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ABSTRACT

Connecting Entanglement Entropy Growth and Local Integrals of Motion in
the Disordered Fermi-Hubbard Model

Ahad Nokhostin Helm

We study a one-dimensional Fermi-Hubbard model with disorder in charge and
spin degrees of freedom. We calculate the time dependence of the entangle-
ment entropy. While previous research on disordered interacting systems has
typically focused on systems with either charge or spin, our model enables us
to explore the interplay between charge and spin in shaping the behavior of en-
tanglement. We use a method that identifies optimally local charge- and spin-
specific integrals of motion. We ask how the locality level of these integrals of
motion influences the capacity of low-order terms in the l-bit Hamiltonian to
capture the entanglement entropy. Our results show that increasing the locality
level improves the accuracy of low-order terms in capturing entanglement en-
tropy dynamics. With equally strong charge and spin disorder, the behavior of
the entanglement entropy closely resembles that observed in single-degree-of-
freedom systems, and the I-bit Hamiltonian truncated at second order accurately
captures this behavior.

Keywords: Many-Body Localization, Local Integrals of Motion, 1-bit Hamilto-
nian, Entanglement Entropy, Fermi-Hubbard Model, Charge Disorder, Spin Dis-
order, Hungarian Algorithm
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Introduction

In this chapter, we introduce three concepts essential for articulating the research
question of this thesis. Specifically, we cover many-body localization (MBL), en-
tanglement, and local integrals of motion (LIOMs), followed by the formulation
of the research question. Finally, we provide an overview of the remaining chap-

ters.

Many-body localization

MBL is an interesting phenomenon that arises in closed many-body quantum
systems with disorder. This section introduces the concept of MBL, starting
with the definition of equilibrium and then discussing the mechanisms through

which equilibration can be prevented.

Equilibrium

Equilibrium in a physical system is a state in which the system’s macroscopic
properties, such as temperature, remain constant over time and uniform through-
out the system. These stable macroscopic properties arise from the behavior of

the system’s microscopic components, or microstates.

Microstates refer to the specific detailed configurations of all the particles in the

system. At equilibrium, the probabilities of the system being in each microstate



do not change over time. We can take the average of an observable over ap-
propriately weighted microstates of an ensemble, or we can take the average of
an observable over time. In equilibrium, these ensemble and time averages are
the same. If the system starts far from equilibrium, it can evolve toward equi-
librium. Below, we describe how classical and quantum closed systems reach

equilibrium.

Closed classical system: Thermal equilibrium in a closed classical system arises
from the chaotic nature of the dynamics governing the system. In chaotic dy-
namics, as the system explores its microstates, it eventually comes arbitrarily
close to any possible microstate given sufficient time. Chaotic dynamics can
only arise in systems described by differential equations second-order in time

or higher.

For example, consider a dilute gas in a box. If a small amount of gas is injected
into one corner of an initially empty box, the gas molecules will quickly spread
out. Soon, it will be impossible to identify the initial injection point. The gas will
eventually reach a state where its temperature and density are uniform through-

out the container, signifying thermal equilibrium.

Closed quantum system: Quantum systems are governed by the Schrédinger equa-
tion, a differential equation that is first-order in time, and hence does not exhibit
chaotic behavior. Understanding how quantum systems reach equilibrium re-
mains an active area of research. Current understanding suggests that by exam-
ining the properties of subsystems we can infer whether the entire system has

reached equilibrium.

For example, consider a one-dimensional chain of lattice sites, where particles
can move between sites. We focus on a single site as a subsystem, using the oc-

cupation number at this site as the observable of interest. In equilibrium, the



expectation value of the occupation number at this site is consistent with its en-
semble average, which is calculated using the Boltzmann distribution. The rest
of the system acts as a thermal bath, with its temperature determined by the

energy of the full system.

When the system is initially in an energy eigenstate, it remains static, showing no
time dependence. However, when the system starts in a superposition of energy
eigenstates, there will be time dependence. In this case, if the system begins out

of equilibrium, it can evolve toward equilibrium.

Failure to equilibriate

There are various mechanisms through which a quantum system can fail to equi-
librate. Here, we focus on how this can occur due to disorder. We'll begin by
examining non-interacting particles moving on a lattice and then explore the

interacting case, leading to a definition of MBL.

Non-interacting particles: Anderson localization

Disorder in non-interacting systems changes the dynamics of particles, leading
to Anderson localization, a phenomenon that was originally demonstrated by

Anderson.[1]

Consider the example of a one-dimensional lattice with an initial state where a
single particle is inserted at the central site. Initially, the wavefunction is a delta
function and can be represented as a weighted sum of energy eigenstates. As
time passes, the probability amplitude of finding the particle at a given site shifts
from being solely at the central site and spreads out into surrounding sites. How-
ever, this spreading is limited to the spatial extent of the eigenstates included in

the weighted sum of the initial delta function. The system is in equilibrium if



each site has an occupation number consistent with the ensemble average, which

means uniform occupation across all sites.

Consider two systems: one clean and one disordered. In the clean system, all
lattice sites have equal potential. The energy eigenstates are Bloch states that
extend uniformly over the entire lattice. The probability amplitude of finding the
particle spreads to the whole lattice. Figure 1.1 (a,b,c) shows the time evolution
of the occupation number at each site in the clean system. At long times, as
shown in Figure 1.1(c), the occupancy of each site becomes steady and uniform.
In this uniform distribution, the occupation number at each site converges to 1/L,

consistent with the ensemble average.
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Figure 1.1: The probability distribution [i/(t)* as a function of position for a
chain of 100 sites, with the initial state being a single particle located at the cen-
ter of the chain, the clean system (a,b,c) and with site disorder (uniform distri-
bution of width 4.0) (d,e,f).

In the disordered case, each site has a different potential. This alters the nature
of the eigenstates; instead of Bloch states, the eigenstates become Anderson lo-

calized. These eigenstates are localized in specific regions of space and decay



exponentially away from those regions. Localized eigenstates with similar ener-
gies are spatially separated.[2] Since the initial delta function is a weighted sum
of a few localized eigenstates, the probability amplitude does not spread across
the whole lattice. Figure 1.1 (d,e,f) shows the time evolution of the occupation
number at each site in the disordered system. Even at long times, a site far from
where the particle was inserted shows no probability of occupation. The occu-

pation number at this site is thus zero, in contrast to the ensemble average.

In general, a non-interacting system may have multiple particles. The many-
body wavefunction is a product of single-particle states. Each single-particle
wavefunction evolves independently and is governed by the system’s energy
eigenstates. In a disordered non-interacting system, this evolution fails to equi-

librate due to the localized nature of the energy eigenstates.

Interacting particles: MBL

In the presence of interactions, the system’s state can no longer be described
simply by the occupancy of a set of single-particle states; instead, the state of
all particles must be described together. Consequently, the Hilbert space ex-
pands significantly. MBL is a phenomenon occurring in interacting disordered
quantum systems, where disorder prevents the system from thermalizing and
reaching equilibrium. Similar to Anderson localization, MBL systems retain a
memory of the initial state and exhibit a form of spatial localization, which will

be discussed in detail later in this chapter.

MBL key developements

The interplay between interaction and Anderson localization was first addressed
by Fleishman and Anderson.[3] Using perturbation theory, they suggested that

localization can persist despite interaction. Following their work, numerous



studies were conducted on this topic. However, significant advancements were
made by Gornyi et al.[4] and Basko et al.[5], who investigated the dynamical
properties of interacting electrons in low-dimensional disordered systems at low
temperatures. They found that below a critical temperature, the electron trans-
port is suppressed due to localization. These studies suggest that localization

persists even in interacting systems, setting the stage for the investigation of

MBL.

Subsequent research has expanded our understanding of MBL, focusing on var-
ious aspects such as its persistence in the thermodynamic limit, the nature of the
transition from an ergodic system to an MBL system, what exactly is local within
the MBL system, the dynamics of information and entanglement propagation,
and the suppression of particle and energy transport in MBL systems. [6], [7],

and [8] are some major reviews on the topic.

MBL in experiment

Various experiments have found evidence of MBL. An example is an experiment
by Schreiber et al. [9] They studied an isolated system of interacting ultracold
atoms confined in a one-dimensional optical lattice. They prepared the system
in an initial state, in which site occupancies alternate between two particles and
empty. The sites with two particles were labeled as even sites, while the empty
sites were labeled as odd sites. They then applied a quasi-periodic potential, cre-
ated by superimposing two incommensurate periodic potentials. For the small
size of the system, this quasi-periodic potential acted similarly to random dis-
order. They measured the imbalance between the particle density in even and
odd sites over time. In cases where the disorder potential was weak, they noted
a rapid reduction of this imbalance towards zero, indicating the system reached
thermal equilibrium. Conversely, with a strong disorder potential, the imbal-

ance initially declined but then reached a non-zero saturation value. The system



did not thermalize and localization persisted even in the presence of interactions,

providing experimental support for MBL.

In the following sections, we will discuss two specific quantities used to char-
acterize MBL systems: entanglement and LIOMs. This will be followed by pre-

senting the main question of our research.

Entanglement

Entanglement is a fundamental concept in quantum mechanics that has no clas-
sical equivalent. In this section, we will define entanglement, explain how it
evolves in many-body systems, and discuss its importance, especially in MBL

systems.

Definition of entanglement

A composite system is a system composed of two or more subsystems. Entan-
glement is a quantum phenomenon where the global state of a composite system
cannot be expressed as a product of the states of individual subsystems. As an
example, consider a bipartite system of two sites between which spin-1/2 par-
ticles can move. Below, an example of a non-entangled state and an entangled

state in this system are described.

A non-entangled state or product state is a state that can be expressed as the prod-
uct of the states of individual subsystems. For example, one spin-up fermion
on the left site and one spin-down fermion on the right site, denoted as [T), ., ®

Il)Right. A product state has zero entanglement.

An entangled state is a state in which the state of one subsystem cannot be de-

. . . . 1
termined without considering the state of the other. For example, $(Il)Left ®



Mrignt + Miese ® Nrigny)
A system that starts in a product state may evolve in time to an entangled state.

Having established the foundational understanding of entanglement, let’s now

turn our attention to its dynamic behavior over time.

Time evolution of entanglement

Entanglement can be quantified in various ways. The specific measure we use
will be defined in the next chapter. Here, we describe qualitatively the evolu-
tion of the entanglement starting from a product state. In a generic system, in
the absence of disorder, entanglement grows linearly in time, bounded solely by
system size.[10, 11, 12] In an Anderson localized system, entanglement grows
rapidly for a short period and then saturates to a constant value which is inde-
pendent of the system size.[13, 14] In an interacting disordered system, entan-
glement has the same initial rapid growth, but, instead of going flat, continues
to increase logarithmically in time and is ultimately limited by the system size.

[10, 15, 16, 17, 18]

Entanglement growth in experiment

Understanding entanglement in MBL systems poses significant experimental
challenges. Measuring entanglement is difficult because it is a property of the
wavefunction, and wavefunctions of many-body systems are incredibly hard to
measure. To fully characterize a wavefunction, one needs to measure the proba-
bility density everywhere, multiple times, and even then, the phase information

remains elusive.

The entanglement observed in a closed quantum system arises from two sources.

The motion of particles across the boundary between two subsystems produces



entanglement known as number entanglement. In addition, the correlations be-
tween particle configurations in the two subsystems can contribute to entangle-
ment. This form of entanglement, which arises independently of particle trans-

port between the subsystems, is called configuration entanglement.

A pioneering experiment by Lukin et al. [19] investigated an isolated 1D sys-
tem of ultra-cold bosonic atoms confined in an optical lattice. They quantified
number entanglement by raising the barrier between lattice sites to project the
wavefunction onto each site and then measured the number of particles on each
site. They also estimated configuration entanglement by measuring density-
density correlations. This experiment marked the first time researchers success-
fully identified and characterized the logarithmic growth of entanglement in the

MBL state in a closed quantum system, aligning with theoretical models.

Why is entanglement useful?

Understanding the evolution of entanglement in quantum systems is interesting

for several reasons.

Firstly, entanglement is a key resource in quantum computing. Classical com-
puters store information in bits, physical systems that are in either a 0 or a 1
state. Quantum computers store information in qubits, which are described by
a wavefunction. For quantum computers to perform computations beyond clas-
sical capabilities, these qubits must be entangled. The unique properties of en-
tangled qubits enable quantum algorithms to solve certain problems much more

efficiently than classical algorithms.[20]

Secondly, entanglement can be used to characterize different phases of matter.
For example, previously, we saw that entanglement growth is different in non-
disordered, Anderson localized, and MBL systems. Additionally, entanglement

has been used to study topological phases, which are challenging to characterize
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using traditional local order parameters. [21]

Thirdly, entanglement characterizes information transport in quantum systems.
Consider two parties, Alice and Bob, controlling different parts of a 1D system.
Alice can encode a message by creating a perturbation on her part of the chain,
while Bob measures some local operator on his part. Over time, Bob can receive
the encoded message sent by Alice. [22] There is a theoretic limit on the speed
of information propagation called the Lieb-Robinson bound.[23] Recent studies
have shown a close relationship between the propagation of information and the

growth of entanglement.[24, 25]

In summary, entanglement is a powerful tool for understanding quantum sys-
tems. It plays an important role in quantum computing, characterizes different

phases of matter, and provides insights into information transport.

Local integrals of motion

This section starts by explaining what LIOMs are and why they are useful. Then,
we look at how they can be constructed, discussing the challenges involved and

the different methods used.

What are local integrals of motion?

Before getting to the definition of LIOMs, let’s first explore what being conserved

and local mean.

Conserved quantities

A conserved quantity is an observable that remains constant over time, implying

that its corresponding operator commutes with the Hamiltonian. Systems can
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possess multiple conserved quantities. A combination of two or more conserved
quantities, either sum or product, is also a conserved quantity. Two conserved
quantities are called independent if their corresponding operators are orthogo-
nal: one cannot be expressed in terms of the other. An example of a conserved

quantity is a projector operator onto one eigenstate of the Hamiltonian.

Locality

A strictly local operator only affects the state of one site while leaving all other
sites unchanged. The concept of locality can be extended to include quasi-local
operators, which can influence a finite region of neighboring sites, but with di-
minishing influence as we move away from the central site. This thesis will use

the term local operator to mean either a strictly local or a quasi-local operator.

Definition of LIOMs

LIOMs are conserved quantities that are also local. The LIOMs of a system are
not unique due to the possible combinations.[18] If two LIOMs in the same re-
gion are combined, the combination remains a local operator as well. In practice,
researchers use the term LIOM with slightly varying meanings. Some methods
for constructing LIOMs yield only approximately conserved local quantities, as

discussed in Section 1.

Why are LIOMs useful?

LIOMs do not exist in all systems; their existence is characteristic of MBL sys-
tems. For the purpose of this thesis, LIOMs are valuable for two main reasons.
Firstly, LIOMs and their products can be used to construct a complete set of op-

erators in an MBL system. The LIOM operators and their products can chosen to
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be independent (orthogonal). Consequently, any observable of interest, includ-
ing the Hamiltonian, can be expressed as a linear combination of the operators
in this set [26, 18], and this set provides a powerful framework for analyzing and
understanding the properties of MBL systems. We will specify precisely how we
construct the complete set in Chapter 2. Secondly, the existence of LIOMs in a
system helps explain the unique time dependence of entanglement in MBL sys-
tems. A system that has one or multiple LIOMs is inhibited from exploring all
possible microstates. As a result, different remote parts of the system become en-
tangled more slowly compared to a system without any LIOMs. This restriction
on entanglement growth due to LIOMs is a key feature that distinguishes MBL

systems from generic systems, where entanglement grows linearly.[10, 11, 12]

How are LIOMs constructed?

LIOMs can be constructed exactly from the eigenstates of an interacting Hamil-
tonian. However, in many-body systems, the Hilbert space grows exponentially
with system size, making it impractical to find the exact eigenstates for large sys-
tems. Another challenge is the non-uniqueness of LIOMs, as multiple operators
can act as conserved quantities while exhibiting varying degrees of locality. As
a result, it is essential to establish a mechanism for defining and optimizing the

locality of these quantities in each construction approach.

