5 0 0  S IG M A A ( J ) =DSQRT<OARNCE#ALPHA( J , J ) )
5 1 0  I F  ( A ( 1 > )  5 2 0 , 5 6 0 , 5 2 0  
5 2 0  DO 5 5 0  J = 2 , NTERMS

I F  ( A ( J >) 5 3 0 , 5 5 0 , 5 3 0  
5 3 0  B ( J ) = A < J ) / A ( 1)
5 4 0  S IG M A B ( J ) =B < J ) * DSQRT( ( S I GMAA( J ) / A ( J ) ) * * 2 + ( S I GMAA( 1 ) / A ( 1 ) )  

1 * * 2  - 2 . # O A R N C E # A L P H A ( J , 1 ) / ( A ( J ) # A ( 1 ) ) )
5 5 0  CONTINUE 

B ( 1 ) = 1 .



5 6 0  RETURN 
END

♦ a * * * * * * # # # # * * *  -a-#*## ■#*•#*#*■& •*■&•#•■*•«• * # * • # # * * *  ## # a-

M a t r i x  i n v e r s i o n  s u b r o u t i n e

• * * *  *•**•* #•*•»• •«•### *••&*•&«■ •&* *  a# a - a  # * * • * *  *•$••«• a-#*-a-a*-### a 
SUBROUTINE M A T I N U <ARRAY, NORDER, DET)
I M P L I C I T  DOUBLE PRECI SION ( A - H , 0 - Z >
DIMENSION ARRAY< 7 ,  7 )  , I K ( 7 > ,  J K ( 7 )

10 DET = 1 .
2 0  DO 2 5 0  K = 1 r NORDER

F i n d  l a r a e s t  e l e m e n t  A R R A Y ( I , J )  i n  r e s t  o f  m a t r i x

AMAX = 0 .
3 0  DO 6 0  I = K » NORDER 

DO 6 0  J = K ,  NORDER 
4 0  I F  (DABS(AMAX)  -  DABS( ARRAY( I , J ) ) )  5 0 , 5 0 , 6 0  
5 0  AMAX = ARRAY( I , J )

IK  ( K ) = I 
J K ( K ) = J 

SO CONTINUE

I n t e r c h a n s e  r o w s  and  c o l u m n s  t o  p u t  AMAX i n  A R R A Y ( K , K )

7 0  I F  (AMAX) 9 0 , 8 0 , 9 0  
8 0  DET = 0 .

GO TO 3 3 0  
9 0  I = I K ( K )

I F  ( I - K  ) 3 0 , 1 2 0 , 1 0 0
100  DO 110 J = 1 , NORDER 

SAVE = ARRAY( K , J )
ARRAY( K , J ) = ARRAY( I , J )

110  ARRAY( I , J )  = - l . * S A V E  
1 2 0  J = J K ( K )

I F  ( J - K )  3 0 , 1 5 0 , 1 3 0
130 DO 140 1 = 1 ,  NORDER 

SAME = ARRAY( I , K )
ARRAY( I , K ) *  ARRAY( I , J )

1 40  A R R A Y ( I , J )  = - 1 .  *  SAME

A c c u m u l a t e  e l e m e n t s  o f  i n v e r s e  m a t r i x

15 0  DO 170 1 = 1 ,  NORDER



I F  ( I - K )  1 6 0 , 1 7 0 , 1 6 0  
1 60  ARRAY( I , K ) *  - 1 . *  ARRAY( I , K ) /  AMAX 
1 70  CONTINUE 
1 8 0  DO 2 1 0  1 = 1 ,  NORDER 

DO 2 1 0  J = l ,  NORDER 
I F  ( I - K )  1 9 0 , 2 1 0 , 1 9 0  

190  I F  ( J - K )  2 0 0 , 2 1 0 , 2 0 0
2 0 0  ARRAY< I , J )  = ARRAY<I , J ) + ARRAY( I , K ) * A RR A Y( K , J )
2 1 0  CONTINUE
2 2 0  DO 2 4 0  J = l ,  NORDER

I F  ( J - K )  2 3 0 , 2 4 0 , 2 3 0  
2 3 0  A R R A Y < K , J )  = ARRAY( K , J ) /  AMAX 
2 4 0  CONTINUE

ARRAY( K , K ) = 1.  /  AMAX 
2 5 0  DET = DET *  AMAX

R e s t o r e  o r d e r i n g  o f  m a t r i x

2 6 0  DO 3 2 0  L = 1,  NORDER 
K=NQRDER-L+1 
J = I K ( K )
I F  ( J - K  > 2 9 0 , 2 9 0 , 2 7 0  

2 7 0  DO 2 8 0  1 = 1 , ,  NORDER 
SAME = ARRAY( I , K )
ARRAY( I , K )  = - 1 . * A R R A Y ( I , J )

2 8 0  ARRAY( I , J ) = SAME 
2 9 0  I  = J K ( K )

I F  ( I - K )  3 2 0 , 3 2 0 , 3 0 0  
3 0 0  DO 3 1 0  J = l ,  NORDER 

SAME = ARRAY( K , J )
A R R A Y ( K , J )  = - l . * A R R A Y ( I , J )

3 1 0  ARRAY( I , J ) = SAME 
3 2 0  CONTINUE 
3 3 0  RETURN 

END



10 , --------------------------------------------------------
20 !
■i> 0 I T K N tj ■+ R 
48 i M i k e  Hewps t ead  
50 ! s 0  p t e rrt b e r 198 2
60 !
70 i T h i s  p r o g r a m  H i l b e r t

t r a n s f o r m s  i s  i n t o  i r  and  
80 i t h e n  c a l c u l a t e s  t h e

r  e 1 a t i v e r o o t — m e a n -  s s u a r e 
f o r  the  i r t D 3 . - i r C T 3  p a i r .