Overview of methods for construction of LIOMs

There are various methods to define and construct LIOMs, each differing in how
they balance conservation and locality. Below, we survey a selection of approxi-
mate methods and describe how the LIOMs constructed using these approaches
achieve conservation and locality. Next, we review a few of the exact methods

and, finally, introduce the method used in this thesis.
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One of the first approaches taken is a perturbative approach, which starts with
the exact eigenstates of the non-interacting Hamiltonian and treats the interac-
tion as a perturbation. Researchers use perturbation theory to modify a strictly
local, non-conserved operator into an approximately conserved and quasilocal
one. This method has been effective in constructing approximately conserved
operators for large systems.[27, 28, 29] However, it is limited by its reliance on

weak interactions and is not accurate for strongly interacting systems.

Another method involves combining local operators in real space with adjustable
coefficients to construct conserved operators within a specific region. By em-
ploying a minimization algorithm, researchers adjust these parameters to find a
conserved operator. This approach, which does not require weak interactions,
has been used to create approximately conserved operators that act within a
specific region.[30] The conservation and locality achieved are approximate and

depend on the effectiveness of the minimization algorithm.

A different strategy uses a unitary transformation operator called a displace-
ment operator to shift the operators in phase space. Starting with strictly local
operators, a series of displacement operators is applied to make a combination
of them conserved. These transformations retain the quasi-local character of the
operators. This method has successfully constructed approximately conserved
LIOMs for systems up to 30 sites [31], though it is computationally intensive for

larger systems.

To improve computational efficiency, a continuous version of displacement op-
erators, known as the tensor flow equation, has been developed. This method
offers higher efficiency and lower computational costs compared to using con-
secutive discrete displacement operators and has been applied to systems up to

36 sites.[32] Despite its scalability, it is still limited by system size.

Another innovative method involves long-time averaging of local operators. Over
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time, local operators become nonlocal, but long-time averaging turns them into
local operators as the nonlocal terms average out. This approach has shown that
as the averaging period increases, the resulting LIOMs become more localized.
Researchers have found exactly conserved and local LIOMs for systems up to
16 sites using this method.[33, 34] However, it is computationally intensive for

long times and larger systems, and it is not clear that they are optimally local.

In another approximate approach, He et al. [35] started from the eigenstates
of the non-interacting case and used a combinatorial optimization algorithm to
identify maximally local LIOMs. This method was designed for weakly inter-
acting systems, and while it achieved high locality, the LIOMs it produced were

only approximately conserved.

While approximate methods provide valuable insights into the existence of LI-
OMs and characterize MBL in different systems, exact approaches aim to con-
struct LIOMs that are maximally local and exactly conserved. These approaches
use the energy eigenstates of the interacting Hamiltonian and various mecha-
nisms to optimize locality. For example, Peng et al. [36], Adami et al. [37], and
Gholami et al. [38] used the eigenstates of interacting Hamiltonian and map-
ping techniques to find exactly conserved LIOMs. However, these approaches
did not incorporate a specific method to ensure the LIOMs achieved maximal

locality.

We use an exact method with a mechanism to make the conserved quantities
maximally local. In Chapter 2, we will describe this exact method and the mech-

anism in detail.
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Research question

The list of methods provided above has been applied to systems with a single
degree of freedom per site — either spin or charge. In contrast, we focus on a
system that incorporates both spin and charge degrees of freedom at each site,

as seen in experimentally realized MBL systems like cold atomic gases.

To model such a system, we study a one-dimensional lattice known as a Hub-
bard chain, in which spin-1/2 particles move freely between neighboring sites
and interact only when occupying the same site. Broadly, this thesis addresses
the question: Starting from a non-entangled state, how do the charge and spin

degrees of freedom contribute to the growth of entanglement?

There has been previous research on MBL in the Hubbard chain. For instance,
studies on a Hubbard chain suggest that disorder in the charge channel alone,
without disorder in the spin channel, is insufficient to localize both charge and
spin degrees of freedom.[39, 40, 41 ] Additionally, the introduction of both charge
and spin-dependent disorder leads to the localization of both charge and spin
degrees of freedom [39], and preliminary investigations into entanglement sug-

gest a logarithmic growth within the limited timescale studied. [39, 42]

Early work on identifying LIOMs in the Hubbard chain by Wortis and Kennet
[43] optimized the locality of LIOMs in a two-site Hubbard model with disor-
der only in the charge degree of freedom. Later, Leipner-Jones and Wortis [44|
found maximally local and exactly conserved LIOMs in a larger Hubbard chain
with disorder in both charge and spin degrees of freedom. Their identified LI-
OMs were specific to either charge or spin degrees of freedom, showing how

localization in one degree of freedom relates to disorder in the other.

We will use the method of [44] to construct maximally local and exactly con-

served LIOMs. By focusing on how these LIOMs and their products contribute
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to the spreading of entanglement throughout the Hubbard chain, this thesis
aims to explicitly connect entanglement growth with the LIOMs. Exploring the
relationship between LIOMs and entanglement growth is also practically rele-
vant to experimentally realized systems, such as cold atomic gases. Understand-
ing this connection could offer valuable insights for developing strategies to con-
trol entanglement in these systems, a key component of quantum information

processing.

Overview

The rest of the thesis is organized as follows. Chapter 2 introduces the Hamil-
tonian of the system and describes how operators and states are represented in
different bases. It also details the method used to construct exactly conserved
and maximally localized LIOMs for both charge and spin degrees of freedom.

Furthermore, this chapter describes the measure used to quantify entanglement.

Chapter 3 focuses on the computational framework. It describes how the matrix
representation of the Hamiltonian and LIOMs is constructed, explains the calcu-
lation of entanglement entropy, and outlines the averaging procedures. Notably,
it provides a detailed description of the combinatorial optimization algorithm,
which is used to make the LIOMs maximally local, and elaborates on the re-

search question.

Chapter 4 presents our results. Lastly, Chapter 5 summarizes the findings and

discusses potential directions for future research.
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Method

This chapter describes the methods used to construct LIOMs and quantify en-
tanglement. We begin by detailing the Hamiltonian and representations of our
system in various bases. Next, we outline the process for identifying IOMs and a
mechanism to make the IOMs maximally local. Next, we give the LIOMs charge
and spin character. We then proceed to develop a complete set of operators,
composed of these charge- and spin-specific LIOMs and their products, and ex-
press the Hamiltonian in terms of this operator set. Finally, we explain how to

calculate EE, a measure of entanglement.

Hamiltonian

This section details the Hamiltonian of our system and defines the Fock basis
and the energy basis. We also describe the concept of unitary transformations

and how they generate a change of basis, in which the operators are represented.

Our system of interest consists of spin-1/2 fermions, which obey the Pauli ex-
clusion principle. These fermions move within a one-dimensional lattice, where
they can hop between neighboring sites. The fermions interact with each other
through an on-site Coulomb repulsion when they occupy the same site. The dis-
order is introduced as random potentials and magnetic fields on each site. The

Hamiltonian for this system is:
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H = _th Z Z (6}06i0+6206j0)+u 2 ﬁiTﬁii_i_ Z ei(ﬁiT +ﬁil)+ 2 hi(ﬁiT_ﬁil) (21)
i i i

o=T,| <ij>

In Eq.(2.1), the first term is the hopping term where t;, is the hopping amplitude,
)

¢, is fermion annihilation (creation) operator that removes (creates) a fermion
with spin ¢ = +1/2 on site 7, and < i,j > indicates that the summation runs over
only nearest neighbor sites. The second term is the Hubbard interaction term in
which U is a positive real number and 11;, = ?::-rgéia is called the number operator
for spin o on the i-th site. The third and fourth terms are disorder in charge and
spin, respectively, in which €; and h; are random variables drawn from uniform

distributions over the intervals [-W;,, Wy,] and [-W,, W, ].

The Hamiltonian in Eq.(2.1) conserves total particle number and net spin in the
z direction. These are globally conserved quantities, in contrast to LIOMs which
are locally conserved quantities. The Hamiltonian operator itself is independent
of any basis. For a given Hilbert space, one can choose a set of states that spans
the space, known as a basis, express states (wavefunctions), and operators in
this basis. Below, we describe two such bases: the Fock basis and the energy

basis.

Fock basis

In the Fermi-Hubbard chain, particles in each site can be in one of four differ-
ent states: |0) (empty), |T) (spin-up fermion), ||) (spin-down fermion) or |2)

(doubly-occupied).

For a chain with L sites, a Fock state |n) is a product of the states of each site

within the chain:
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|7’l> = |Z>L ® |Z>L—l Q@ ® |l>2 ® |l>1 s (22)
where [I), is the state of site i .

The set of Fock states forms a complete and orthonormal basis that spans the

Hilbert space. We represent the Fock basis as {[1),[2), ..., |N)} where N = AL,

A state |¢>, a many-body wavefunction of the particles in the Fermi-Hubbard

chain, is expressed in the Fock basis as:

[v) =Y In) (nfy) (2.3)

n

An operator, such as Hamiltonian H, can be expressed in Fock basis as:

H =Y, In) (nlHlm) (m| =Y, (n| H |m) [n) (m| (24)

Energy basis

The eigenstates of the Hamiltonian {|E,;)}, defined by HI|E,) = E, |E,), form an-

other complete set of states that spans the Hilbert space, called the energy basis.

A state [i)) is expressed in the enegy basis as:

[0 = D] IE) (En|ip) (2.5)

n

An operator, such as the Hamiltonian, can be expressed in the energy basis as:

A = Y E) B HIE) (Bl = S E, E) (Bl (2.6)
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Eq.(2.6) makes transparent that Hamiltonian is diagonal in energy basis.

Unitary transformations between bases

A unitary transformation is a map between two inner product spaces that pre-
serves the inner product. When the map is from a space back onto itself, it is

called a unitary operator [45]. A unitary operator satisfies UU" = UtU = 1.

In quantum mechanics, a unitary transformation generated by the unitary oper-
ator U transforms all states as U |1,l)> = |gb') and all operators as UAU" = A’. This
unitary transformation preserves the Hermiticity of operators, operator equa-

tions, eigenvalues of operators, and matrix elements (| A |lp>

In this thesis, we use a unitary operator of the following form to generate the

transformation from the Fock basis to the energy basis:

0 =Y ny(E,| (2.7)

We use a particular matching of the Fock states to the energy eigenstates, as

discussed below in Section 2.

Matrix representation

From 2.2 to 2.7, all equations are in the Dirac notation, in which the states {|n)}

and {|E,)} can be represented in any chosen basis.

For computational purposes, these symbolic expressions of states and operators
need to be converted into vectors and matrices, as computers operate with num-

bers rather than symbols.
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To distinguish between an operator (or state) and its matrix (or vector) repre-

sentation, we use the following notation:

e Representations in the Fock basis are denoted with the subscript F, while

those in the energy basis use the subscript E.
e The vector representation of a state is denoted by a vector symbol.

e The matrix representation of an operator is denoted by double underlines.

Vector representation of a state in the Fock basis is

Wr)i = 3 n|w) ilny = ¥ (nlwy 61 = (ily)

(1w
PF = <2|f”> (2.8)
(Nl)
Similarly, the vector representation of a state in the energy basis is:
(Eqly)
Tr = <Ez.|¢> (29)
(Enfw)

Matrix representation of the Hamiltonian in the Fock basis is

(H ); = Gl H|j)
F
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(QAn QAR . AN
QAL QAR .. QHN)

H = (2.10)
F
((NIA) (NIFR) .. (NIFINY
Matrix representation of the Hamiltonian in energy basis is:
(..HE)ij = (Eil H |E;)
(EAlHIEy) (EilHIE) .. (ElHIEN)| |Er 0 . O
(E,|HIE;) (E)|HIE,) .. (E,|H|Ey) 0 E, .. 0
H = 2 1 2 2 2 N 2 (2.11)
E
(ENHIE) (ENHIE) . (ENIHIEN)| [0 0 . Ey

The elements of the operator U are the same whether it is expressed in the Fock

basis or the energy basis.

(@ )y = 25 Cim)(Enlj) = 2050 = CEil)
(W ); = S Bl (EE;) = 31850 = CE) 212)

Note that the rows of the matrix representation of the unitary operator U are
the transpose of the vector representation of the energy eigenstates in the Fock

basis.

Using the matrix U, a state is transformed from the Fock basis to the energy basis

as:
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U¢F E(u)nm(lpl-")m
= Y (E,lm) (m|p)

=(Eq| Q] Im) (ml) |9} =
=(Yp),

= Uy =r (2.13)

The oy and 1 are the vector representations of the same state in the Fock and

energy bases, respectively.

The Hamiltonian is transformed from the Fock basis to the energy basis as:

UH U, Z(U)np(H g g
F P

=Y (Eulp) <p| H |q) q|Em)
pq
= ) DA |9) a) 1E)
p q

=(E,|IHI|E,,)

= <En|I:I |Em> = (ﬂE)nm

N:
=

u'=
F E

NI

(2.14)

H and H are matrix representations of the same operator H in the Fock and

F E
energy bases, respectively.
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Local integrals of motion and writing the Hamiltonian in terms of them

In this section, we outline our method for generating IOMs and describe an opti-
mization technique to make them as localized as possible. Using this approach,
we make LIOMs specifically with charge or spin character. We then use these
LIOMs to construct a complete set of operators, which allows us to fully expand

the Hamiltonian in terms of this set.

Creating integrals of motion

An integral of motion (IOM) is an operator representing a conserved quantity,
which consequently commutes with the Hamiltonian, as discussed in Section 1.
Below, we outline our method for identifying these integrals of motion within

our model.

The transformation from the energy basis to the Fock basis is generated by the

unitary operator Q = U, where:

Q=2 IEp> (rl (2.15)

p

The matrix elements of the operator Q are the same in both the energy and Fock

bases:

(Q )ij = YUEAEXPIE;) = Y] 6 (pIE;) = GIE)). (2.16)
E p p

The columns of Q are the energy eigenvectors expressed in the Fock basis.

Here, we will show that applying Q to an operator that is diagonal in the Fock
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space, generates a new operator which is diagonal in the energy basis and hence

is an integral of motion.

Consider an operator A that is diagonal in the Fock basis:

=<§n] ) <”')A(; e
= Zm In) ((n] Alm)) (m]

= En; 1) (A (mlmy) (m]
=§M%Ww

=D A, In) (nl (2.17)

Applying the unitary transformation Q to A produces a new operator A”:

A =QAQ"
<;Eww2mmn
;umwmm|
gaAMM@|
%HA%@A

=2 A, IE,) (E,| (2.18)

Table 2.1 summarizes the effect of the unitary transformation on an operator A.

Since the operator A’ is diagonal in the energy basis, it commutes with the

Hamiltonian H, making it an integral of motion.
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A A’
Energy basis A where (A )l] (Eil AIE;) A where (A )l]

Fock basis A where (A )Z] = <1|A|]) Ajdjj

1]

Table 2.1: Most commonly, a unitary transformation is carried out in matrix
representation and is used to take an operator A expressed in the energy basis
and re-express it in the Fock basis (moving vertically in the table). However, as
shown in Eq.(2.18), the unitary transformation executed in Dirac notation can
be seen as creating a new operator A’ which has the same elements in the energy
basis as the operator A has in the Fock basis (moving horizontally in the table).

Thus, the unitary transformation generated by Q on an operator that is diagonal

in the Fock basis produces a new operator that is an integral of motion.

Local integrals of motion

In Section 2, we described how we construct integrals of motion by the unitary
transformation of an operator that is diagonal in the Fock basis. Our objective is
to generate local integrals of motion. To achieve this, we start with a local oper-
ator and then change the operator as little as possible with the unitary transfor-

mation.

We begin with an operator, A, that is both local and diagonal in the Fock ba-
sis. A unitary transformation, Q, is then applied to A to generate an integral
of motion,A’. If Q were the identity operator, the resulting integral of motion
would remain local. Therefore, Q is constructed to be as close as possible to the
identity operator. This ensures that the resulting integral of motion, A’, is being
changed as little as possible compared to the original operator, A, and maximally

preserves the locality of A.

We denote such an optimized unitary operator as Qopt. The transformation of op-
erator A generated by Qopt, results in a local integral of motion: A = QoptAQgpt.

In the following, we describe how we find Qopt'
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A unitary operator Q maps the energy eigenstates |E,) to the Fock states |1),
as defined in Eq.(2.15). In the matrix representation, the columns of Q are the
energy eigenvectors in the Fock representation. The order of the columns in
Q determines the correspondence between the energy eigenstates and the Fock
states. The numerical approach that we are using produces Q such that the or-
der of columns is in increasing energy eigenvalues, {EO, El, - EN—l}- Therefore
initially, the ground state |E0) is mapped to |0), the first excited state |E;) to [1),

and so on.

However, a Q with a different order of columns assigns energy eigenstates to the

Fock states differently.

Q In) = E(Ea(p)|p> (n| = Z(Eu(p)lépn = |Eu(n)> (2.19)
p p

In Eq.(2.19), a(n) is an integer from 0 to N —1 and specifies the energy eigenstate

|Ea(n)> that is assigned to the Fock state |n).

The combination of all a(n)s forms the assignment array {a(n) : n =0, ..., N -1}

thatis equivalent to a specific order of the energy eigenvectors {Ea(o), Ea(l), - EQ(N_D}

in g

The assignment array {a(n)} can be any permutation of the integers from 0 to
N — 1. There are N! possible assignment arrays, each representing a different

correspondence between the energy eigenstates and the Fock states.

Our approach is to find a specific order of columns in the matrix representa-
tion of the unitary operator Q, such that the sum of the magnitudes of the di-
agonal elements is maximum. Such an order of columns determines the matrix
representation of the operator Qopt which is as close as possible to the identity

operator.
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In Section 3, we describe the combinatorial optimization method used to find
the permutation of integers in the assignment array {a,} that maximizes the sum

of the diagonal elements’ magnitudes in the matrix representation of Q.

Charge and spin

We are interested in distinguishing the influence of charge and spin. Therefore,
we now focus on local operators in the Fock basis that are specific to the charge

and spin degrees of freedom for each site.

The on-site charge density, cii, and magnetization, 1;, are local operators that are

diagonal in the Fock basis.

n

iy = ehey — el = Yy my, In) (nl. (2220)
n

The unitary transformation generated by Qopt yields LIOMs that are specific to

the system’s charge QopﬁiQ:;pt and spin QoptrﬁiQ:;pt degree of freedom.

However, these are not quite the LIOMs that we will use. In the next section, we

will describe the slight modifications we will make to better suit our objectives.

Complete set of operators

We want to express the Hamiltonian in terms of LIOMs and their products. Be-
low, we describe how we construct a complete and orthonormal set of operators,

based on the charge and spin LIOMs. This set spans those operators within the
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Hilbert space that are diagonal in the energy basis, such as the Hamiltonian it-
self. By fully expanding the Hamiltonian in terms of these operators, we gain a
structured approach to analyzing how charge and spin LIOMs contribute to the

system’s dynamics.

We begin by defining a special type of inner product called the Frobenius inner
product. We then build a complete and orthogonal set of operators for a single
site and extend this construction to L sites. Finally, we express the Hamiltonian
using this complete set and discuss how we can isolate the contribution of indi-

vidual IOMs to the system’s dynamics.

The Frobenius inner product

The Frobenius inner product between two operators A and B is defined as:

(A,B) = Tra'B) (2.21)

This inner product provides the mathematical foundation for constructing our

complete set of operators.

Note that the Frobenius inner product is invariant under any unitary transfor-
mation:

(UAUT, UBUY) = (A, B) (2.22)
In Section 3, we will use the invariance of the Frobenius inner product to con-
struct a complete set of operators diagonal in the Fock basis.

An operator A is normalized if (A, A) = 1, and two operators A; and A, are

orthogonal if (A, A, =0.
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Complete set of operators for one site

Here, we describe how we construct a complete set of operators for a one-site
system, therefore, the operators are going to have a superscript (1). We start with

the charge densit tf(l), the magnetization MY and the identity [ @) operators.
g y 4; g i y i Op

dV =11 (11 + 1Ll +212)¢2) (2.23)
i =11 (11 = 1Ly (Ul (2.24)
I =10y o1+ 1) (71 + 14y (UL + 12) €2 (2.25)

As discussed in the previous section, the unitary operator Qopt transforms the

Fock state [n) to the energy eigenstate |E,)):

Qopt In) = |Ea(n)> (2'26)

Hereafter, we will denote the optimized unitary operator as Q for simplicity.
Applying this transformation to the charge density and magnetization operators

gives us the initial version of LIOMs:

A A 1 A
Qi = By} Ean) = [Ea))Eacy) (2.27)

The identity operator retains the same form across all bases:
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A1
I = |E ) Ea)] + IEanyEatn) + [EayEaq)| + 1Ea@)Eag2) (2.28)

This initial version of this set of operators is not orthogonal, not normalized, and

not complete.
Orthogonality

The initial version of the spin LIOM, le(-l)QJr, is orthogonal to the identity [ and
initial version of the charge LIOM ngl)QJr. However, the initial version of the

charge LIOM le(.l)QJr is not orthogonal to the identity I.

A 1 A Al A 1 A
QNG 0V Ot =0
OO 1) =0

QA" Q1) #0 (2.29)

To address this we construct a version of the charge density operator, that is

orthogonal to the identity operator:

dY = (g + iy — ) = =10y (0] + 12) 2 (2.30)
By applying the unitary transformation Q to this modified charge density oper-

ator, we obtain a new version of charge LIOM that is orthogonal to the identity

operator:

A 1 A
QdV Q" = ~|Ey0)XEa@)| + [Ea2)XEap) (2.31)
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Now, the three operators of Ifl), Qﬁgl)QJr, Qﬁigl)QJr are mutually orthogonal:

a0, omM ot =0
1, OAV Ot =0

(I, QA" Q") =0 (2.32)

Normalization

The current version of charge ngl)Q‘L and spin Qﬁigl)Q* LIOMs are not yet nor-

malized.

To normalize these operators, we multiply the operators Qtfz(-l)Q‘L and Qﬁflz(-l) of

by V2. We denote these normalized operators by:

4 =\20d00t

m{? =20 O (2.33)

Now, the three operators IAZ.(D, dlgl) and ]1’1’11('1) are normalized:

1 1 1 1 1 1
@17 = @, a”) = @, m?) =1, (234)
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Completeness

The number of degrees of freedom of the Hamiltonian is equal to the dimension
of the Hilbert space since the Hamiltonian is diagonal in the energy basis. For a
single site, the Hilbert space dimension is 4, meaning one requires four operators

to fully expand the Hamiltonian. So far, we have identified three operators: fil),

@Ul(.l) and ngl). To complete the set, we need a fourth operator that is mutually
orthogonal to these three. This fourth operator is derived from the following

operator:

~ 1 ~ (1

o ="y - ()2
=1 — 271, — 271y, + A,
=i it STy o+ Sty

=10) CO[ = IT) (T = 1) (L + 12) €2 (2.35)

The operator 6; determines the type of site i: +1 for charge-type sites and -1 for

spin-type sites.

The fourth and final operator in the complete set for a single site is denoted as

cogl) = Q?)l(-l)Q*. As shown in Eq.(2.35), this operator is of second order in the

LIOMs and we will therefore refer to it as the second-order on-site operator.

)

The operator o; ’ is normalized, (@El), @El)) =1, and it is orthogonal to the other

three operators: (0(1),d§1)) = (01(1),Irn§l)) = (0(1) IQ)) =0.

i i 750

Thus, the complete and orthonormal set of operators for a single site consists of:

1. The identity operator
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2. the charge LIOM
d =0aV Ot (2.36)
3. the spin LIOM
m'? =0mM Ot (2.37)
4. the on-site 2nd-order operator

oV 0o 0yt (2.38)

For clarity, we emphasize (i) that Eq.(2.27) through Eq.(2.38) refer to a system
consisting of a single site and (ii) that the same unitary operator Q is applied in

all cases.

Complete set of operators for L sites To construct the complete set of operators
for L sites, we take the outer product of L operators, one for each site, chosen
from the set of four single-site operators listed above. This creates a complete

set of operators for L sites.

The complete set contains N = 4L operators, corresponding to the dimension
of the Hilbert space. While it might initially seem that a complete set would
require the square of the Hilbert space dimension, this is not the case here, as
we are only expanding operators that are diagonal in the energy basis. These
operators are categorized by the number of distinct LIOMs they contain, which

determines their order.

For example, let’s consider the complete set of operators for L = 2:

e Zeroth-order

[@=1"er’



e First-order

e Second-order

e Third-order

e Fourth-order

d = dV o IV
dy =1V @ d’

m® = m® o 1)

mgz) = Iil) ® Jm(zl)

ogz) = 0(11) ® IS)

o = 1V g o)

(dhdp)? = di’ @ df’
(myd,)@ = lmgl) ® “ﬂ(zl)

(dljmy)@ = ‘Dgl) ®my’

(mymy)® = m" ® my

(dho)? = df’ ® o)

(010,)? = oy’ @

(my0,)®@ = Imgl) ® 59)

(01m))? = o @ iy

(010)®@ = ‘0(11) ® ‘Dgl)
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Among these operators, the first-order operators correspond to the charge and

spin LIOMs. Higher-order operators, although representing conserved quanti-

ties, are not LIOMs. They describe couplings between charge and spin LIOMs.
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Going forward, we will omit the superscript (L) since our focus is on systems

with L sites.

The Hamiltonian expressed in terms of LIOMs and their products

We are using the complete set of operators we have established for L sites, we can
now expand the Hamiltonian A, resulting in what is known as the 1-bit Hamil-

tonian:

_]01+Z]d1 +2]Sm1+2]®l+ D Jiddi+ Y Jmm; + Y Jfdm,

1j(i>)) 1j(i>]) 1j(i#))
+ Z ]135<C(Iﬂl¢ﬂ](lﬂk + Z ]lcﬁcs(lﬂl([ﬂ]]n’lk + Z ]fﬁ(saﬂlrmjmk

i,jk(i>]>k) i, k(i>] ki k) i, k(>3 ki,j>k)
+ Z s]:;{smz I,y + 2 11]® d] + 2 ll] (239)
i,j,k(i>j>k) ij (i#]) ij (i#])
In Eq.(2.39), the coefficients of the expansion are denoted by Ji, Ji, J7, Ji , and so

on. The superscripts indicate the type of the terms in the expansion, while the
subscripts represent the specific sites involved. These coefficients can be deter-
mined by projecting the Hamiltonian onto each operator in the complete set; for

example, ]ff = (A, dd; i)

The first term is the zeroth-order term which consists of the identity operator.
The second term is the first-order charge term which consists of the charge LI-
OMs, di;. The third term is the first-order spin term which consists of the spin

LIOMs, m;. Additionally, the second-order terms include:

e The second-order on-site term: The fourth term in the expansion, consists

of the on-site 2nd-order operators, o;.

e The second-order charge-charge term: The fifth term consists of pairwise
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couplings of charge LIOMs, d;d;.

e The second-order spin-spin term: The sixth term which consists of the

pairwise couplings of spin LIOMs, m;m;.

e The second-order charge-spin term: The seventh term consists of the pair-

wise couplings between charge and spin LIOMs, dl;m;,

To determine how these LIOMs and their pairwise couplings influence the evo-
lution of the many-body wavefunction, we truncate the 1-bit Hamiltonian, re-

taining only specific terms.

Each truncated version of the Hamiltonian shares the same eigenstates as the
full Hamiltonian, although the eigenvalues differ. In Section 3, we will describe
how we determine the set of energy eigenvalues for each truncation of the I-bit

Hamiltonian.

Quantifying entanglement as a function of time

To quantify the entanglement, we divide our system into two halves — the left and
right subsystems — and use the bipartite von Neumann entanglement entropy

(EE) as the measure.

In this section, we first define EE, then we describe how we calculate the EE in
our system as a function of time, and finally, we describe the EE time-dependent
behavior seen in disordered one-dimensional systems with one degree of free-

dom per site.

The definition of entanglement entropy

We consider the case where the full system is prepared in a pure state, repre-

sented by a single wavefunction |¢) To quantify the entanglement of the right
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half with the rest of the system, we analyze how much information is contained
within the right subsystem. While the full system is in a pure state, the states
accessible to the right subsystem are occupied with certain probabilities, indi-
cating a level of uncertainty. EE measures this uncertainty in the state of the

subsystem.

To find the possibilities that the available states to the right subsystem are occu-

pied, we start with the density operator of the full system pj:

prr = ) (Y] (2.40)

Our numerical approach allows us to calculate the matrix representation of p; g

in the Fock basis, which is an N X N matrix.

The state of the right subsystem, which may be mixed due to entanglement, is

described by a reduced density operator, p;:

pr = Trlpr]l = D, (al, ® I)prr(a), ® Ix) (2.41)

where {Ij)L} is any basis that spans the Hilbert space of the left subsystem, H;
(e.g. the Fock basis) that has M dimension, and [y is the identity operator for
the right subsystem. Using Eq.(2.41) and the Fock representation of the p; g, we

can find the matrix representation of pg, which is an M X M matrix.
We find the eigenvalues p; and eigenstates |qb> of pg.
1

Our knowledge about the right subsystem is described by the ensemble {p;,

i) li =
1, ... M}, where {|qbi>} is an orthonormal basis that spans the right subsystem’s
Hilbert space. The eigenvalues {p;} are the probabilities of the states {|¢1->} are

being occupied, which sum to one (E?ﬁl pi=1).
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The EE, which quantifies the uncertainty about the state of the right subsystem

given the full system’s state, is defined as [18]:

S = - Y pilog,p; (242)

Time dependence

Here, we analyze how EE evolves over time, starting from a product state. A
product state implies that there is no initial entanglement between subsystems.

In this case, the full system state |1,b) can be expressed as :

W) = o), o), (2.43)

Initially, only one non-zero probability p; = 1 exists in the ensemble of the right
subsystem, resulting in zero EE, S(0) = 0, which reflects complete knowledge of

the subsystem’s state.

At time t, the wavefunction evolves to |¢(t)) under the Hamiltonian while re-
maining a pure state. For a Hamiltonian with eigenvalues {E,} and eigenstates

{IE,)}, the time evolution is given by:

[ () = e [1p(0))
= e (Y |E,) (Ea) [1(0))

= Y e |E,) (E,[p(0))
= Y e Bt (E,|¢(0)) |E,)
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We determine the EE at a specific time t using |¢(t)) and following the steps

outlined in Section 2.

The maximum value of EE, S,,,, = log,(M), occurs when the subsystem is max-
imally mixed, meaning the probabilities {p;} are equally distributed among all
possible states of the subsystem. This state represents minimal knowledge about

the subsystem.

Time dependent behavior of entanglement entropy in a disordered system

Below, we describe what is already known about the time-dependent behavior

of EE in a disordered one-dimensional lattice with a single degree of freedom.
Non-interacting system:

In a non-interacting system, the many-body state is determined by the occupa-

tions of single-particle eigenstates. These eigenstates are spatially localized due
—li=jl

to disorder, with their amplitudes decaying exponentially with distancease ¢ ,

where i and j are lattice sites and ¢ is the localization length.

To illustrate, consider a particle initially located on a single site in the right sub-
system. Its wavefunction, represented as a delta function in real space, corre-
sponds to a weighted sum of Anderson localized eigenstates, with the weights
determined by the eigenstates” amplitudes at the initial site. The squared mag-
nitude of each coefficient in the sum represents the occupation probability of the

corresponding eigenstate.