9 6 !
100 I --------------------------------------------------------
l i ©  CLEAR
120 ! S e t  i n  r a d i a n  mode 
130 RAD
140 ! E s t a b l i s h  l i n k  f o r  CHAIN

c o m m a n d 
150 OPTION BASE 1 
160 COM H 1 .• H2 >T .« T 1 .< 0 < 400..  2 >
170 ! A s s i g n  s t o r a g e  to f  & i r  
180 DIM R '14 0 0 .• 2 > .• U < 4 0 6 >
190 ! P rompt  f o r  th a  d a t a f i l e  
200  D ISP "Have you c h a i n e d  f rom  

a n o t h e r  p r o g ra m  <Y y N >";
210  INPUT Q $
22 0  IF  «:!*=•"Y " THEN 290  
230  D I S P  "What  i s  t h e  d a t a  f i l e d  

' u n d e r "
246  IHF’UT F$-
2 5 0  ASSIGN# 1 TO F *
26 6  READ# 1 N 1, N 2 , T , T 1,  D < , )
270  ASSIGN# 1 TO
286 ! C a l c u l a t e  c o n s t a n t  f o r  i r  
296  K = 2 y < P I * T >
306 ! P o i n t  d r o p p i n g  r o u t i n e
310 D ISP "How many p o i n t s  f rom  t 

he b e g i n -  n i n g  o f  t h e  g e n e r a  
t i o n  d a t a  a r e  to be d r o p p e d "

3 2 0  INPUT N 
336 G=N1- N
340  D ISP "How many p o i n t s  f rom t 

he b e g i n -  n i n g  o f  t h e  r e c a p t  
u r e  d a t a  a r e  to  be d r o p p e d "

356  INPUT P
360 ! P rompt  f o r  o u t p u t  f i l e  
3 7 6  D I S P  "What i s  t h e  o u t p u t  t i l  

e to  be n a m e d " ;
38 6  INPUT 0$
39 6  CREATE 0 $ , 2 6  
4 6 0  ASSIGN# 1 TO 0 *
4 1 0  ! C a l c u l a t e  th e  t a r r a y
42’0 FOR J= 1 TO N1+N2  
43 0  U v J > =0 ( J .. 1 > —T 1 
44 0  N Eft T J
450  ! P e r f o r m  t r a n s f o r m  
460  CLEAR 0 D ISP " T r a n s f o r m  i s  b 

e i ng c a 1c u I  a t e d . "



4 7 0  FOR M=N1+1+F TO N1+N2
4 3 0  ! I n i t i a l i z e  sums
49G 9 1 , 8 2 = 0
Z'00 FOR J = 1 TO G — t
5 1 0  L = J + N
5 2 0  f t 1= - U <L >
5 3 0  f i 2 = - l K L + l >
54 8  I F  J=1 THEN f i l = T l  
55 0  I F  J=G-1  THEN ft2=0  
56 0  T2=U<f1>
5 7 0  X = 0 < L + 1 / 2 > - 0  < L ,2 >
5S0 Y = X * T 2 + 0 <L .• 2 > YU<L + 1 - 0 < L + 1 , 2  

> tU <. L >
58 0  Z = < SQR •! ft2 > - 3 UR ft 1 > > / 3 QR ( T2 > -  

ft T N < S Q R < ft 2 /  T 2 > > + ft T N < S Q R < ft 1 - T
2 ) ’*i

600  S 1 =S 1 +¥,%< ft 1 1 5 -  H 2-• 1 . 5>
6 1 0  8 2 = 8 2 + Y-tZ
6 2 0  NEXT J
630  RCM, 1 >=CKM, 1)
64 0  R t M, 2 ) = K -fc (.S 1 /  ' 3 T 3 W R T + o 2 ) 
650  NEXT M
66 0  ! F i l l  r e m a i n i n g  r e c a p t u r e  

a r r a y  w i t h  z e r o e s  
6 7 0  FOR J=1 TO N l+P  
63 0  R< J .• 1 > .• R < J .• 2> =6  
69 0  NEXT J
7O0 ! C a l c u l a t e  r o o t - m e a n - s q u a r e  

fi a r r a y  p o i n t e r  
710 P1=N1+P+1  
720  F=0
73 0  FOR J=P1 TO H1+N2
7 4 0  F=F + < <0 <• J .• 2 > -  R J , 2 > > /  D <. J , 2 > >

750 NEXT J
760 F = $QR<Fy <N 2 - P >>
77 0  PRINT " r e l a t i v e - * "
780 PRINT USING 7 9 0  ; F 
79 8  IMAGE " r o o t - m e a n - S H u a r e  = " ,  

0 . 30E  >".u f t 'SZ /
800  PRINTS 1 ; F , P 1 , R < , >
3 1 0  ASSIGN# 1 TO 
320  i O u t p u t  a r e p r e s e n t a t i v e  

s a m p l e
33 0  PR INT  " # i rCTU.uft

i  rCCGt-'fl"
34 0  FOR J=N1+P+1 TO N1+N2 STEP I 

0
350  PRINT USING 360  ; J , R < J , 2 ,  0 

< J , 2  ;•
86 0  IMAGE QDO, 2  <1X , MO. 5 0 E >
8 7 0  NEXT J 
3 3 0  CLEAR 
390  END



10 I 03CHEM 
20 !
30 ! DOUBLE STEP EXPERIMENT 
40 !
58 OPTION BASE 1 
6 0  OUTPUT 7 0 5  " S G i f t C 1 VT4 VR3 HF 1

AL1"
76 CLEAR
80 0 1M X T C 5 2 1 0 3 , V $ C 5 2 103 ,  ZsC52 1 

03
5 0 C 0 M H 1 , N 2 ,  T , T 1 , D ■ ' 4 0 8 , 2  

1 0 0 i
U 0  DISP " "
129 DISP  "SET PAR TO AH I N I T I A L

POTENTIAL OF - 1 . 0 8 8 V  AND DEP 
RESS THE I N I T I A L  KEY "

130 D ISP  ""
140 DISP ""
15 0 0 1S P "H o w m a n >•• p o i n r s i n e e n 

i o n a n c h o w rri a n i n r €• 
c a p t u r a < rn a x t o t a 1 p •:* i n t i  4 
0 0 )  "

160 INPUT N 1 , N2
170 D ISP "T ime  b e t  i...een r  e a d i na-s 

< m i n i  m u rn 140 m S > ? C u r  r e n t
r a n e e ?  < T , R ;<" 

i 80 INPUT T , F:
150 ! D i v i d e  R b y 10 s i n c e  t h e  

o u t p u t  o f  th e  PAR i s  10V 
f u l l  s c a l e  

20 0  R = R •••' 1 0
2 1 0  DISP " G e n e r a t i o n  p o t e n t i a l  ( 

mV > " s
220  INPUT V 1e V 1= V 1 + 1000
23 8  D ISP  " R e c a p t u r e  p o t e n t i a l  <m

MJ « ;
240 INPUT V2 S V 2 = V 2 + 1800  
250  D IS P  "What  i s  t h e  i n i t i a l  p o  

t e n t  i a i  i e  b e f o r e  t h e  f i r s  
t s t e p  ( m V ) " ;