As the wavefunction evolves, it spreads over a distance determined by the local-
ization length, . If this extends across the boundary between left and right
subsystems, then this spreading increases the uncertainty in the state of the
right subsystem, and the off-diagonal terms of the reduced density matrix p;

decrease, leading to a rapid rise in EE.
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When the wavefunction fully spreads, the magnitude of the off-diagonal terms
in the reduced density matrix stabilizes and the EE saturates. The saturation
value is independent of system size and is determined by the characteristic lo-

calization length, &.
Interacting system:

Here, we consider weak interactions, allowing the many-body state to be still
approximated as particles occupying Anderson localized single-particle states.
These interactions modify the dynamics by introducing small differences in the

energy eigenvalues and creating couplings between localized eigenstates.[17]

Toillustrate, consider two particles in different Anderson-localized single-particle
eigenstates on opposite sides of the subsystem boundary, separated by a dis-
tance x. Interactions introduce couplings between these two states. The overlap
of the two wavefunctions decays exponentially with distance, and the interac-
tion energy is proportional to this overlap, V o ¢7¥/¢. The timescales associated
with these couplings, which scale as #i/V, increase exponentially with distance,
t o e¥°. At early times, interactions primarily affect particles near the sub-
system boundary on opposite sides. Over longer times, particles farther from
the boundary are influenced by the interactions, with the distance scaling as
x o« In(f). As the interactions couple particles farther away, the off-diagonal
terms of the reduced density matrix p; corresponding to each pair of single-
particle states, decay with time, leaving only the corresponding diagonal terms,
which represent the occupation probabilities of the Anderson-localized single-
particle states. Consequently, the entanglement entropy grows logarithmically
with time in MBL systems with a single degree of freedom per site, as mentioned

in Section 1.

In larger systems, more pairs of particles at increasingly large separations con-

tribute to the growth of EE. However, the growth is ultimately bounded by the
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tinite size of the system, as entanglement cannot spread beyond its spatial extent.



Coding and Test Runs

In this chapter, we describe the conventions used to develop our code and present
the results of the test runs to check the validity of our calculations. The chapter

contains five sections:

e Eigenstates and time evolution
We represent the process of building the Hamiltonian and then diagonal-
izing it to find the energy eigenstates that, in turn, are used to find the

system’s state at any time.

e Entanglement entropy
We explain the process of building the density matrix and partial tracing
to find the reduced density matrix for the right half of the system that gives

us the entropy of entanglement between the right and the left halves.

e Hungarian Algorithm
We describe the Hungarian algorithm to find the unitary transformation
matrix that makes the integrals of motion as local as possible. We also

present the primary question of our thesis.

e Local integrals of motion and I-bit Hamiltonian
We describe how we can construct the LIOMs using the optimized unitary
transformation matrix. We also describe how we calculate the coefficients

in the 1-bit Hamiltonian.

e Averaging
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We describe the averaging procedure for the observables and specify the

quantities over which we are averaging.

Eigenstates and time evolution

In this section, we describe how we construct the Hamiltonian in the Fock basis,
obtain the eigenvalues and eigenstates, find the time-dependent wave-function

and density matrix, and the tests we have run to check these aspects of the code.

Hamiltonian

In this part, we discuss the construction and storage of the Hamiltonian matrix
in the Fock representation. First, we allocate the required memory for an N x N
Hamiltonian matrix, called ham1, for a system with the Hilbert space of dimen-
sion N. We initialize all the elements of ham1 as zeros. This approach arranges
the elements of ham1 in contiguous units of memory and, in turn, optimizes ac-

cess to them during the diagonalization process.

We developed an object in C++, called ham-obj, and use it to access three built-in
functions — hopping, hubbard, and disorder — which update the non-zero elements
of the matrix stored in haml. The code destroys the created object of ham-obj

after constructing the Hamiltonian, leaving only the updated ham1 in memory.

In the following, we first describe the representation of the Fock basis set in our
program. Then, we describe how the three functions of the ham-obj update the

corresponding non-zero elements of the ham1.
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Fock basis

Before we start describing the three built-in functions of ham-obj, we explain the
preparation of the Fock basis set. We assign an unsigned integer to each basis
state, where the binary representation of the integer encodes the occupation of

each site in that particular basis state.

A set of four states spans the Hilbert space of a single site. Integers ranging
from 0 to 3 label each occupation, and the corresponding binary representation

encodes the configurations as shown in Table 3.1.

state as integer | binary representation | site occupation

0]0
0]1

1]0

Table 3.1: All the states of a one-site system represented as a base-10 integer, a
base-2 integer and symbolically.

WIN|~|O
’I\J(——)

Expanding to a 2-site system, each half (left and right) consists of a single site,
resulting in a Hilbert space of dimension 4? = 16, and 4-bit values running from
0 to 15 encode the Fock states. As shown in Table 3.2, we assign the appropriate
pair of bits to each half - the right pair to the right half and the left pair to the left
half. We adopt a right-to-left convention because, in C++ (and most computer
architectures), bits are indexed starting from the least significant bit on the right,
typically representing 2°. For example, our encoding scheme represents the up-

down state as:

111y = ((01][10]) = |22 + 21} = I6).

The square brackets are included only to emphasize the left and right halves of

the system.

In a 4-site system, the Hilbert space has dimension 4* = 256, with Fock state
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Table 3.2: All the states of a two-site system represented as a base-10 integer, bits

and symbolically.
state as base-10 integer | state as bits | the occupation of the sites

0 [ 1]

1 [0ofo]1]

2

3 ofof1]1]

4 1]

5

6

7

8 1[ofo]o0] L]

9

10 (1]o]1]o0]

11

12

13

14

15

labels ranging from 0 to 255. Each state is stored using 8 bits or 1 byte. The

rightmost 4 bits represent the state of the right half, while the leftmost 4 bits

represent the state of the left half, as depicted in Figure 3.1. The sites are num-

bered from right to left, labeled 0 to 3, with each site’s state represented by two

bits.
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Using this encoding scheme, the up-down-up-down state in a 4-site system is

ITLT0) = 1[0110][0110]) = |26 + 25 + 22 + 21> = [102),

Right Half
Hopping labels
assigned 7 6 5 4 3 2 1 0

to each bit
Site labels

assigned 3 3 2 2 1 1 O 0

to each bit

N N N N N Binary values
2727 2%6 2%5 274 | 273 272 241 2”0 assigened
to each bit

Figure 3.1: A schematic diagram of a state for a 4-site system as an object spec-
ified by a byte. The right 4 bits represent the right sub-space and the left 4 bits
represents the left sub-space. The blue labels represent the bit’s position that is
used to construct the hopping part of the Hamiltonian. The red labels assign
each pair of bits to one site in an ascending order from right to left. The num-
bers below the figure show the values assigned to each bit in a variable of type
unsigned integer in the C++ programming language.

Hopping term

The function hopping adds the hopping elements to the Hamiltonian matrix.

Specifically, we are looking for matrix elements for which:

<m|Hhopping |1’l> #0 (31)

@@
o

Left Half | Right Half

Figure 3.2: Schematic of first-nearest neighbour hopping in a 4-site system with
periodic boundary conditions.
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We hard-code all possible scenarios of hopping for a given system size in this
function using two arrays called hopmatrixup and hopmatrixdo for the spin up
and down particles, respectively. The dimension of the hopping arrays depends
on the boundary conditions. With periodic boundary conditions, we have one
more column in the hopping array compared with open boundary conditions

corresponding to hopping from the last site to the first one.

To hard-code the hopping part, we use the labeling convention shown in Figure
3.1. Even hopping labels correspond to spin up, and odd hopping labels to spin

down.

As an example, the hopping scenarios of a 4-site system are shown schematically

in Figure 3.2 where the corresponding arrays are:

0246
hopmatrixup =

2460

1 357
hopmatrixdo =

3571

Each column of hopmatrixup says that spin-up particles might hop between the
bit labeled with the number in the first row and the one in the second row. For
instance, the first column expresses the possibility of a spin-up particle moving
from site 0 (bit 0) to site 1 (bit 2) or the reverse. The last column says spin-up
particles might also hop between site 0 (bit 0) and site 3 (bit 6), establishing

periodic boundary conditions.

For each column in hopmatrixup and hopmatrixdo we construct a mask. The mask

is an integer that, in binary, specifies two bits belonging to two neighbour sites.
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, 0 2 4 6 . 7
hopmatrixdo = hopmatrixdo =
2 4 6 O 1
m o [ : :
( 1 1 1 1 1 1
2 2 2 2 < 2 2
bits 3 C : s s bits : °
4 4 4 4 | 4 4
5 5 C 5 5 5 |5
6 6 6 6 6 6
7 7 7 7 7 7
2° 2° 2* 2° 2' 2° 2 2’
+2° +2° #2042 +2° +2° +2 +2'
maskup 5 20 80 65 maskdo 10 40 160 130
(a) spin-up (b) spin-down

Figure 3.3: The masks for hopping of spin-up(a) and spin-down(b) particles of
the 4-site system, based on hopmatrixup and hopmatrixdo arrays, respectively. The
bits highlighted in blue belong to spin-up particles, while the ones in red belong
to spin-down particles. The double-headed arrows represent the corresponding
hopping scenario.

For example, we construct maskup = 2° + 22 = 5 using the first column in hopma-
trixup. All the masks for spin-up and spin-down particles are shown in Figure

3.3.

Next, for each Fock state |1), we execute a bitwise AND (&) between n and each
maskup and between n and each maskdo, storing the results in ku for spin-up and

kd for spin down particles, respectively.

ku = maskup & n

kd = maskdo & n

ku and kd show which sites in the mask are occupied in state [1). Next, we per-
form an XOR (A) operation between ku and each maskup and between kd and

each maskdo, and store the results in [u and Id, respectively.

lu = maskup A ku

ld = maskdo A kd



50

If Iu or Id is nonzero and unequal to its corresponding maskup or maskdo, then

the hopping is possible and the resulting state [m) is

m = n—ku + lu

or

m = n—kd + Id.

Subtracting ku (kd) from n removes the T (]) particle from the corresponding site
in the maskup (maskdo) and adding Iu (Id) adds it to the other site in the same
mask, while the spin-down (spin-up) part remains unchanged. This process
acts like the c:.rcj operators in the hopping term in the Hamiltonian. So, practi-

cally, we operate hopping to find the resulting state |m).

A hopping term can be either positive or negative, depending on the correspon-
dence between fermionic creation operators and Fock states. To ensure consis-
tency, we use a specific convention: cJ{ operators are positioned to the right of
CI operators, with site indices ordered from left to right. With this convention,
all hopping terms to nearest neighbors acquire a negative sign. For example,

consider the action of the hopping operator —[CJ{TCZT] on the state [2 |):

~[cirearl2 1) = = [cfyeanl(c] 3,63, D)
= — (e} (-D)(-D)chex1ch 3 D)
= — (e} e (DDt ycarleh; D)
== (1,6l (1 = Grean) )

== (] el ) = =11 2) (32)

Finally, the function hopping sets the allocated memory of haml,,, to -1 and iter-

ates the process for all n.



51

sieLabel () 1 2 3
Site Label 0 1 2 3 B I —_—
O
BitPair 01 23 45 67 PR e P 1
0 j 0 :] 0 0 ) m ) 1, 5
1 {1 1 1 | - 3 3
2 2 2 2 . 3 D 8
Bits 4 4 4 4
Bits s s N N -
4 4 4 4 5 5 5 5
5 5 5 5 6 e 6 6
6 6 6 6 7 ] 7 | 7 7
7 7 7 7 —— —
2 2 2 2 masu 2°=1 2°=4 2'=16 2°=64
2 42 +20 +2 masd 2'=2 2°=8 2°=32 2'=128
mask 3 12 a8 192
(a) hubbard (b) disorder

Figure 3.4: (a) The masks for the Hubbard term. The blue and red bits belong to
spin-up and spin-down particles, respectively, and (b)the masks used to deter-
mine the state of each site and hence add the site potentials and local magnetic
tields to the Hamiltonian matrix for a 4-site system. The bits highlighted in blue
belong to spin-up particles, while the ones in red belong to spin-down particles.

Hubbard term

The hubbard function adds the Hubbard term to the ham1 matrix. The process is
similar to the hopping function, but the masks here are different, mask = 2~ +
2k+1 where k is the site label. Figure 3.4 shows all the hubbard masks for a 4-site

system.

Because the Hubbard term does not change the Fock state, it contributes only
to the diagonal elements of the Hamiltonian. We perform a bitwise AND (&)
operation between the state number i and each one of the masks and store the
result in pt

pt = mask & i

If pt is equal to the mask, it means the corresponding site is doubly occupied, so
we add U to haml;;. We repeat the process for all the hubbard masks and then

iterate for all the integers, i.
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Disorder term

The disorder function adds the site potentials and local magnetic fields to the
ham1. Like the Hubbard term, the disorder terms do not change the Fock state,

and the resulting elements are on the diagonal of the ham1.

For state |j), we need to see which bits are non-zero to find the site label and spin

type of the particles and then add the corresponding values to the ham1. To find
if a spin-up particle is on site k we use masu corresponding to site k (as shown

in Figure 3.4).

We perform an AND (&) operation between masu and j, storing the results in pu

and likewise for spin-down.

pu = masu & j for spin-up
pd = masd & j for spin-down

Now, we find the state of the site k in the state | j):

e When masu # pu and masd # pd the state of the site k is 0.
e When masu = pu and masd # pd the state of the site is T

e etc.

The disorder function adds the corresponding disorder value to haml;; and iter-

ates the process for all the integers j.
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Eigenvalues and eigenstates

Here, we describe how we diagonalize the Hamiltonian matrix and store the
eigenvalues and eigenvectors. We use the Eigen library — a standard linear alge-

bra library developed in C++ language — for matrix diagonalization.

Our code stores the eigenvectors in a two-dimensional square array where col-

umn 7 represents the energy eigenstate |E, ) in the Fock basis:

(OIE)
(LE )

EJe=| (33)
(KIE,)

(N -1|E,)

where, {|k)} are the Fock basis, and N is the dimension of the Hilbert space.

Our code also stores the eigenvalues in a one-dimensional array where the nth
element of the array corresponds to the eigenvalue E,, of the eigenstate |E,;). The
eigenstates and the eigenvalues are real because the Hamiltonian matrix is Her-

mitian.

The Fock space inverse participation ratio

The Fock space inverse participation ratio (FIPR) is a measure to quantify how
spread out or localized an energy eigenstate, |E, ), is across different states, |1), in
the Fock space.[46] We calculate the average FIPR value of all the N eigenstates

as:
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PIDINCCII

FIPR = ,
N

(3.4)

If FIPR is close to 1, the energy eigenstates are concentrated in a few Fock states.

A small FIPR, close to implies that the energy eigenstates are spread

dim(Fock space)”
across many Fock states.

Time evolution and density matrix

The state of the system changes from |¢(O)) at initial time to |1,b(t > 0)) at later

times. In the Fock representation,

¥, e Ent (E,[4(0)) (OIE,,)
¥, e Ent (E,[(0)) (1IE,)

P(t > 0) = (3.5)

Y, e Ent (E, |0(0)) (KIE,)

X, e F (B[ (0)) (N - 1|E,)

We use (k|E, ), the elements of the energy eigenstates in the Fock representation,
and E,, the eigenvalues that we find as shown in section 3, and Eq. (3.5) to cal-
culate the state of the system and store it in a complex-valued one-dimensional
array. We can determine the complete density matrix using the outer product of
the state vector: p(t) = |¢(t)) (l,b(t)|. However, as will be discussed in Section 3,

we only calculate the specific elements that are necessary.

Test runs for eigenstates and density matrix

We ran the following tests to evaluate the precision of our calculations. These

tests were run on 2-site and 4-site systems using double-precision floating point
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numbers:

1. Test of the Hamiltonian:

We compare the Hamiltonian matrix of a 2-site system generated by our
code with that calculated by hand. The Hamiltonian constructed by the

program matches the Hamiltonian calculated by hand.