26 0  INPUT y® V =V +1 00 0  
27 0  BT= " A 0 2 , 1 ,  " &WRL$<V >
28 9  OUTPUT 785  ; BT 
29 8  D ISP  " P l e a s e  w a i t .  I ' m  work  

i n e ! “
3 0 0  !
3 1 0  10 BUFFER V *  S 1 0 BUFFER 2 *
329  X $ = " "
3 3 8  FOR J=1 TO N1+N2
3 4 8  I F  J < = N 1 THEN V=V1 ELSE V=V2
3 5 0  BT= " A 0 2 , 1, " &VRL* < V >
36 0  B = 10 - L E N <B $ >
3 7 8  I F  B=0 THEN 418  
3 8 8  FOR K=1 TO B 
3 9 8  “
4 0 8  N E XT K 
4 1 9  X$=X$&B$
4 2 8  NEXT J
4 3 0  OUTPUT V$ USING " # , K “ , XT- 
4 4 8  P l  = 10



4 5 0  X=L£N<XT>
4 6 y BEEP 100 -■ 100 i BEEP 100.> 100  
47 0  CLEAR
4 8 0  D ISP  " S w i t c h  t rorft dummy c o l l  

to  e x t e r n a l  c e l l . "
4 9 0  OISP " H i t  e n d l i n e  when you w 

a n t  t h e  e x p e r i m e n t  to  s t a r  
t . "

50 0  INPUT DT
5 1 0  ON TIMER# 1,.T GOTO 54 0  
5 2 0  CONTROL VT,  1 .; P I  
5 3 8  GOTO 53 8
5 4 0  TRANSFER '-,'T TO 789  FHS 8 TRI  

GGER 70 9
5 5 0  TRANSFER 709  TO ZT FHS .; £01  
56 0  I F  P1> = X THEN 60 0  
5 7 0  CONTROL VT,  0 ; P 1 + 1 
58 0  P l - P l + 1 8  
0 9 0  GOTO 52 0
6 0 0  OFF T IMER# 1 6 CLEAR 
6 1 0  U ISP " S w i t c h  t h e  c e l l  o f t  s i  

nee  t h e  p o t e n t i a l  w i l l  r e v  
e r t  to  - I V . "

62 0  OISP " H i t  end l i n e  when r e a d y  
8 INPUT OT 

630  CLEAR 70 9  8 OUTPUT 709  ; “ TD" 
8 LOCAL 70 9  

64 0  ENTER ZT USING "#.. #K" , XT 
650  !
660  ! U n p a c k i  n a r o u t  i ne
67 0  !
6 8 8  B =1
690 FOR J=1 TO N1+N2  
700 K=B
710 I F  K=LEN<X T > + 1 OR XTCK, K 3 = " T 

" THEN 74 0  
720  K=K+1 
730  GOTO 710  
748  E = K - 1
758  0 < J .- 2 > ='••'AL < XT C 6 .. EH > t'R 
760  D (.J • i > = < ( J - 1 > * T  + 20 > / 1 0 0 0  
778  B=E+2
730 O ISP “ I <! " ; 0< J , 1 > " ms > = " D <J , 

2 > , " v A "
790 NEXT J
808  OISP "Do you want  to  t i l e  th  

e d a t a ?  I f so e n t e r  V .■ t i l e  
name. I t  no t  e n t e r  N . "

810  INPUT QT.-FTG I F  GT="Y" AND F 
T = " " THEN 88 0  

820  IF  G $ # ,,Y ,‘ AND G!T#,,N ,‘ THEN 88  
0

3 3 0  IF  QT= “ N " THEN 89 8  
840  CREATE FT.- 26  
3 5 8  ASSIGN# 1 TO FT 
86 0  T = T y l 8 0 0  @ T 1 =N 1 #'T 
3 7 8  PRINT#  1 > N l , N 2 , T , T 1 , D < ,>  
88 8  ASSIGN# 1 TO t  
3 9 0  DISP  "Do you want  to  H i l b e r t  

t r a n s f o r m t h e  g e n e r a t i o n  d a t_ U .•d j



9 0 0  INPUT G1$S IF  Q 1 $ # " Y "  AND Q1 
$ # “ H " THEN 39 0  

9 1 0  I F  Q 1 $ = " N "  THEN 936  
9 2 0  CHAIN "TRNG+R"
9 3 0  CLEAR G D IS P  " F i n i s h e d "
9 4 0  END



10 I RSCHEM 
20 !
30 ! RAMF&STEP EXPERIMENT 
40 ! T h i s  p r o s  ram assumes t h a t  

x o u r: a v e a n e a a 1 1 v e g o l n a 
ramp and t h a t  y ou s t e p  

30 ! b ack  to  the  i n i t i a l
p o t e n t i a 1

60 !
70 !
80 OPTION BASE 1 
30  OUTPUT 768  ; " SO 1 AC 1UT4VR3A02  

.• 1 .• 9AF 1 ftL 1 DO 1.. 0 "
180 CLEAR
110 DIM X * C 5 2 1 0 3 , V $ E 4 0 1 0 3 , 2 T C 5 2 1  

63
120 i X $ = d a t a  s t r i n g  
13 U ! VT-= b u t t e r  o f  d a t a  to  send  

to  t t ie  0 / h 
148 i ZT=bu t i e r  of  d a t a  f rom  

v o 1 t m e t e r
150 •
L 6 0 C 0 M N 1 , H 2 , T , T 1 , D 4 0 0 . 2  >
170 I N t = #  o i  g e n e r a t i o n  p o i n t s  
188 ! N2=# i n  r e c a p t u r e
138 ! T =T im e  b e t w e e n  r e a d i n g s

i n  ms chan ge d  to  s 
2 0 8  ' T l = T i m e  o f  s t e p  o r

r e c a p  t u r e  
210  ! 0  v •> = H r r a y  o f  d a t a  p o l n  ts
2 2 0 !
230  ! R = C u r r e n t  r a n g e  ( y R )
2 4 8  ! = R x 10
25 8  !
260  DISP “N o t e  t h a t  t h e  number  o 

f p o i n t s  i n  t h e  g e n e r a t i o n  
p h a s e  t i m e s 

2 7 8  0 1b P “ t h e  t ime b e t w e e n  r e a d i  
nas s h o u l d b e  l e s s  th an  t h e  t 
ime t o r  t h e  r a m p . “

28 8  D ISP  "
230  D ISP "How many p o i n t s  i n  gen 

e r a t  i o n  and how many i n  re  
c a p t u r e  '-max t o t a l  p o i n t s  4 
00 > " •

380  INPUT N 1 > N2 
310  D ISP  "T im e  b e t w e e n  r e a d i n g s  

O 1 4 0 m s > ?  C u r r e n t  r a n g e  ( v H )  
? < T R  > "

32 8  INPUT T , R
33 0  ! O i v i d e  R by 18 s i n c e

o u t p u t  o t  PAR i s  10V f u l l  
sea  1 e 

340  R=R--10  
3 5 0  V 1=0
36 0  D ISP "What  i s  the  d i f f e r e n c e  

b e t w e e n  t h e  i n i t i a l  and f i  
n a i  p o t e n t  i a l s i n  +mV" .;