2. Test of eigenvalues:

We have an alternative code for diagonalizing the Hamiltonian matrix.
This code first uses the tred2 function to transform the Hamiltonian ma-
trix into a tridiagonal form, followed by the /ibt function to diagonalize the
resulting tridiagonal matrix. We compare the eigenvalues of the Hamilto-
nian obtained from our code with those from the alternative code. The dif-
ference between corresponding eigenvalues obtained from our code and
the alternative code has a maximum magnitude of 10712 across all eigen-

values.

3. Test of eigenvalue equation:

We compare the two sides of the eigenvalue equation, H|E,) = E,|E,).
The result shows that the difference between corresponding elements on
the two sides has a maximum magnitude of 10712, This indicates that the

eigenvalue equation holds a precision of 12 decimal places.

4. Orthonormalization test of eigenstates:

We calculate the inner products of the eigenvectors (E,,|E,) for all ms and
ns to check the orthonormalization of the energy basis. The deviation from
perfect orthonormalization has a maximum magnitude of 107!%. This indi-
cates that the energy basis is orthonormalized to a precision of 14 decimal

places.

5. Purity of Total Density Matrix:
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Starting from three different initial states - the up-down state, the first ex-
cited state, and a linear combination of energy eigenstates - we calculate
the deviation from the purity of the total density matrix, Tr[p?] — 1, at 40
arbitrary times t within the range [1073,10%]. In all cases, the density matrix

remains pure to a precision of 13 decimal places.

The tests provide confidence in our results up to 12 digits.

Entanglement Entropy

In this section, we describe how our code calculates the reduced density matrix

and report our test runs.

Method

Once we have the N X N density matrix p, our goal is to calculate the partial trace

over the left half (dimension M = VN):

M-1
pr=Trrlpl = Y (Gl ®IR)p(j )L ® Ir). (3.6)

j=0

where { |j ).} is any basis set that spans the Hilbert space of the left subsystem
and Iy is the identity operator for the right subsystem. Using the Fock basis set
for the left subsystem, the reduced density matrix pg is an M X M array with

complex values.

M-1
(PR)if = D) CMme+i Con M (3.7)

m=0

where ¢;;, = ((aM + b)|1,b(t)) is a coefficient with double subscripts. For more
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detail, see Appendix A. To calculate pg using Eq.(3.7), we only need to store
the elements of J(t > 0)r (Eq. (3.5)), without calculating and storing the entire

density matrix p.

We then diagonalize pg to find M eigenvalues p; (i = 0,M — 1) and iterate the

process for different times ¢. Finally, the EE is

M
S(t) = = X3 pi(t)npi(t) (3.8)

Test runs for Entanglement entropy

We ran the following tests to evaluate how accurately the reduced density ma-
trix calculated by our code reflects the physical properties expected of a density
matrix. These tests were run on 2-site and 4-site systems for each of the fol-
lowing initial conditions: the up-down state, an energy eigenstate, and a linear

combination of the energy eigenstates.

1. Test of the reduced density matrix:

We compare the reduced density matrix of a 2-site system obtained by our
code with that calculated by hand. For each initial condition, the resulting
matrix obtained by the code is equal to the corresponding matrix calcu-

lated by hand.

2. Non-negativeness and Reality of the Reduced Density Matrix:

Eigenvalues of a Hermitian matrix, such as a density matrix, are real-valued,
but calculating eigenvalues of a complex-valued matrix numerically al-
ways produces small imaginary parts that can be used as an indication
of accuracy.

We calculated the eigenvalues of the reduced density matrices for the above

initial states, each for 40 arbitrary times within the range [1073,10%]. The
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imaginary parts of the eigenvalues have a maximum magnitude of 1078,

and the real parts of the eigenvalues are consistently positive.

3. The sum of the eigenvalues of the reduced density matrix:

The eigenvalues of the density matrix, p;, are probabilities and hence must
sum to one. In this test, we calculate the deviation from this value, A =
1- 25\;181 pi(t). We do this for the above three initial states, each at 40 times.

The deviation has a maximum magnitude of 1077,

The tests confirm that the density matrices” eigenvalues are real (accurate to 8

decimal places), positive, and sum to one (accurate to 7 decimal places).

The Hungarian Algorithm

Sections 3 and 3 have detailed the calculation of the wavefunctions and the EE as
a function of time. Our goal is to connect the EE time-dependent behavior with
LIOM:s as described in Section 2. Our next step must therefore be to identify the
LIOMs. A key step is choosing the order of the columns in U to make it as close
as possible to the identity. We use a process called the Hungarian algorithm to

do this.[47]

The Hungarian algorithm was developed to efficiently solve a problem called
the assignment problem. In this section, we will first introduce the assignment
problem, describe the Hungarian algorithm, and explain how we use the al-
gorithm to find the optimal column permutation of the U matrix. Finally, we

present the primary question of our thesis.
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The assignment problem

The assignment problem has multiple versions, and we are interested in the sim-
plest one. It involves a set of N agents and N tasks. Each task can be assigned to
any agent, but the cost of assigning a specific task to a specific agent may vary,
and all assignment costs are positive. The goal is to assign each task to exactly
one agent in such a way that the total cost is minimized. The assignment with

minimum cost is called the optimal assignment.

This problem can be represented by an N X N matrix of positive values called
the cost matrix. In this matrix, each row represents a task, and each column rep-
resents an agent. The elements of the cost matrix indicate the cost of assigning

an agent to a task.

The number of possible assignments (N!) grows dramatically as the size of the
cost matrix N increases. In this case, a brute-force search to explore every possi-

ble assignment to find the optimal one becomes computationally infeasible.

Overview of the Hungarian algorithm

The Hungarian algorithm solves the assignment problem without having to ex-
plore every possible assignment. The algorithm adjusts the cost matrix by adding
or subtracting a constant from all elements in a row or column. The adjustment
does not alter the relative costs, and thus the optimal assignment for the adjusted
cost matrix is identical to the one for the original matrix. The goal of adjusting
the matrix is to create a scenario where each column of the matrix contains ex-
actly one zero, with each zero located in a different row. These specific zeros are

labeled as ”starred” zeros.

Here we provide an overview of the iterative process, further details are pro-

vided in Appendix A.
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The algorithm begins by subtracting the smallest element in each row from all
elements in that row, ensuring that each row has at least one zero. The next step
is to identify and star one zero in each row, marking the corresponding columns

as ”covered”.

In each iteration, some rows may contain multiple zeros, therefore, the algorithm
must decide which zero to mark as starred in that row. The algorithm marks
these rows as covered and then selects starred zeros in a way that maximizes

the number of covered columns.

If the number of covered columns equals the size of the matrix (N), the algo-
rithm has found the optimal assignment. If the number of covered columns is
less than N, the algorithm identifies the smallest uncovered element in the ma-
trix, subtracts this value from all uncovered elements, and adds it to covered
rows. By each iteration, the algorithm progresses toward covering all columns

with exactly one starred zero.

The solution to the assignment problem is represented by a one-dimensional
array of integers called the assignment array:{ag, a4, ... ,ay_1}. In this array, the
ith element indicates the row number of the starred zero in column i, meaning
that the task 4; is assigned to the agent i. The Hungarian algorithm delivers this
optimal solution with a time complexity of approximately O(N?) for an N x N

cost matrix.

Our implementation

As detailed in section 3, we store the matrix U as a two-dimensional array. The
columns of U are normalized energy eigenstates in the Fock basis. Because the
Hamiltonian is not only Hermitian but also real, the elements of these vectors
are real values ranging from -1 to 1. Initially, these are organized from left to

right in ascending order of their corresponding energy eigenvalues.
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Our objective is to rearrange the columns of U in a manner that places the max-
imum total weight on the diagonal and hence makes the matrix as close as pos-
sible to the identity matrix. This problem can be framed as an assignment prob-

lem.

In this context, the columns of U correspond to energy eigenstates |E, ), while the
rows correspond to Fock states [1n). The elements of the matrix, (n|E, ), represent
the projection of a Fock state onto an eigenstate. Our goal is to maximize the total
cost, leading to a column arrangement that closely approximates the identity

matrix.

Since we are looking to maximize the total cost rather than minimize the total
cost, and given that the elements of U are not all positive, we modify the matrix

U before applying the Hungarian algorithm.

i Positivity
We make the elements positive by taking the absolute value of U. (An

alternative is to square the elements, which we explore in Chapter 4).

ii Reversing maximum and minimum
We then adjust the matrix further by applying the following operation to
each element:

Al =1 Uyl (3.9)

This operation reverses the magnitude of the elements, turning the max-
imum values in U into minimum values in A’. As a result, the modified

matrix A’ contains real-valued elements between 0 and 1.

This process reverses the order of the relative magnitude of the elements
so that the elements with maximum values in U become the elements with

minimum values in A’.

To mitigate arithmetic errors introduced by using floating point numbers in the
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Hungarian algorithm, we convert the elements of A” into integers:

Aij = flOOi"(A’i]' X 10”HA) (310)

We refer to ny4 in Eq. (3.10) as the accuracy of the Hungarian algorithm. The
resulting matrix A is an N X N integer-valued cost matrix, with elements ranging

between 0 and 10"HA,

Applying the Hungarian algorithm to matrix A yields the optimal assignment
with minimum cost. This assignment corresponds to the arrangement of columns

in U that makes the matrix as close as possible to the identity matrix, denoted as

Uppe.

Consider the following example matrix U:

0.5914 —0.4345 0.8051
U=1-0.4988 0.3629 0.8196 (3.11)
0.2893  0.7632 -0.0013

After the above adjustments with ny 4 = 1, we obtain:

451
A=[5 61 (3.12)
7 29

As detailed in Appendix A, implementing the Hungarian algorithm on A pro-
duces the optimal assignment array {1, 3,2}, indicating the assignment with min-

imum total cost in A.
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Therefore, this indicates that in U,,;, column 1 of U goes first, then column 3 of

pts

U, and finally column 2 of U.

0.5914 0.8051 —0.4345
Uyt =|-0.4988 0.8196  0.3629 (3.13)
0.2893 -0.0013 0.7632

In our code, the Hungarian function implements the Hungarian algorithm on the
matrix U. The input to this function consists of the matrix, es, of energy eigen-
states organized in ascending order. The output of the Hungarian function is
a one-dimensional assignment array that provides the optimal column assign-

ment.

The primary question of our thesis

Our goal is to explore how the charge and spin degrees of freedom contribute to
the growth of entanglement in the disordered Hubbard chain. One issue is how
accurately the constructed LIOMs represent the localized behavior of the charge

and spin degrees of freedom in our MBL system.

We hypothesize that increasing the accuracy of the Hungarian algorithm affects
the column order in the resulting matrix U,,, leading to a more optimized U
matrix. The second-order truncated 1-bit Hamiltonian constructed with this op-
timized U,,; should capture the EE time dependence of the exact Hamiltonian

more accurately.

The first question we address is: Does increasing the accuracy of the Hungarian

algorithm reduce the observed vertical offset between the EE obtained from the
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exact Hamiltonian and the EE obtained from the 2nd-order truncated Hamilto-
nian? We will discuss the impact of ny 4 on the EE obtained from the second-
order truncated Hamiltonian in Chapter 4. In addition, we will provide results
relevant to the broader question of how charge and spin degrees of freedom

contribute to EE.

Test of our implementation of the Hungarian Algorithm

We tested our implementation of the Hungarian algorithm using a sample of
10,000 randomly generated 6 X 6 matrices. The elements of each matrix were

random floating point numbers between -1 and 1, with each column normalized.

The test compared the results of the Hungarian algorithm (using ny4 = 7 for
precision) with those obtained by brute-force methods, which involve checking
all possible permutations of the columns (6! = 720) to find the arrangement with

the maximum diagonal weight.

We found that the Hungarian algorithm and the brute-force method produced

identical assignment arrays consistently for all 10,000 samples.

We also observed a significant difference in the processing time between the two
methods. The Hungarian algorithm took an average processing time of 1.3us
per matrix. On the other hand, the brute-force method took an average time of

144.5us per matrix.

Integrals of motion and 1-bit Hamiltonian

In Section 3, we detailed the process of optimally assigning Fock states to energy
eigenstates. Building on this assignment, the next step is constructing the matrix

representation of the LIOMs and the complete set of operators. Our goal is to
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analyze how LIOMs and their pairwise products in the complete set contribute
to the energy eigenvalues of the 1-bit Hamiltonian and, consequently, to the time-

dependent behavior of EE, as discussed in Section 2.

This section begins by describing the construction of the matrix representation
of the LIOMs in the energy basis. However, there are fewer computational steps
needed, if instead of transforming to the energy basis, the calculations are per-

formed directly in the Fock basis.

We explain the process of constructing the complete set of operators in the Fock
basis and calculating the coefficients in the 1-bit Hamiltonian using this set. Fol-
lowing that, we describe the procedure for finding the energy eigenvalues of dif-
terent versions of the truncated I-bit Hamiltonian. The section concludes with

the results of validation tests.

Local integrals of motion

Here, we describe how we can construct the matrix representation of LIOMs in

the energy basis.

The first step is to find the matrix representation of the orthonormalized local
charge density, d;, and magnetization, 7#;, operators in the Fock basis. For an

L-site system, the matrix representation of d; (or 7;) is constructed by taking the

1 ,
outer product of é( ) (V) on site i with the identity matrix, IV, on the other
i i j

sites j # i. The single-site operators in the outer product are arranged from right

to left. For example, in a system of size L = 2:
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d =17 ®i; (3.14)
d, = i(l § " (3.15)
mo=1"em’ (3.16)
no=ael’ (3.17)

The resulting matrix for each outer product is an N X N diagonal matrix, where
N = 4L is the dimension of the Hilbert space. For each site i, we construct the
matrix representations of d; and 7; and record the diagonal elementsina 2 x N

matrix. Considering again L = 2:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
g;ﬁ [-1T 0 0 1 -1 0 0 1 -1 0 0 1 -1 0 0 1]
glzx/i [<1 -1 -1 -1 0 0 00O O 0 0 0 1 1 1 1] (318)
@():x/i [0 1 -1 0 0 1 -1 0 0 1 -1 0 0 1 -1 0]
m=v2 [0 0 0 0 1 1 1 1-1-1-1-10 0 0 0]

-

As presented in Table 2.1, the matrix elements of the transformed operator A’ in
the energy basis are identical to those of the original operator A in the Fock basis.
Local operators that are diagonal in the Fock basis include the charge density,

d;, and magnetization, 77;. The corresponding LIOMs, which are diagonal in the

energy basis, are the charge (d;) and spin (h;) LIOMs.

A =Qupidi Qe = 35 (1 1) 1Eaoy X Eag)
n

1y =Qopif Qb = 7 (1l 1; 1) |E gy} Eaguy), (3.19)
n
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where {a(n)} is the assignment array obtained through the Hungarian algorithm,

as described in Section 3.

Complete set of operators

In Section 2, we described how to construct a complete set of operators under
the Frobenius inner product. The complete set can be in either the Fock basis,
denoted as {A}, or the energy basis, denoted as {A’}. The set {A} consists of the
orthonormalized local charge density and magnetization operators, and their
products, which are diagonal in the Fock basis. The set {A’} consists of the LI-

OMs and their products, which are diagonal in the energy basis.

Below, we describe how we calculate and store the matrix representation of these

operators.

To construct the complete set of operators diagonal in the Fock basis, {A}, for an

L-site system, we start with the following single-site operators:

e orthonormalized local charge density 6?51)

)

e orthonormalized local magnetization 77;

)

e orthonormalized second-order on-site operator 0;

e identity operator ffl)

The outer product of any combination of these four single-site operators across L
sites forms an operator in the set, {A}. The single-site operators are ordered from
right to left in the product. The number of non-identity single-site operators
determines the order of the operator, with each second-order on-site operator

increasing the order by one. The total number of the operators in the set, {A}, is

N = 4%,



For example, for L = 2,

e zeroth order

e first order

e second order

e third order

01dp = 59) ® &EJD
67160 = 07(11) ® 581)

oy = 0. @

68
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e fourth order

5,00 = 0\ @7

A

We can transform the operators of the {A} from the energy basis to the Fock basis,
using Qopt. The set of transformed operators forms the complete set diagonal in

the energy basis, {|{O")}:

A= QoptAQZpt = Z (n| A 1) |Ea(n)> <Ea(n)| (3'20)
where {a(n)} is the assignment array.

We construct the matrix representation of the complete set of operators, {A}, in

the Fock basis, because it requires fewer calculations.

The matrix representation of the single-site operators in the Fock basis for a given

site 7 are:

V2 00 0 00 0 0
) 0 00 0 @(D:oﬁ 0 0
i 0 00 0 i 0 0 -2 0
0 0 0 2 00 0 0
10 00 1000
0 -1 0 0 0100

o = iV = (3.21)
i 00 -10 i 0010
00 0 1 0001

A

The matrix representations of the operators in { A} are constructed by performing

the outer product of different combinations of the matrices in Eq.(3.21).

For a 2-site system, Eq.(3.22) shows the diagonal elements of {A }, as vectors.
F



70

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
I= [t 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1]
ch:«/E [<-T 0 0 1 -1 0 0 1 -1 0 0 1 -1 0 0 1]
glzx/i [(1T -1 -1-10 0 0 0 0 0 0 0 1 1 1 1]
@0=\/§ [0 1 -1 0 0 1 -1 0 0 1 -1 0 0 1 -1 0]
@1:\/5 [0 0o 0 01 1 1 1 -1-1-1-10 0 0 0]
g0g1= [2 0 0 2 0 0 0 0O 0O O O 0 -2 0 0 2]
goglz [0 0O 0 0 2 0 0 2 2 0 0 -2 0 0 0 0]
glgoz [0 2 2 0 0 0 0 0 0 0 0 0 0 2 -2 0]
mm= [0 0 0 0 0 2 -200-220 0 0 0 0]
o = (1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1]
o = [t 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1]
gog”lzx/i [<-T 1 1 -1 0 0 0 0 0 0 0 0 1 -1 -1 1]
glg():\/i [<1L 0 0 1 1 0 0 -1 1 0 0 -1 -1 0 0 1]
g()@l:\/i [0O 0 001 -1-11-111-120 0 0 0]
glﬂ():x/i [0 1 -1 0 0 -1 1 0 0 -1 1 0 0 1 -1 0]
6= [1 -1 -1 1 -1 1 1 -1 -1 1 1 -1 1 -1 -1 1]

(3.22)

In our code, the Ibt function computes the matrix representation of each operator
by performing the outer product and storing the diagonal elements as vectors.

The vectors are stored in rows of a two-dimensional array named matiom.

L-bit Hamiltonian

Here, we describe how we calculate the coefficients in the 1-bit Hamiltonian us-

ing the complete set of operators {A}, which are diagonal in the Fock basis.

To achieve this, we transform Eq.(2.39) from the Fock basis to the energy basis,

using the unitary operator U,,; (dropping the subscript for brevity).
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UAUT =J, Uittt + chu@u Ut + Z]Sumw + 2] Uo, Ut

+ Z Jradd;ut + Y JE0dmUt + ) J5Umm; Ut

L,j(i>}) 1,j(i#]) i,j(i>])
+ ) Igluddadt+ Y, I lddm Jf
i,k(i>j>k) 1,1 k(i>],i#k,j#k)
y Tt t
+ ) JRUdmm Ut + Y JrUmmm
i, k(i#],i#k,j>k) L k(i>j>k)
+ Y JlodUt + ) J5EUom 0t + (3.23)
1,j(i#]) 1,j(i#])

In Eq.(3.23), the transformation changes the operators of the complete set diag-
onal in the energy basis {4’} into the operators of the complete set diagonal in

the Fock basis {A}.
AU = UQAQTUT = A. (3.24)
Therefore:

UHUTT =]ol + Y Jodi + Y i + 2150+ 5 Jodiim + 33 Jocddi+ ),

1,j(i#]) 1,j(i>7) 1,j(i>7)
+ Y JEdddc+ Y, Jedding + Y Jgdimm

i,jk(i>j>k) i,j,k(i>] i k) i k(i>j#i ki j>k)
+ Y Imgmc+ Y JEodi+ Y J50 (3.25)
1,j,k(i>j>k) if,(i#]) ij, (i#])

In Eq.(3.25), UAU" is an operator that is diagonal in the Fock basis:

UAUY = E,p In) (nl (3.26)
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where {a(n)} the assignment array.

Coefficients in 1-bit Hamiltonian

Here, we describe how we calculate the coefficients in the 1-bit Hamiltonian,
using the matrix representation of the operators of the complete set, {A} in the

Fock basis and Eq.(3.25).

To calculate the coefficients in the 1-bit Hamiltonian, we project the correspond-
ing operator in Eq.(3.25) onto H’ = l:[optPAI l:lgpt. For example, the coefficients of

the first-order charge terms, {Jf : i = 0, L — 1}, are calculated as:

o B . 1 N-1 _
Ji=( optH ;rpt/ d) = (H,d;) = N Z Eﬂ(”) (nld; ) (3.27)
n=0

fip is a member function of iom object, which calculates the coefficients in the
1-bit Hamiltonian. The fip function takes as input two vectors: the eigenvalues of
the Hamiltonian rearranged by the assignment array, and the diagonal elements
of the corresponding matrix, éF , stored in the rows of the matiom array. The
computed set of coefficients for each disorder configuration is then stored in

cSample.

Truncated 1-bit Hamiltonians and their eigenvalues

To isolate the contribution of specific first and second-order terms in the l-bit
Hamiltonian to the energy eigenvalues and, consequently, to the time depen-
dence of EE, we truncate the I-bit Hamiltonian and retain only the relevant terms,
as described in Section 2. The specific terms of interest in the 1-bit Hamiltonian
include: first-order charge and spin terms, second-order on-site terms, and the

second-order charge-charge, charge-spin, and spin-spin terms.
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Eq.(3.28) shows two examples of the truncated 1-bit Hamiltonians which we will
study in Chapter 4 and their corresponding eigenvalues: Hjj,,,15, which includes
just the first-order spin terms, and Hj;,,,5.., which includes all first-order terms

and second-order charge-charge terms.

Hijom1s :]OfI + E]ffnl
i
(Etiom1s)n =Jo + D5 JF (nl i In)
i
Hiiomaee =Joll + DUl + Jiwn; + D) Y Jiedid);
i i j>i

Esomace)n =Jo + R nldilmy + J3 Cul g imd] + 33 YT nl iy (3.28)

i j>i

In our code, the eigenvalues of each truncated Hamiltonian are stored in separate
arrays, each containing N real-valued elements with double precision. Once the
entanglement entropies for all considered times are calculated, the eigenvalues

are systematically removed from storage to optimize memory usage.

Test runs

In this section, we present an overview of the test runs conducted.

Orthonormality

We calculated the Frobenius inner products of all possible pairs of operators
in our complete set, {A}, for system sizes of L = 2, 4, and 6. The results for
unmatched pairs were zero to 13 digits after the decimal point. The results for

matched pairs were one to 14 digits after the decimal point.
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2-site system

We compared the energy eigenvalues obtained from the complete 1-bit Hamilto-
nian with those obtained from the exact diagonalization of the original Hamil-
tonian. The two sets of eigenvalues were consistent to 7 digits after the decimal

point.

Limit of no hopping

We analytically calculated the disorder-average of coefficients in the 1-bit Hamil-
tonian in the limit of no hopping (#;, = 0.0) and compared it with those computed

through the code. The results were the same to 2 digits after the decimal point.

Averaging

In this section, we describe how we take averages. First, we review some statis-
tics, then we describe the quantities over which we are averaging, and finally,

we specify the averaging procedure for three different observables.

Statistical measures

Below, we briefly define population and sample datasets and explain how these

statistical measures are used to characterize them.

Let X represent an observable, like EE, calculated from a quantity, like disorder
configuration. If we calculate X for all possible values of this quantity, the re-
sulting set of values forms a population: {X;, X;, X3, ... Xp}, where P is the size of

the population.

In most cases, it is impractical or impossible to calculate X for every possible
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quantity value, as there may be infinitely many. Instead, we calculate X for a
selected subset of values. This subset forms a sample: {X;, X;, X3, ..., Xy}, where

N is the size of the sample.

The population is characterized by its first moment, the average (mean), and
its second moment, the standard deviation (SD). The population average puy is

calculated by:

p
”X (3 9)

The standard deviation, denoted as oy, quantifies the extent to which values in

the population deviate from the mean:

¥' (X, - px)?
ax=\/ P ; o (3.30)

When we analyze a sample of N values of X, we can characterize it by calculating
the sample mean X and the sample standard deviation SDy, calculated as for
tx and oy, but with P replaced by N. However, it is important to assess how
accurately the sample statistics reflect the population statistics. The standard
error of the mean denoted as SEMy quantifies how closely the sample mean

approximates the true population mean:

SDy

Nk

SEMx = (3.31)

The 95% confidence interval (CI) provides the range within which the true pop-

ulation mean is expected to lie with 95% certainty:

Clx = [X —1.96 X SEMx, X +1.96 X SEMx]. (3.32)
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As N increases, X values closer to the true average ux occur more frequently,
while the influence of extreme values on both the sample mean and sample stan-
dard deviation diminishes. This causes the sample standard deviation SDy to
stabilize, leading to a decrease in SEMx. Consequently, by increasing the sam-
ple size, we can reduce the standard error of the mean to the desired level of

accuracy.

Quantities being averaged over

Here we describe the quantities over which we average and specify whether the

data sets are populations or samples.

Disorder configurations

Below, we first define a disorder configuration and describe how they are gen-

erated.

To set up the Hamiltonian in Eq.(2.1), we randomly select the on-site potentials
€; and the on-site magnetic fields h; from uniform distributions within the inter-

vals [-Wy, Wy, ] and [-W,,, W, ], respectively. This selection uses the Mersenne

pl
Twister pseudo-random number generator, which produces a specific sequence
of numbers for a given seed. A disorder configuration consists of the set of se-

lected values {¢;} and {h;} fori = 1,..,L. We store the seeds in a file named

SEEDS, enabling us to regenerate the same disorder configurations.

Since we are running multiple configurations in parallel, we use a new seed for
generating each disorder configuration. The seeds are derived from the epoch
time in nanoseconds, which provides 16-digit large integers. These seeds are
sufficiently distinct due to the timing of when the random number generator

reads the epoch time, typically separated by 10!2 nanoseconds. Using different
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seeds in parallel computation is a standard practice. [48]

The datasets we calculate — including the ones for coefficients in the 1-bit Hamil-
tonian, the timescales associated with each term, and the EE — are obtained from
a limited number of disorder configurations N;.. The potential number of dis-

order configurations is infinite, therefore each dataset is a sample.

Initial conditions

When calculating EE as a function of time, we need to set initial conditions. We
use initial states with zero EE, specifically Fock states. These Fock states are
categorized into blocks, each defined by a fixed number of particles and total
spin. In this thesis, we focus on the half-filled block with zero net spin. For
system sizes L = 2, 4, and 6, we average over all states in this block, amounting
to 4, 36, and 400 states, respectively. These data sets are populations. For larger
system sizes, including all possible states in the block becomes impractical, so

we randomly select initial states from the block. These datasets are samples.

Coefficients within a type

The I-bit Hamiltonian consists of multiple terms, each associated with a coeffi-
cient. These terms are categorized by type, such as first-order charge terms. The
coefficients within a type form a dataset that is a population, for example, the
first-order charge coefficients {Ji : i = 0,L —1}. Averaging over the coefficients
within each type simplifies handling multiple values and provides a single rep-

resentative value that characterizes each type of coefficient.

Coefficients in 1-bit Hamiltonian

We calculate the coefficients in the 1-bit Hamiltonian as described in Section 3.
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We store the coefficients obtained from each disorder configuration in a data ar-
ray named ccsample. In this array, each row corresponds to one of the terms in
the 1-bit Hamiltonian (e.g., the third row contains the first-order charge coeffi-
cient of J{, the fourth row contains the first-order charge coefficient of 5 and so

on), and each column corresponds to a different disorder configuration.

In this work, we take the average over both disorder configurations and the co-
efficients within each type. Since our dataset includes both sample and popu-
lation data, we calculate the standard deviation for an observable, such as the

first-order charge terms, using the following expression:

P N 7
— 2 — C]s - Jo)?
5Dy, = \/Elg_1 S

D (3.33)

where the first summation in the numerator accounts for the population of co-
efficients within a type, and the second summation corresponds to coefficients

obtained from each disorder configuration.

The standard error of the mean (SEM) is then calculated as:

SDyey,
VN

Notice that in the denominator, we only divide by the square root of the sample

SEM. =

(3.34)

size.

Test runs on average coefficients

We ran tests to determine the number of disorder configurations needed for a
reliable and accurate sample average of the coefficients. The test was performed
for system sizes L = 2, 4, and 6, W, = 16, Wy, = 0.1, U = 1 and ny4 = 7. For

systems sizes L = 2 and 4, up to 10° disorder configurations were considered.
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For systems size L = 6, the number of disorder configurations was limited to

10°.

We calculated the average over both the disorder configurations and the coef-
ficients within each type. In addition to the average value, we calculated the
corresponding standard deviation and the width of the 95% confidence inter-

val, as a function of the number of disorder configurations.

As the sample size increased across all coefficient types and system sizes, we
observed a decrease in the width of the confidence interval. The average co-
efficients fluctuated within this range, with the fluctuations diminishing as the
confidence interval narrowed. Initially, the standard deviation increased, then
stabilized at a steady value. This behavior indicated that the sample average of

the coefficients was converging toward the true value.

Table 3.3 shows the average values and standard deviation of each type of coef-

ficient for L = 4 for N, = 10% and 10°.

Type average (N = 10%) | average (Ny = 10°) | SD (Ny = 10%) | SD (N, = 10°)
first-order charge 0.3+0.4 0.35 +0.04 6.7 6.6
first-order spin 0.000 + 0.004 0.0004 + 0.0004 0.07 0.07
second-order charge-charge -0.004 + 0.0025 —0.0044 + 0.0002 0.04 0.04
second-order charge-spin 0.000 + 0.0007 0.0000 + 0.00007 0.01 0.01
second-order spin-spin 0.000 + 0.003 0.004 + 0.0003 0.04 0.04
second-order on-site 0.26 + 0.004 0.263 + 0.0005 0.08 0.08

Table 3.3: The average values and standard deviation of the first and second-
order terms of the I-bit Hamiltonian for Wy, = 16, Wy, = 01, U =1, ngs =7,

L = 4 and Ny = 10°. The confidence interval is reported as the uncertainty in
average values.

In Table 3.3, as sample size increased from 10% to 10°, the standard deviation
remained almost the same. The average value also remained relatively stable,
indicating that even with N, = 1000 the sample average is reliable. The width
of the confidence interval decreased. In conclusion, averaging the coefficients
over N;. = 1000 disorder configurations, produced reliable average values that

are accurate to one digit after the decimal point.
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Timescales

The coefficient of each term in the 1-bit Hamiltonian has units of energy. The
inverse of the magnitude of each coefficient has units of time and determines
the associated timescale. Below, we describe two methods for calculating the

average timescale associated with each term in the 1-bit Hamiltonian.

The first method involves averaging the timescales directly over disorder config-
urations. This average tends to be dominated by coefficients with small magni-

tude.

In the second method, we first calculate the average magnitude of the coeffi-
cients over disorder configurations and then take the inverse of this average. In
this approach, the average value captures the effect of coefficients with a larger

magnitude.

Small-magnitude coefficients have a small weight in the 1-bit Hamiltonian and
contribute less to the EE time dependence than those with large magnitudes.
Our goal is to connect the terms in the 1-bit Hamiltonian with the EE time de-
pendence. Hence, we use the second averaging approach because it provides a
representative timescale for the values, which have a greater impact on the EE

time dependence.