370  INPUT V2
380 DISP  " P l e a s e  w a i t .  I ' m .work  

l n g ! “



3 9 0  i
4 0 0  IOBUFFER V$ 6 IOBUFFER Z$
4 1 0  !
4 3 0  ! C r e a t e  b u f f e r  o t  d a t a  f o r  

t h e  D-'A
4 3 0  :•<$=""
4 4 0  FOR J=1 TO N1+N2
4 5 0  I F  J < = N 1 THEN V*V1 ELSE V=V2
4 6 0  B$= " RQ2, 1, “ &VRL$v V >
4 7 0  B = 10 - L E H  < B $ )
4 8 9  IF  B=9 THEN 52 0
4 9 0  FOR K = 1 TO B 
5 0 0  B $ = 8 $ & "  "
5 1 0  NEXT K
5 2 0  X$=X$&B$
5 3 0  NEXT J
5 4 0  OUTPUT USING " # , K “ , X$
55 0  I
5 6 0  P l = 1 0
5 7 O X= L E N < X $■ >
5 8 0  BEEP 1 0 0 . 1 0 0  8 BEEP 100.. 100

0 D IS P  “ H i t  e n d l  m e  t o  s t a r t  
e x p e r i m e n t “

5 9 8  INPUT D*
6 0 0  OUTPUT 709  . : “ O C1. '0 "  8 ON TIM 

ER# 1 , T  GOTO 6 3 6  
6 1 0  CONTROL 1 ; P I  
6 2 0  GOTO 62 0
6 3 0  TRANSFER U f  TU 7 0 9  FH3 0 TRI 

GGER 70 9
6 4 0  TRANSFER 7 U9 TO Z $ h H E0 1
6 5 0  I F  P1> = X THEN 6 9 0  
6 6 0  CONTROL V $ , 0  , P l  + 1 
6 7 0  P 1 = P 1 + 1 0  
6 8 0  GOTO 6 1 0
6 9 0  OFF TIMER# 1 6 CLERR
7 0 0  0 1SP " Sw1 1ch t h e  c e I I  o f t  H

1 t e ri d 1 i  r« e w h e ri y o u a r e  r e  a d y
!l

7 1 0  INPUT D$
72 0  CLERR 7 0 9  8 OUTPUT 7 0 9  “ T 0 “

e LOCAL 7 0 9  
730 ENTER Z$ USING " # ,  # K “
7 4 8  !
75 0  i U n p a c k i n g  r o u t i n e  
7 6 0  !
7 7 9  B = 1
7 8 0  FOR J=1 TO N1+N2 
7 9 6  K = B
8 0 9  I F  K=LEN < ¥.$> + 1 OR X $ C K , K 3 = “ t  

“ THEN 8 3 6
8 1 0  K - K + l  
82 0  GOTO 80 0  
8 3 0  E = K - 1
8 4 0  0 < J , 2 > =*.,'RL < X$CB, E3 > *R 
8 5 0  D < J .• 1 >= ( ( J — 1 ) * T + 2 0 ) / ' 1 0 0 0  
8 6 0  B=E+2
3 7 0  D I  SP " I  (." D < J , 1 > “ s > = “ ; 0 < j , 2 

> “ ,l>R "
3 8 8  NEXT J



89& D1SF‘ "Do >ou want  t o  t i l e  th  
e d a t a '? 1 t s o e n t e r  Y .• t i l e
n a m e . I t  not  e n t e r  N . 1 

9 0 0  INP!JT Q $ ,  F $ 6 IF  Q*  = “ Y “ flND F 
$ = " "  THEN 890  

910  IF  Q$ # " Y " RND Q$#"N" THEN 89  
0

9 2 9  IF  Q $ = " N “ THEN 98 0
930  CRERTE F t ,26  
94 0  ASSIGN# 1 TO F t
95 0  T = T / ' i 0 0 6  & T l=Hi4 -T
96 0  PR I NT# 1 ; H 1 , N 2 , T , T 1 , 0  <,  )
970  ASSIGN# 1 TO *

9 8 0  D 1 8 P 11Do yo u  w a n t  t o  H i l b e r t  
t r a n s t o r m t h e  g e n e r a t i o n  d a t

3 ** *
990  INPUT Q1 t © IF  Q l - f f  Y" RNO Q1 

" N " THEN 98 0  
1000 I F  Q1t = " N " THEN 1820  
1010  CHAIN "TRNG-yR"
1828  END



APPENDIX D

I t  was necessary to  c a l i b r a t e  the t im in g  o f  the  in t e r fa c e d

in s t ru m e n ts  b e fo re  e x p e r im e n ta t io n  cou ld  beg in .  There were two

t imes o f  p a r t i c u l a r  i n t e r e s t :

i )  the  s h o r te s t  i n t e r v a l  between data p o in t s  t h a t  cou ld  be 

c o n t r o l l e d  r e p r o d u c ib l y  by the  program

and i i )  the  in h e re n t  o f f s e t  between the im p o s i t i o n  o f  the

p o t e n t i a l  waveform and the  sampling o f  the  f i r s t  data  p o in t .

The r a te  o f  da ta  sampling was l i m i t e d  by the t ime re q u i re d

to  pe r fo rm  a loop w i t h i n  the  program. E x te rna l  to  t h i s  loop th e re

was a BASIC command

ON TIMER#!, T (0 .1 )

which c o n t r o l l e d  the  r a t e  o f  sampl ing.  The t im e  parameter ,  T, was 

v a r ie d  u n t i l  i t  was s h o r te r  than the  t im e  re q u i re d  to  per fo rm the 

da ta  sampling commands. Th is  th re s h o ld  was d e te c te d  q u i t e  e a s i l y  

by the  onse t  o f  a v a r i e t y  o f  e r r o r s  in program e x e c u t io n .  The 

t im e  parameter was then increased g r a d u a l l y  u n t i l  these e r r o r s  

d e s i s t e d .  Th is  y ie ld e d  a sampling t ime  o f  140 ms.

The in h e re n t  o f f s e t  was determ ined by an o th e r  c a l i b r a t i o n  

te c h n iq u e .  Th is  method used the  TRIGGER command which increments 

the sampling channel on the  HP3^97A and then s ig n a ls  the  v o l t m e te r  

t o  take  a re a d in g .  I t  was assumed th a t  the v o l t m e te r  i n t e g r a t i o n  

p e r io d  began immed ia te ly  a f t e r  the  channel was c lo s e d .  The



HP3^97A was m anua l ly  se t  to  o u tp u t  zero  v o l t s  and then ,  under 

program c o n t r o l ,  the  v o l t a g e  was changed to  some p o s i t i v e  v a lu e .