For example, the average timescale associated with J35 is:

Ndc

=N,
Zi:l ¢ |ccSamplei]-/|

|51 = (3.35)

Entanglement entropy

Unlike the coefficients in the 1-bit Hamiltonian, EE depends on both the disorder

configuration and the system’s initial state. We calculate the average EE in two
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ways: first, by averaging over disorder configurations with a fixed initial state;

and second, by averaging over both disorder configurations and initial states.

As described in Section 3, we store the EE values in a data array named eeSample.
In this array, each column represents the EE at a specific time, while each row
corresponds to the EE obtained from one disorder configuration and one initial

state.

When averaging only over disorder configurations, the initial state remains fixed
across all configurations. When averaging over both disorder configurations and
initial states, in each iteration we calculate the EE for a different initial state and

a different disorder configuration.

To obtain a sample EE average that accurately represents the full population of
disorder configurations, it is important to increase the sample size until the un-
certainty in the sample average becomes negligible. In Section 4, we will examine
how many disorder configurations are necessary to compute a sample average

that closely approximates the true population average.
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Results

The broad aim of this thesis is to understand the time-dependent behavior of EE
in a disordered Hubbard chain. More specifically, we explore how this behavior

relates to the EE obtained from truncated 1-bit Hamiltonians.

The primary question we address is: Does increasing the accuracy of the Hun-
garian algorithm reduce the observed offset between the EE of the exact Hamil-
tonian and the EE of the second-order truncated I-bit Hamiltonian? We hypothe-
size that higher accuracy in the Hungarian algorithm will lead to more localized
LIOMs, allowing the second-order truncated Hamiltonian to better capture the

time dependence of the EE from the exact Hamiltonian.

In Section 4.1, we investigate how increasing the accuracy level of the Hungarian
algorithm affects the optimization of unitary matrices and the EE obtained from
truncated 1-bit Hamiltonians. In Section 4.2, we compare the EE from truncated
l-bit Hamiltonians with the EE from the exact non-interacting and interacting

Hamiltonians.

Assessing impact of Hungarian algorithm implementation

When implementing the Hungarian algorithm, one must choose the algorithm’s

accuracy level and how to make the matrix positive.
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To determine the best choices, we first apply the Hungarian algorithm to ran-
domly generated matrices. We investigate how increasing the accuracy of the
algorithm and using different methods for making the unitary matrix positive
affect the column order of the optimized matrices. Next, we examine how in-
creasing the accuracy level of the Hungarian algorithm impacts the disorder-

averaged EE of the truncated 1-bit Hamiltonian.

Tests on random matrices

We address three questions, numbered below.

Question(1): Does increasing the accuracy level of the Hungarian algorithm af-

fect the order of columns in the optimized version of a unitary matrix?

To address this we take the following approach. We generate three sets of square
matrices: ten of size 500 x 500, five of size 1000x1000, and one of size 5000 x 5000,
all filled with real numbers that are randomly generated from a uniform distri-

bution in the range [-1,1]. We normalize the columns to simulate the eigenstates.

To make the matrices positive-valued for HA implementation, we take the ab-
solute value of each element. The Hungarian algorithm is then implemented on

each matrix with different accuracy levels: ny, =1,2,3, ...13.

To compare assignments obtained at different accuracy levels, we use ny 4 =13,
the highest accuracy level for reference. We define the assignment deviation,
denoted as D(ny4), as the number of elements in the assignment array a; that

differ from those in the assignment array using the reference accuracy level.

The results of this analysis are shown in the solid black lines in Figure 4.1. For all
matrix sizes, implementing the Hungarian algorithm with ny 4 = 1 results in the
highest assignment deviation. Asny 4 increases, the deviation D(ny; 4) decreases.

There is a threshold accuracy level, ny; 4, where D(ny4 > nj;,) vanishes. The
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standard deviation of the assignment deviation also vanishes at ngy, = nj,,

indicating that D,,; is zero for all the sample matrices.

Thus, increasing the accuracy of the Hungarian algorithm does affect the column

order in the optimized version of a unitary matrix.
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Figure 4.1: The assignment deviation D 4 ¢ and runtime ¢4 g of the absolute and
square approaches versus the HA accuracy level ny 4 for matrix sizes: (a)500 x
500, (b)1000%1000, and (c)5000x5000. The assignment deviations and runtimes
are averaged over ten 500 x 500 in (a) and five 1000 x 1000 random matrices in
(b), and the vertical bars show the corresponding standard deviation.

Question(2): What is the more efficient way to make the matrices positive in
implementing the Hungarian algorithm: taking the absolute value or squaring

the magnitude?

We use the same sample of random matrices, but instead of taking the absolute
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value, we make the matrices positive by squaring the magnitude. We then com-
pare the assignment deviation of the absolute approach D 4(ny 4) with the square

one Dg(ny4), as well as their corresponding runtimes, t 4 (115 4) and t5(11p4).

Figure 4.1 shows the assignment deviations D 4(np 4) (black solid), Ds(ny 4) (black
dashed) and corresponding runtimes t 4 (115 4) (red solid), and t5(ny 4) (red dashed)
for the random matrices. Additionally, Table 4.1 presents the threshold values of
ny 4 at which the deviation vanishes, along with runtimes t 4 (1} 4) and ts(n;4)
for matrices of different sizes. We observe that the deviation for the squaring
approach, Dg, vanishes at a higher n}; , compared to the absolute approach, D 4.
Additionally, for all matrix sizes, the runtime at the threshold accuracy level for
the absolute value approach is shorter than that for the squaring approach, i.e.,
tan"HA) < tg(n’"HA). Therefore, the absolute approach is more efficient than

the squaring approach.

This result can be explained by considering elements within a single column
of these matrices: the magnitudes are all less than or equal to one. Squaring
values less than one brings them closer together compared to taking the abso-
lute value. The Hungarian algorithm performs better when these differences
are larger, which is why the absolute value approach—by dispersing the values
more widely—outperforms the squaring approach. Hereafter, we will use the

absolute approach in implementing the Hungarian algorithm.

size (n}JA)absolute ta (”}JA)[S] SDtA(nEM) [s] (n}{A)square ts (n,HA)[S] SDtS(n}{A) [s]
500 6 1.3 0.1 7 1.3 0.1
1000 7 16.2 1.0 8 16.6 0.9
5000 8 3500 — 9 5597 —

Table 4.1: The value ny; 5, the runtimes t 4 s(n}; 4), and the standard deviation of
the runtimes SD;, ., ,) for the 500500 and 1000x1000, and 50005000 random
matrices using the absolute and square approaches.

Question(3): What is the minimum accuracy level required for an optimized

assignment using the Hungarian algorithm?
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As shown in the second column of Table 4.1, the minimum accuracy needed to

find the optimal assignment increases with matrix size.

For the eigenstates of the disordered Hubbard model with a system size of L, we

deal with matrix sizes of 4~ x4L. These matrices are sparse and block-structured,
2 2

with the largest block being (L?Z) X (152) . We study sizes L = 2,4, 6, for which

the largest blocks are 4 x 4, 36 x 36, 400 x 400, respectively.

In conclusion, increasing the accuracy of the Hungarian algorithm does change
the order of the columns in the optimized unitary matrix. We are choosing to
use ny4 = 7, as it produces the same results as larger values of ny 4 for matrices

up to 500 x 500.

Tests on entanglement entropy

Here, we test how the accuracy level of the Hungarian algorithm affects the EE
obtained from the truncated 1-bit Hamiltonian. However, we will be working
with the disorder-averaged EE, so we begin by determining how many disorder

configurations are needed.

Disorder average

The question we address here is: How many disorder configurations do we need

to take for averaging?

We approach this in two ways. First, we examined the convergence of the av-
erage EE by sampling 10, 100, and 1000 disorder configurations, and calculated
the standard deviation, denoted as SD, to assess the variability of the average

values.

Figure 4.2 shows the average EE, denoted as S(t), and standard deviations SD(5(t))
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Figure 4.2: (a) The average S(t) and (b) the standard deviation SD(5(t)) versus
time for varying disorder configurations N, = 10, 100, and 1000, L = 6, |i}g) =
ITLTLTL), Wa =16.0, Wy, = 0.1, and npg4 = 7.

as a function of time for different numbers of disorder configurations, N;.. In
Figure 4.2(a), the average value of the EE becomes smoother as the number of
disorder configurations increases. The significant difference between N;. = 10
and Ny, = 100, and the proximity of the average values between N;. = 100 and
N, = 1000, demonstrate stabilization at N;. = 1000. Figure 4.2(b) shows the
large variability of EE results. The standard deviation increases from N;. = 10 to
Nj. =100, and then decreases slightly as the sample size increases to N;. = 1000.

The standard deviation for N;, = 1000 is lower than for N, = 100.

Next, we calculate the 95% confidence interval of the average EE using 1000 dis-

order configurations.

Figure 4.3 shows the average value, standard deviation, and confidence inter-
val of the EE for non-interacting and interacting Hamiltonians with two dis-
order configurations: one with strong disorder in both charge and spin chan-
nels (Wy, = Wy, = 16) and one with strong disorder in the charge channel

(Wg, = 16) but weak in spin (W, = 0.1). We refer to these cases as W, = W,



and Wy, < Wy, respectively.
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Figure 4.3: EE versus time for the exact Hamiltonian for (a,b) non-interacting
and (c,d) interacting cases, averaged over 1000 disorder configurations for L = 6,
|ybo) = [TNTTL), Wg, = 16, and (a,c) Wy, = 16 and (b,d) Wy, = 0.1. The blue
region surrounding the black curve shows the 95% confidence interval, and the
red region shows the standard deviation.

In Figure 4.3, the blue regions show the range where the true average value is
expected to lie with 95% certainty. The blue region widens the most at long times
in the interacting case when W, < W,,,, shown in Figure 4.3(d), indicating the
greatest uncertainty in the EE. Even in this case, the average EE is estimated to
be 1.46 + 0.05. Therefore, with N, = 1000, the average is smooth, and the SEM

is of order the second decimal place of the average.
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Entanglement entropy of the truncated 1-bit Hamiltonian

The question we aim to answer is: How does the accuracy level of the Hungarian
algorithm affect the EE of the truncated Hamiltonians, and at what accuracy
level does the EE converge for different disorder strengths in the charge and

spin channels?

To address this question, we calculated the EE as a function of time for the
first-order truncated 1-bit Hamiltonian, denoted as Hj;,,,;, both with and with-
out interactions (U = 1 and U = 0), as well as for the second-order trun-
cated 1-bit Hamiltonian with interactions, denoted as H;,,». These calculations

were performed for a system size of L = 6, starting from the up-down state

[wo) = IMLTLTL).

In our analysis, the truncated 1-bit Hamiltonians were constructed using differ-
ent accuracy levels of the Hungarian algorithm: ny4 = 0, 1, 4, and 7. Here,
nga = 0 corresponds to a random assignment of eigenstates to Fock states. The
EE obtained from the exact Hamiltonian, denoted as H,,,, with and without
interactions, is presented for comparison. To explore the impact of disorder, we
examined the two sets of disorder configurations described above, denoted as

Wsp = Wch and Wsp < Wch‘

Our results are shown in Figures 4.4 (Hj;y,,,1, U = 0), 4.5 (Hjjpy1, U = 1), and 4.6
(Hjioma, U =1).
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Figure 4.6: The EE versus time for the second-order truncated 1-bit Hamiltonians
(Hjjomz) with U =1 and different accuracy levels: ny 4 = 0 (blue solid), 1 (orange
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(Hexaer) with U = 0 and U = 1 are shown for comparison. Data is averaged
over 1000 disorder configurations for L = 6, |ig) = [TITLT]), W, =16, and (a)
W,y =16, (b) Wy, = 0.1.

For Wy, = W, the EE results obtained from Hy,,,; without interaction (Figure
4.4(a)) show a clear pattern. The EE obtained for ny4 = 1 (orange dashed), 4
(cyan dashed), and 7 (red dashed) are the same, while the EE for ny 4 = 0 (blue
solid) differs. The same is true in Figure 4.5(a) for the EE obtained from Hj;,,;
with interactions. In Figure 4.6(a), the EE obtained from Hj;,,,,, for ny4 = 4 and
7 are the same, while the EE for n; 4 = 1 and 0 differ. For Hj;,,,,; with and without

interactions the EE converges at ny 4 =1, for Hy;,,» the EE converges at ny4 = 4.

For Wy, < Wy, the EE results obtained from Hy;,,,; without interaction (Figure
4.4(b)) show a different pattern. The EE for ny 4 = 4 and 7 are the same, while
the EE for ny 4 = 1 and 0 differ. The EE obtained from H;,,,,; with interactions, as
shown in Figure 4.5(b) follows the same pattern. As shown in Figure 4.6(b), the
EE obtained from Hj;,,, also follows this trend. In all cases — whether for Hj;,,,1

without interactions, with interactions, or Hy;,,,, — the EE converges at ny 4 = 4.

There are other observations in the results shown in Figures 4.4, 4.5, and 4.6,
which we will address in the next section. Here, we focus exclusively on the

ny 4 dependence.
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To understand why convergence is faster when Wi, is larger, we computed the
FIPR, as defined in Section 3. For Wy, = W, the FIPR values are 0.706 (in-
teracting) and 0.704 (non-interacting), while for Wy, < W, they are 0.64 and
0.59, respectively. The FIPR values of the energy eigenstates are higher when
Wy, = Wy, compared to when W, < W, indicating that the Hungarian algo-
rithm requires more digits after the decimal point to optimize the unitary matrix

and achieve convergence in the EE for systems with different disorder strengths.

In summary, increasing the accuracy of the Hungarian algorithm affects the EE
of the truncated Hamiltonians. When W, = W, ng4 =1 is sufficient to achieve
convergence of the EE. For Wy, < W, n4 = 4 is needed for EE convergence.

Therefore, we will use ny 4 = 7 hereafter.

Contribution of the charge and spin local integrals of motion in the time de-

pendence of entanglement entropy

Here, we compare the EE from the truncated 1-bit Hamiltonians with that from
the exact Hamiltonian. Throughout this section, we consider again the two
sets of disorder configurations: Wy, = W, and Wy, < W,;,. We average the
EE over disorder configurations and initial states of the half-filled block with
zero net spin, using four different disorder configurations per initial state. The
same sample of configurations and combinations is used for calculating the 1-bit
Hamiltonian coefficients and the EE of the exact and truncated Hamiltonians.
In addition, we examine the timescales associated with the 1-bit Hamiltonian

coefficients. Timescales are averaged only over disorder configurations.

We begin by analyzing the EE time dependence of the exact non-interacting and
interacting Hamiltonians. We then compare the EE from the first-order trun-

cated I-bit Hamiltonian to the exact non-interacting Hamiltonian, followed by a
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comparison of the second-order truncated Hamiltonian with the exact interact-

ing Hamiltonian.

Exact Hamiltonian

Figures 4.7(a) and (b) show the EE obtained from the exact non-interacting and

interacting Hamiltonians for Wy, = W, and Wy, < Wy, respectively.
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Figure 4.7: EE versus time for the exact non-interacting (H,,; with U = 0) and
interacting (H,,,; with U = 1) Hamiltonians with L = 6, ng4 =7, and W, =16,
for (a) W, =16 and (b) Wy, = 0.1, averaged over 1600 disorder configurations
and initial states in the zero-spin, half-filled block.

From the EE time dependence obtained from the exact Hamiltonian with inter-
actions (black solid line, Figure 4.7(a) and (b)), we define four distinct time
regions: early times, mid times, long times, and saturation times. The division
between early times and mid times is the peak point. The division between long
times and saturation times is set where the curve reaches its saturation value.
The division between mid times and long times in Figure 4.7(a) is the point
where the log(t) behavior starts, while in Figure 4.7(b), it is a qualitative line

placed at the same location.