The new v o l t a g e  was used to  t r i g g e r  a T e k t r o n i x  5103N O s c i l lo s c o p e  

System so t h a t  the  d u r a t i o n  o f  the  c h a n n e l - c lo s e d -p u 1se cou ld  be 

m o n i to re d .  The t im e  t h a t  was measured was a p p ro x im a te ly  \ \ h  ms.

The t im e  f o r  the  i n t e g r a t i o n  p e r io d  was c a l c u la te d  from i n fo rm a t io n  

in the  HP3^97A manual and was dete rmined to  be 16 ms. T h e re fo re ,  

i f  the  c a l i b r a t i o n  is  taken to  the  m idd le  o f  the  i n t e g r a t i o n  

p e r io d ,  then the  o f f s e t  is  about 20 ms ( f o r  measurements o f  5h 

d i g i t  a c c u ra c y ) .

The program "RSCHEM" was executed f o r  a ramp o f  98 .6  mv/s and 

a s tep  o f  5 mV as a means o f  t e s t i n g  the c a l i b r a t i o n .  The s tep  

was a p p l i e d  near the  beg inn ing  o f  the  ramp and the  o u tp u t  was 

d is p la y e d  on the  o s c i l l o s c o p e .  The t ime between the im p o s i t i o n  

o f  the  s tep  and th e  c u r r e n t  va lu e  o b ta in e d  by the  HP3^97A was 

20 ms to  21 ms f o r  Sh d i g i t  accu racy .  The o f f s e t  was t h e r e f o r e  

ass igned the  va lu e  20 ms.



APPENDIX E

P a r t  I

The e v a lu a t i o n  o f

and

w i l l  be p rov ided  f o r  pe{V£>, 1 , 3/>, 2 , ^ } .  The e v a lu a t i o n  o f  e q u a t io n  

( E I .1 )  is  s t r a i g h t f o r w a r d  and the r e s u l t s  a re  summarized in 

Tab le  E l . 2. The e v a lu a t i o n  o f  e q ua t ion  ( E l . 2 ) ,  however, is  more 

d i f f i c u l t .  Equat ion ( E l . 2) may be r e w r i t t e n  as

in which the f u n c t i o n a l i t y  o f  ma^ determ ined f rom

e lem en ta ry  p r o p e r t i e s  o f  the gamma f u n c t i o n .  The ^ ( r )

f u n c t i o n s  a re  summarized in Tab le  E I . l .  The e v a lu a t i o n  o f  the  

Gauss hypergeom etr ic  f u n c t i o n s  is  somewhat more la b o r io u s  and 

t h e r e f o r e  w i l l  be presented in more d e t a i l .

p l / 2 1 3/2 2 5/2

- K2 ( p - . ) ( r )
1 M 2 ) * 1 16(2)** 1

r-1 3ir ( r - 1 ) 2 ( r - l ) 1 5 i r ( r - l ) 2 { r - l )

Tab le  E I . l  F u n c t i o n a l i t y  o f  ^ ( p - l ) ^ '



P = 1/2

f « 2 )
The f u n c t i o n  2^1 may be determined by a s imple

r e l a t i o n s h i p 1 which y i e l d s

P=i

The e v a lu a t i o n  o f  2^1 ' S a more

d i f f i c u l t .  I t  r e q u i r e s  the use o f  the recu r re n ce  f o rm u la 2

and a knowledge o f  the  f u n c t i o n s  2^1 M > > 3/£ >“  and
r ^ > V >

2^1 1 > ^2 > ^2 ~TT • The f i r s t  o f  these f u n c t i o n s  may be shown3 to
I 1 ^

be

and the second is  g iv e n 1* by

Therefore  i t  can be shown that

which can be v e r i f i e d  f o r  r=3 by the  e x p re s s io n 5

where i(j i s  the digamma f u n c t i o n .



( 2 ]
The f u n c t i o n  2Fj 1>3̂ >>3;-  — r  is  a ls o  d e s r ib e d  by a s im p le

I ^ ;
r e l a t i o n s h i p 6 which e s t a b l i s h e s  t h a t

Th is  exp ress io n  may be v e r i f i e d  f o r  r = - l  by the r e l a t i o n s h i p 7

P~2

o 7 2 )
The d e te rm in a t i o n  o f  2Fi 1 * % > /£ » "  “ T j "  r e q u i r e s  ano the r  

re c u r re n c e  fo rm u la 8 which can be expressed as

I t  then f o l l o w s  from p r e v io u s l y  dete rmined f u n c t i o n s  t h a t

P = 5/2

The genera l  re cu r re n ce  f o rm u la 8 f o r  e q u a t io n  ( E l . 12) may a ls o  

be m an ipu la ted  i n t o  the  form

I t  may then be shown th a t



which can be v e r i f i e d  f o r  r = - l  by e q ua t io n  ( E l . 11)

The f u n c t i o n s  ^ ( p - l ) ^  ma^ now dete rm ined  from equa t ion  

( E l  - 3) • These f u n c t i o n s ,  a long w i t h  the co r respond ing  f ^ /  j ^ ( g )

f u n c t i o n s ,  are summarized in Tab le  E l . 2.

Tab le  E l . 2 F u n c t io n a l  forms o f  the  f i t t i n g  f u n c t i o n s  d esc r ibed  by 
e q u a t io n s  ( E l -1) and ( E l . 2 ) .



P a r t  I I

The f u n c t i o n a l  forms o f  P ^ ’ ^ ( g )  and Q ^ ' ^ ( r )  were
n 3 n

e s ta b l i s h e d  f o r  0<n<6. The d e te rm in a t i o n  o f  P V2> ; (g) was a ided
------ n

by an a p p r o p r ia t e  ta b le ^  and is  summarized in Table  E I I . l .  A l l  o f  

these f u n c t i o n s  were te s te d  w i t h  the  o r t h o g o n a l i t y  r e l a t i o n s h i p

Tab le  E I I . l  F u n c t i o n a l i t y  o f  P f o r  0<n<6.

to  check t h e i r  v a l i d i t y .  The d e te rm in a t i o n  o f  the Q ^ 2,^ ( r )
n

f u n c t i o n s  cou ld  no t  be per formed as s im p ly .  I t  r e l i e d  h e a v i l y  on 

r e l a t i o n s h i p s  t h a t  a re  g iven  in ch a p te r  2.

n Pn ( H , 0 ) ( g )

0 1

1 ( \ ) ( 5 g + l )

2 ( V 3 2 ) ( 6 3 g 2+ l * t g - 1 7 )

3 ( 1/ i 2 8 H /» 2 9 g 3+ 9 9 g 2 - 2 2 5 g - 2 3 )

4 ( V 20 A8 ) 0 2 1  5 5 g lt+ 2 8 6 0 g 3 - 9 /t 3 8 g 2 - 13 6 * i g + 8 2 7 )

5 ( } /q 19 2 ) ( 8 8 1 7 9 g 5+ 2 0 S S 5 g h -S 0 €  1 O g3 - 1 5 2 1 0 g 2+ 1 7 6 1 5 g + l  2 0 7 )

6 ( H 5 5 3 6 )  ( 1 3 0 0 0 7 5 g 6+ 3 1 2 0 l 8 g 5 - l 6 6 l 8 3 5 g l+- 3 0 3 6 2 0 g 3

+ 5 1 2 8 0 5 g + 5 ^ 9 3 0 g - 2 2 l 8 l )



n -0

[y o)
The f u n c t i o n  0_ 2> ; ( r )  may be o b ta in e d  from e q u a t io n  (2 .3 * 0 *  

T h is  r e l a t i o n s h i p  e s t a b l i s h e s  t h a t

T h is  e x p re s s io n  may be s i m p l i f i e d  by s u b s t i t u t i o n  from e q u a t io n  

( E l . 8) t o  y i e l d

n=1

I t  may be shown w i t h  th e  a id  o f  e q u a t io n  (2 .35 )  t h a t

where P , ^ 2 ,^ ( r )  may be o b ta in e d  f rom Tab le  E l i .  1 and Qq 2>^  ( r )  

is  g iv e n  im m ed ia te ly  above.

2<n<6

E aua t ion  (2 .36 )  d i c t a t e s  t h a t

wh ich  upon a p p l i c a t i o n  to  e q u a t io n s  ( E l i . 3) and ( E l i . 4) y i e l d s

and

I t  f o l l o w s  f rom the  re c u r re n c e  fo rm u la  (2 .29 )  t h a t



which enab les h ig h e r  o rd e r  q 2’ ^ ( r )  f u n c t i o n s  to  be c a l c u l a t e d .  

Hence the  remain ing  Qp 2’ ^ ( r )  f u n c t i o n s  a re  g iven  by

where th e  e xp ress io n s  f o r  ( r )  and q^ 2*^ ( r )  were l e f t  in

th e  fo rm o f  the  re cu r re n ce  fo rmu la  because the  c o e f f i c i e n t s  f o r  

th e  embedded po lynomia l  became too  la rg e  to  be handled 

conven i e n t l y .



APPENDIX F

Th is  append ix  l i s t s  f i t s  f o r  a number o f  d a t a f i l e s  which are  

d e sc r ib e d  in c h a p te r  8 . The c o e f f i c i e n t s  o f  the f i t s  and t h e i r  

s tandard  d e v ia t i o n s  a re  p ro v id e d .  The q u a l i t y  o f  the f i t  may be 

judged by the  magnitude o f  the reduced c h i - s q u a re  o r  by comparing 

the  a p p ro x im a t io n  g iven  by the  f i t  to  the raw data t h a t  is  l i s t e d .



















TABLE I 1

Th is  t a b le  l i s t s  some p r o p e r t i e s  o f  H i l b e r t  t r a n s fo r m a t io n  

as w e l l  as examples o f  H i l b e r t  t r a n s fo rm  p a i r s .

( c o n t . )



TABLE I  ( c o n t» )



TABLE I I

Th is  t a b l e  summarizes the  s t a t e  o f  knowledge o f  the th re e  

re g io n s  o f  the g e n e ra t io n  and re c a p tu re  f u n c t i o n s .

va lu e  o f  g o r  r

between 
-oo and -1

between 
-1 and 1

between 
1 and 00

G(g)
known to  
be ze ro

unknown and 
sought as a 
means o f  
r e c o n s t r u c t  i ng 
the  g e n e ra t io n  
c u r r e n t  i ( t )

g

known to  
be zero

R(r ) unknown unknown

known from the
measured va lues
o f  th e  re ca p tu re
c u r r e n t  i ( t )  r



LIST OF SYMBOLS

A e le c t r o d e  area (m2)

A a u x i l i a r y  e le c t r o d e

An a c o e f f i c i e n t  in  a s e r ie s  o f  f i t t i n g  f u n c t i o n s

A/D a n a l o g - t o - d ? g i t a l  c o n v e r te r

A(s) a r b i t r a r y  c o n s ta n t  independent o f  x

a a c o n s ta n t  p r o p o r t i o n a l  to  the  s lope  o f  a l i n e a r  
f i t  between co n s e c u t iv e  da ta  p o in t s  (A)

a a l o c a t i o n  to  the  r i g h t  o f  any s i n g u l a r i t y  o f  f ( s )

a . 
J

a c o e f f i c i e n t  in  a s e r ie s  ap p ro x im a t io n

a . 
J

a c t i v i t y  o f  spec ies  j

a
n a c o e f f i c i e n t  in  a s e r ie s  d e s c r ib i n g  ? ( t )

9

Pochhammer1s symbol

B(s) a r b i t r a r y  co n s ta n t  independent o f  x

(s) , B2 ( s) a r b i t r a r y  co n s ta n ts  independent o f  x

b a c o n s ta n t  p r o p o r t i o n a l  t o  the  i n t e r c e p t  o f  a 
l i n e a r  f i t  between c o n s e c u t iv e  da ta  p o in t s  (As)

b a d im ens ion less  parameter

bk
a c o e f f i c i e n t  f o r  a f i t  to  o r th o go n a l  po lynom ia ls

C.i
i n t e g r a l  c a p ac i ta n ce  o f  the doub le  l a y e r  (Fm“ 2)

c .
J

c o n c e n t ra t i o n  o f  spec ies  j  (mol rrT3)

c f
J

c o n c e n t ra t io n  o f  spec ies  j  a t  the  e le c t r o d e  
s u r fa c e  (mol m“ 3)

c "
J

b u lk  c o n c e n t ra t io n  o f  spec ies  j  (mol m~3)



C j ( x , t ) c o n c e n t ra t io n  o f  spec ies  j  a t  a d is t a n c e  x and 
t ime  t  (mol m“ 3)

C l o c a t i o n  o f  a s i n g u l a r i t y  in F(x)

D o p e ra to r  d e no t in g  d i f f e r e n t i a t i o n

D d i f f u s i o n  c o e f f i c i e n t  (m2s- 1 )

D.
J

d i f f u s i o n  c o e f f i c i e n t  o f  spec ies  j  (m2s- 1 )

d t **
s e m i d i f f e r e n t i a t i o n  o p e ra to r  (s 2)

d - *

* *

. . .  / %\ semu n te g r a t  ion o p e ra to r  w i t h  lower l i m i t  zero  (s )

d - ^

[ d ( t - T ) ] ~ h
s e m i i n t e g r a t i o n  o p e ra to r  w i t h  lower l i m i t  T ( s 2)

dE
d t ramp r a te  (Vs- 1 )

dHg
d e n s i t y  o f  mercury (gm- 3 )

- +F
XL

P
peak p o t e n t i a l  f o r  fo rward  scan o f  a c y c l i c  
v o 1tammog ram ( V)

±
E

P
peak p o t e n t i a l  f o r  backward scan o f  a c y c l i c  
voltammogram (V)

O
E standard  p o t e n t i a l  (V)

E° ' formal p o t e n t i a l  (V)

El i n i t i a l  p o t e n t i a l  f o r  e xper im en ta l  c y c l i c  
v o 1tammog rams (V)

E2
f i n a l  p o t e n t i a l  f o r  exper im en ta l  c y c l i c  
voltammograms (V)

Eac
ac component o f  p o t e n t i a l  (V)

Ed
d e p o s i t i n g  p o t e n t i a l  (V)



Edc dc component o f  p o t e n t i a l  (V)

E
g

g e n e r a t i o n  p o t e n t i a l  (V)

Eh h a l f - w a v e  p o t e n t i a l  (V)

E.i i n i t i a l  p o t e n t i a l  (V)

E
n

n u l l  p o t e n t i a l  (V)

E
P

peak p o t e n t i a l  (V)

E
r re v e rs a l  p o t e n t i a l  (V)

Er r e c a p tu re  p o t e n t i a l  (V)

E C. 
r  i

mechanism in which  a r e v e r s i b l e  e l e c t r o n  t r a n s f e r  
is  f o l l o w e d  by an i r r e v e r s i b l e  homogeneous 
chemica l  r e a c t i o n

E
z

p o t e n t i a l  o f  ze ro  charge (V)

e an e l e c t r o n

e r f ( x ) e r r o r  f u n c t i o n

e r f c ( x ) complementary e r r o r  f u n c t i o n

F F a ra d ay 's  c o s ta n t  (96 ,^85  Cmol"1)

F’(s) Lap lace  t r a n s fo rm  o f  F ( t )

2^1 ( a , b ; c ; x ) Gauss' h yp e rg e o m e t r ic  f u n c t i o n

FFT f a s t  F o u r ie r  t r a n s fo rm

FT- 1 R F o u r i e r  t r a n s fo rm  i n f r a r e d

FT-NMR F o u r ie r  t r a n s fo r m  n u c le a r  m agne t ic  resonance

f f re q u e n c y  ( s " M

f ? ( t ) a f u n c t i o n  which  v a r i e s  u n p r e d i c t a b l y  w i t h  t ime  (A

f  ( r )  n
f i t t i n g  f u n c t i o n s  f o r  R ^ ( r )  (A)



f  (s) Lap lace  t r a n s fo rm  o f  F ( t )

G image o f  the  f u n c t i o n  F

6 (g ) g e n e ra t io n  f u n c t i o n  in terms o f  g (A)

G (0) g e n e ra t io n  f u n c t i o n  in terms o f  0 (A)

G? (g) g e n e ra t io n  f u n c t i o n  in  the domain - l < g < l  (A)

GC/MS gas chromatography /  mass sp ec t rom et ry

Gk (x) a po lynom ia l  in an o r th o go n a l  s e r ie s

g und imens iona1ized t ime v a r i a b l e  in the  g e n e ra t io n  
doma i n

g (s ) Laplace t ra n s fo rm  o f  G( t )

H o p e r a to r  d e no t in g  H i l b e r t  t r a n s fo r m a t io n

HMDE hanging mercury drop e le c t r o d e

H ( f ) a f u n c t i o n  o f  f requency  d e f in e d  by F o u r ie r  
t r a n s fo r m a t i o n

h ( t ) a f u n c t i o n  o f  t ime  d e f in e d  by inve rse  F o u r ie r  
t r a n s fo r m a t i o n

hn (9) f i t t i n g  f u n c t i o n s  f o r  G„(g)

I o p e r a to r  d e no t in g  i n t e g r a t i o n

I magni tude o f  a co n s ta n t  c u r r e n t  (A)

I
ac magnitude o f  ac component o f  a c u r r e n t  (A)

IR i n f r a r e d

-ti c u r r e n t  f o r  the  fo rw a rd  go ing ramp (A)

i r1 c u r r e n t  f o r  the backward going ramp (A)

i-1
P

peak c u r r e n t  f o r  the fo rw a rd  go ing ramp (A)

1
P

peak c u r r e n t  f o r  the backward go ing ramp (A)



' d c u r r e n t  a t  a d i s c  e l e c t r o d e  (A)

l R c u r r e n t  a t  a r i n g  e l e c t r o d e  (A)

i
c c a p a c i t a t i v e  c u r r e n t  (A)

f a r a d a i c  c u r r e n t  (A)

i
g

g e n e r a t i o n  c u r r e n t  (A)

j
c u r r e n t  a t  a s p e c i f i c  da ta  p o in t  (A)

i
pa a n od ic  peak c u r r e n t  (A)

i
pc c a th o d ic  peak c u r r e n t  (A)

i
r r e c a p tu re  c u r r e n t  (A)

i
r r e v e rs a l  c u r r e n t  (A)

i r [D] re c a p tu re  c u r r e n t  as d e s c r ib e d  by e xp e r im e n ta l  
da ta  (A)

i r [T] re c a p tu re  c u r r e n t  as d e s c r ib e d  by the  H i l b e r t  
t r a n s fo rm  o f  the g e n e r a t i o n  c u r r e n t  (A)

J number o f  da ta  p o in t s

J . 
J

f l u x  o f  spec ies  j  (mol s - 1rrT‘d)

J j  ( x , t ) f l u x  o f  spec ies  j  a t  a d i s t a n c e  x and t ime  t  
(mol s - 1 m“ 2)

j a loop c o u n te r

Ko
dc le v e l  (V)

Kn
a m p l i t u d e  o f  a p o t e n t i a l  w i t h  f re q u e n cy  nu (V)

K ( t , x ) ke rn e l  o f  an i n t e g r a l  t r a n s fo rm  o f  F ( t )  which 
w i l l  y i e l d  a f u n c t i o n  f ( x )

k a homogeneous r a t e  c o n s ta n t  ( s - i )

k a hete rogeneous r a t e  c o n s ta n t  (ms- 1 )



k *  J-
a b b r e v i a t i o n  f o r  nAFC0D0 2 (As2)

k *  ^  
a b b r e v i a t i o n  f o r  nAFC (2D/irT) 2 (A)

k
c c o n s ta n t  a s so c ia te d  w i t h  c a p a c i t a t i v e  c u r r e n t  a t  a 

d ropp ing  mercury e le c t r o d e  (As1^ )

k f co n s ta n t  a sso c ia te d  w i t h  f a r a d a i c  c u r r e n t  a t  a 
d ropp ing  mercury e le c t r o d e  (As-1/ 6)

k
s s tandard  heterogeneous c h a r g e - t r a n s f e r  r a t e  

c o n s ta n t  (ms- 1 )

L o p e ra to r  d e no t in g  Laplace t r a n s fo r m a t i o n

i - ' o p e ra to r  d e no t in g  inve rse  Laplace T ra n s fo rm a t io n

LCEC l i q u i d  chromatography /  e le c t r o c h e m is t r y

m a loop co u n te r

m r a t e  o f  mercury f l o w  in  a d ropp ing  mercury 
e le c t r o d e  (gs- 1 )

m ( t )
-V

f a r a d a i c  semi i n t e g r a l  (s 2)

mr ( t ) / \r e c a p tu re  semi i n t e g r a l "  (s )

N o rd e r  o f  f i t

N c o l l e c t i o n  e f f i c i e n c y

NMR n u c le a r  magnetic  resonance

n number o f  e le c t r o n s  t r a n s f e r r e d  in an o x id a t i o n  
o r  re d u c t io n  process

n degree o f  a po lynomia l

n a loop co u n te r

n
9

number o f  e l e c t r o n s  consumed in the  g e n e ra t io n  o f  
a Y

n
r

number o f  e le c t r o n s  consumed in the  re c a p tu re  o f  
a Y



0 o x id i z e d  form o f  R

P „ ( x ) Legendre po lynomia l  o f  degree n

Pn <“ - 8 ) (x) Jacobi  po lynomia l  o f  degree n

p a f a c t o r  which is  common to  a l l  exponents in  a 
power s e r ie s

Q ( t ) charge passed as a f u n c t i o n  o f  t ime (C)

0
'9

Qn (x)

charge passed d u r in g  the g e n e ra t io n  phase (C) 

Legendre 's  f u n c t i o n  o f  the second k ind

Qn ( a ' B ) (x) J a c o b i ' s  f u n c t i o n  o f  the second k ind

charge passed d u r in g  the  re v e rs a l  phase (C)

9 o rd e r  o f  d i f f e r e n t i a t i o n

q ( a , B ) (x) n a f u n c t i o n  which a id s  in the e v a lu a t i o n  o f

Q ( a , 6 ) (x) n

R the  reduced form o f  0

R u n iv e r s a l  gas c o n s ta n t  (8 .31^3 J m o l ^ k " 1)

R re fe re n ce  e le c t r o d e

R(r ) re c a p tu re  f u n t i o n  in terms o f  r  (A)

R, ( r ) re ca p tu re  f u n c t i o n  in the domain r < - l  (A)

R2 ( r ) re ca p tu re  f u n c t i o n  in the  domain — 1<r <1 (A)

R3 ( r ) re c a p tu re  f u n c t i o n  in the  domain r> l  (A)

R (<#>) re ca p tu re  f u n c t i o n  in terms o f  4> (A)

RRDE r o t a t i n g  r i n g - d i s c  e le c t r o d e



r u n d im e n s io n a l i ze d  t im e  v a r i a b l e  in  the re ca p tu re  
doma i n

r o ra d iu s  o f  a mercury drop (m)

s dummy v a r i a b l e  o f  Laplace T ra n s fo rm a t io n  w i t h  
re sp ec t  to  t  ( s - 1 )

s2 reduced c h i - s q u a r e  (A2)

m± o p e ra to r  d e no t ing  t r a n s fo r m a t i o n

, - ij. o p e r a to r  d e no t in g  inve rse  t r a n s fo r m a t i o n

T thermodynamic tem pera tu re  (K)

T d u r a t i o n  o f  the  g e n e ra t io n  phase (s)

a t im e  p r i o r  to  the  t r a n s i t i o n  t ime  (s)

t
g

a t ime in the  g e n e ra t io n  phase (s)

t r a t ime  in the  re v e rs a l  phase (s)

UV u l t r a v i o l e t

u dummy v a r i a b l e  o f  i n t e g r a t i o n  (s)

W w ork ing  e le c t r o d e

X spec ies  which is  the  p re c u rs o r  to  Y

|x | a b s o lu te  va lu e  o f  x

Y spec ies  produced in the  g e n e ra t io n  phase

y a d im ens ion less  parameter

y ' d e r i v a t i v e  o f  y w i t h  re sp e c t  to  x

y " second d e r i v a t i v e  o f  y w i t h  re sp ec t  to  x

s
y a d im e n s ion le ss  parameter

s
yj

a d im e n s ion le ss  parameter



z spec ies  produced in the  re c a p tu re  phase

a a paramete r  used in the  d e s c r i p t i o n  o f  Jacobi  
f u n c t i o n s

a t r a n s f e r  c o e f f i c i e n t

6 a pa ram ete r  used in the  d e s c r i p t i o n  o f  Jacobi  
f u n c t  ions

8 a d im e n s io n le s s  parameter

r ( x ) gamma f u n c t i o n

Y t im e  v a r i a b l e  in the  g e n e r a t i o n  domain (s)

Yj
Y  a t  the  da ta  p o i n t  j

Yj
a c t i v i t y  c o e f f i c i e n t  o f  spec ies  j

* j d i f f e r e n c e  between the  f i t  and the  da ta  a t  y.  (A)

At i n t e r v a l  between da ta  p o in t s  (s)

e a smal l  p o s i t i v e  number

c (p ) ze ta  f u n c t i o n

e t im e  v a r i a b l e  in the  g e n e r a t i o n  domain ( r a d i a n s ,  
degrees)

A d u r a t i o n  o f  the  fo rw a rd  scan o f  a c y c l i c  
voltammogram (s)

d p ) lamda f u n c t i o n

V ramp r a t e  (Vs- 1 )

p t ime v a r i a b l e  in the  re c a p tu re  domain (s)

a dummy v a r i a b l e  f o r  Lap lace  t r a n s f o r m a t i o n  w i t h  
re s p e c t  t o  t - T  ( s - 1 )

T dummy v a r i a b l e  o f  i n t e g r a t i o n

-r t r a n s i t i o n  t ime



T2 second t r a n s i t i o n  t im e  (s)

phase a n g le  o f  ac c u r r e n t  w i t h  re s p e c t  to  E
3 C

t im e  v a r i a b l e  in the  r e c a p tu re  domain ( r a d i a n s ,  
degrees)

x M ch i  f u n c t i o n

ip(x) digamma f u n c t i o n

CO r o t a t i o n a l  f re q u e n c y  ( s - 1 )

os
j

a d im e n s io n le s s  parameter

I
J

Cauchy P r i n c i p a l  Value o f  an i n t e g r a l
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