For both Wy, = W, (Figure 4.7(a)) and W;, < W, (Figure 4.7(b)), the EE

obtained from both non-interacting H,,,; (dashed black) and interacting H,,,.;
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(solid black) rises rapidly at early times. To understand this rapid rise, let’s first
focus on the non-interacting Hamiltonian. The single-particle energy eigenstates
are Anderson localized, and the many-body wavefunction is a product of single-
particle wavefunctions. Consider a single particle located in the right subsystem.
As its wavefunction evolves, the probability density spreads across overlapping
Anderson localized eigenstates, as discussed in Section 1. This spreading may
cause the probability density to extend from the right subsystem into the left
subsystem. If the probability density crosses the boundary between subsystems,
the reduced density matrix p; becomes more mixed, leading to a rapid rise in the
EE. For the interacting Hamiltonian in the small U limit, the energy eigenstates
retain localized features. The probability density spreads across subsystems in
a similar manner, resulting in a similar rapid rise in EE at early times for the

interacting case.

For both Wy, = Wy, and Wy, < Wy, the EE of the non-interacting H,,, saturates
at long times. In the non-interacting case, as the single-particle wavefunction
evolves, the probability density for the particles reaches a steady value across
the sites at long times. At this point, the degree of mixing in the reduced density
matrix p; no longer changes, and as a result, the EE reaches a steady value and

saturates.

For both W, = W, and Wy, < Wy, the EE in the interacting H,,; exhibits
further growth at long times. When W, = W, this growth is proportional to
log(t) over five orders of magnitude in time. This is the same behaviour seen in
systems with a single degree of freedom, as discussed in Section 2. However,
for Wy, < Wy, the long-time behavior differs, showing no log(f) dependence.
The multiple degrees of freedom contribute differently to the long-time EE of
the interacting H,,,s when W, < W,. To explore this further, we will examine
the contribution of LIOMs and their couplings to the EE time dependence in the

next section.
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First-order truncated Hamiltonian

Here, we compare the EE obtained from the first-order truncated Hamiltonian,
Hjjo1, with that of the exact non-interacting Hamiltonian, H,,,;. We begin by
comparing the results obtained from H;,,,; without interactions and H,,,; of the
non-interacting system. Figures 4.8 shows the EE when (a) W, = W,;, and (b)
W, < W, respectively. The EE obtained from Hy,,; (cyan dashed) matches
that obtained from H,,,; (black dashed). In the non-interacting system, the
truncation of the 1-bit Hamiltonian to the first-order accurately captures the EE

time dependence. The LIOMs act as projectors of the Anderson localized states.
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Figure 4.8: EE versus time for H,,,, (black dashed) and Hj;,,; (cyan dashed)
withU =0, L = 6, nys =7, Wy, =16, and (a) Wy, = 16 and (b) W, = 0.1
averaged over 1600 disorder configurations and initial states.

Next, we compare the EE obtained from Hj;,,,; with interactions with the EE ob-
tained from H,,,, without interactions, as shown in Figure 4.9. At early times,
the EE obtained from Hj;,,,; (dark-purple solid) matches that from the non-
interacting H,y,; (black dashed) for both Wy, = W, and Wy, < Wy,. The EE of
Hjjom1, whether with or without interactions, shows a rapid rise at early times,

similar to the H,,, result.
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Figure 4.9: EE versus time for H,,,; (black dashed), Hj;,;,;1.1 (dark-purple) ,
Hjiomic (red solid) and Hj;,y,q5 (blue solid) with L = 6, nys = 7, W, = 16, and
(a) Wy, =16 and (b) Wy, = 0.1 averaged over 1600 disorder configurations and
initial states.

At long times, the EE obtained from Hj;,,,; reaches a fixed value for both W, =
Wg, and W, < Wy, though the magnitudes differ. The fixed EE value from
Hjiom1 is slightly higher than that from H,,,; when Wy, = Wy, and significantly
higher when W, < Wg,. In the small U limit, the effect of interactions is to
couple the Anderson localized states. The LIOMs then act as projectors of these
objects. The localization lengths of the LIOMs with interactions are therefore
larger than those without interaction. As the wavefunction spreads over the
extended localization length of the interacting LIOMs, more distant parts of the
system become entangled, resulting in the EE of Hj;,,, reaching for W, = Wy, a
slightly higher value than that of H,y,;. When W, < Wy, there is a significant

difference between Hj;,,,,; result and the H,,,; result.

At mid times, the results from Hj,,,; with U = 1 and H,,,; with U = 0 are
distinctly different. When W, = W, the Hjjpy result does not show a dip
structure. When Wy, < W, the Hijy,,1 result has a significant further rise. The
lack of dip at mid times in the H;,,; result for Wy, = W, suggests that higher-
order terms in the I-bit Hamiltonian of the interacting case contribute to the dip

structure. The extra rise at mid times in the Hy;,,;; result for W, < Wy, can be
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understood by examining the results for Hj;,,,;. and Hj;y,,15, and the timescales
associated with the first-order charge (J;.) and spin (J;5) terms in the I-bit Hamil-

tonian.

When W, < Wy, the EE from Hj;,1. (red solid) rises rapidly at early times
and reaches a fixed value at mid times, while the EE from Hj;,,,;s (blue solid)
begins to rise at mid times and reaches a fixed value at long times. The fixed
value in the Hj;,,15 result is significantly higher than that in the Hj,,,;. result.
Strong disorder in the charge channel and weak disorder in the spin channel
result in spin LIOMSs with larger localization lengths than charge LIOMs. As the
wavefunction spreads through spin LIOMs, more distant parts of the system get
entangled than when it spreads through charge LIOMs. Therefore, the EE of

Hjjom1s rises to a much higher value compared to the EE of Hj;y,,1..

This distinct time that charge and spin LIOMs contribute to the EE is also con-
nected to the timescales shown in Figure 4.10, associated with the coefficients in
the 1-bit Hamiltonian, including terms up to the second order. The red and blue
points in Figures 4.10 represent the timescales of the first-order charge (J;.) and
spin (J;5) terms, respectively. When W, = W, (Figure 4.10 (a)), the charge and
spin timescales are the same. In contrast, when Wy, < Wy, (Figure 4.10 (b)), the
spin timescales are two orders of magnitude larger than the charge timescales.
Therefore, the spin LIOMs contribute to the EE of Hj;,,,; at a later time than the

charge LIOMs.
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Figure 4.10: The timescales associated with the first and second-order terms of
the 1-bit Hamiltonian for U =1, L = 6, ny4 =7, Wy, = 16, (a) Wy, =16 and (b)
Wy, = 0.1 averaged over 1600 disorder configurations.

The EE obtained from Hj;,,,1, reflecting contributions from both first-order charge
and first-order spin terms, shows two distinct rises at early and mid times. The
wavefunction initially spreads through the localization lengths of charge LIOMs
at early times, then continues to spread through those of spin LIOMs at mid
times. The extra rise at mid times in the Hj;,,,; result arises from the distinct

contributions of charge and spin LIOMs to the EE when W, < W,

Second-order truncated Hamiltonian

Here, we begin by comparing the EE obtained from Hj;,,,, with the EE obtained
from interacting H,,,.;. Next, we examine the contributions to the EE of the dif-
ferent second-order terms defined in section 2. Finally, we conclude by exam-
ining the timescales associated with the coefficients of all the terms in the 1-bit

Hamiltonian.

Figure 4.11 shows the EE results obtained from Hj;,,,», other second-order trun-
cated 1-bit Hamiltonians, and interacting H,,,;. For clarity, we have presented

the results in separate panels. The top two panels show the EE results obtained
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from Hjj.c and Hjjopns, While the bottom two panels show the EE results ob-
tained from Hjjopp, and Hijoyocs- The results for Wy, = Wy, are shown in the left
panels (a) and (c), and the results for Wy, < W, are shown in the right panels

(b) and (d).
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Figure 4.11: EE versus time for H,,, (black solid), Hj;,,,; (dark-purple solid),
Hiioma (CYan daShed)/ Hiiomoee (red daShed)/ Hiiomoes (Orange dashed), Hiiompss
(blue dashed), and Hj;,0, (green dashed) for L = 6, nys = 7, Wy, = 16, and
(a,c) Wy, =16 and (b,d) W, = 0.1 averaged over 1600 disorder configurations
and initial states.

When Wy, = W, the EE from Hy;,,2 (cyan dashed) and the EE from interacting
Heaer (black solid) are the same at all times. When W, < W, the EE from
Hjjonz and the EE from interacting H,,,; show similar behavior, although they
do not match exactly. At early time, the Hj;,,,, result matches the interacting
H,y 4 result. At mid times, the Hj;,,,, result plateaus and rises while the H,,;

result shows a dip structure. At long times, although the Hj;,,» result lies above
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that of H,,,.;, both exhibit non-logarithmic growth and eventually saturate at the

same value.

The mid-time behavior whether the peak-dip structure for Wy, = Wy, or the
plateau for Wy, << W, can be attributed to the second-order terms. This can
be understood by comparing the EE obtained from Hj;,», the EE obtained from
Hjion, and by examining the timescales associated with the coefficients of the
second-order on-site terms, J,,. At early and long times, the EE from H;,,,
(green dashed) and the Hy,,; result (dark-purple) are the same for both W, =
Wy, and Wy, < Wy, At mid times, when Wy, = Wy, the Hijyp, result shows
a dip, while the Hjjy,,; result remains at a fixed value. When W, < W, the
Hjjomoo result shows a plateau, while the Hj,,,; result rises. The green points
in Figures 4.10 represent the timescales of the second-order on-site terms, .
These timescales are the same for both Wy, = Wy, and Wy, < Wy, falling at mid
times. In both disorder cases, the second-order on-site terms contribute to the EE
obtained from Hj;y,,; at mid times, resulting in a dip structure when Wy, = W,

and a plateau when W, < Wy,

The long-time growth in the Hy;,,, result can be understood by comparing the
EE obtained from each of Hj;y,,000, Hiiomacs and Hiopmoss With the EE obtained from
Hjjopn- Additionally, their contribution can be understood by examining the
timescales associated with the coupling constants J5., Jo.s, and J»s,. We observe
consistent behavior for both disorder cases, W, = Wy, and W, < W, At early
and mid times, the EE obtained from each of Hj;,;n. (blue dashed), H;,;0¢s (red
dashed), and Hj;y,pcs (orange dashed), matches the Hy;,,; (dark-purple solid)
results. At long times, the EE obtained from each of Hy;yocc, Hiiomass, and Hijomocs
shows further growth, while the Hj;,,,,; result remains at a fixed value. For both
disorder cases, the pair-wise couplings between LIOMs contribute to the long-
term growth of EE. These long-time contributions of the pair-wise couplings

can also be linked to the timescales associated with coupling constants. The



101

pink, light-blue and orange points in Figures 4.10 represent the timescales asso-
ciated with the charge-charge J,., spin-spin J,5; and charge-spin J,,; couplings.
For both Wy, = W, and W, < W, these timescales are well-separated and
distributed across the long-time regime. For both disorder cases, the couplings
between charge and spin LIOMs contribute to the long-time growth of the EE

obtained from Hj;,;.
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Figure 4.12: The timescales associated with the coefficients of the I-bit Hamil-
tonian for U =1, L = 6, ngs = 7, Wy, = 16, (a) Wy, = 16 and (b) W, = 0.1
averaged over 1600 disorder configurations. The timescales associated with the
coefficients of each order of terms are shown in different colors, arranged from
the lowest at the bottom to the highest at the top.

The high-order terms of the 1-bit Hamiltonian are truncated in Hj;,,,, but in-
cluded in H,,,;. The vertical offset between the Hj;,,, and H,,,; results when
Wy, < Wy, can be understood by examining the timescales associated with the
coefficients of the high-order terms. Figure 4.12 (a) and (b) shows the timescales
associated with all terms in the 1-bit Hamiltonian for W, = Wy, and W, < W,
respectively. The timescales of high-order terms for W, < W, (Figure 4.12 (b))
are shifted to earlier times compared to those for W, = W, (Figure 4.12 (a)).
The high-order terms contribute to the EE obtained from the interacting H,,, at
earlier timescales for Wy, < Wy, than they do for Wy, = W;,. These timescales
are absent in the EE obtained from Hj;,,,. As a result, the EE from Hj;,,,, does

not closely match the EE from H,y,; when W, < W,
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Conclusion

We studied the EE time dependence in a disordered Hubbard chain to explore
the connection between LIOMs and EE behavior. Specifically, we examined two
disorder cases: one with equally strong disorder in both charge and spin chan-
nels (W, = Wy,), and another with strong disorder in charge channel but weak

disorder in spin (W, < We,).

In this thesis, we addressed two primary questions: Starting from a non-entangled
state, how do the charge and spin LIOMs contribute to the time dependence of
EE? Specifically, does increasing the accuracy level of the Hungarian algorithm

reduce the vertical offset observed between EE from Hj;,,,» and EE from H,,,.?

We began by examining how the accuracy level in the Hungarian algorithm af-
tects the EE obtained from Hj;,,,; and Hj;y,,. Increasing the accuracy level ini-
tially affected the EE values, with convergence observed atny 4 = 1for Wy, = Wy,
and at nys = 4 for Wy, < Wy,. Further increasing the accuracy to ny4 = 7 did
not change the EE results, so we chose ny4 = 7 as the accuracy level for con-

structing both Hj;,,,; and Hjj,,,» with optimally local integrals of motion.

To understand how interactions influence the EE time dependence, we com-
pared EE results from the exact non-interacting and interacting Hamiltonians.
In both disorder cases, EE showed a rapid rise at early times for both Hamiltoni-
ans. At long times, in both cases of disorder, the results for the non-interacting
Hamiltonian saturated, while the results for the exact interacting Hamiltonian

showed further growth. Interactions result in EE growth at long times. When
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W,

s» = Wa, the results of the interacting H,,,; exhibited a log(t) dependence,

spanning five orders of magnitude at long times. The logarithmic growth of EE
at long times was similar to that observed in systems with one degree of free-
dom. However when W, < Wy, the interactions between multiple degrees of

freedom do not contribute to a simple log(t) dependence.

To address the broad question, we compared the results of EE obtained from
different truncations of Hy;,, with the EE from H,,,,. For the non-interacting
system, the EE obtained from Hj,,,; matched the EE from the non-interacting
H, et for both disorder cases. This indicates that, in the absence of interactions,
the charge and spin LIOMs accurately capture the EE time dependence of the

exact Hamiltonian.

We then compared EE results from the Hj;,,,; with interactions with EE from the
non-interacting H,y,.. When Wy, < Wy, the two behave similarly with a rapid
initial rise and saturation at long times. The LIOMs with interactions contribute
to EE similar to the LIOMs without interactions. When W, < Wy, both have
a rapid initial rise and saturate at long times, but Hj,,,,; result rises significantly
above H,,,, result at mid times. The extra rise is due to the distinct contribu-
tion of charge and spin LIOMs to the EE. The charge LIOMs contribute to EE at
early times, while the spin LIOMs contribute at mid times. As the many-body
wavefunction spreads across the longer localization length of the spin LIOMs,

EE rises to a significantly higher value than the non-interacting system.

To address the specific question, we next compared the EE from Hj;,,,, with the
EE from the interacting H,,,. Increasing the accuracy of the Hungarian algo-
rithm reduced the vertical offset between EE of Hj;,,» and EE of H,,,;. When
Wyp = Wg, the two were the same at all times. When Wy, < W, the two were
the same at early and saturation times. At mid and long times, the EE of Hy;,,,»
lay above the EE of H,,,.;, and a vertical offset remains even after optimizing the

locality of LIOMs. This result indicated that the remaining vertical offset arises
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due to the distinct contribution of charge and spin LIOMs.

We also examined the contribution of the second-order terms to the EE. The re-
sults of EE obtained from Hj;,,,», for both disorder cases showed that the second-
order on-site operators contribute to the EE of Hj;,,, at mid times resulting in a
dip when Wy, = W,;, and a plateau when W, << W,. These operators are
unique to systems with both spin and charge degrees of freedom per site and
are distinct from LIOMs and their pairwise couplings. Further studies on the
second-order on-site terms will help clarify why these terms contribute to a de-

cline in EE in a disordered Hubbard chain.

Next, the results of EE obtained from Hj;;00c, Hiiomoss, and Hjjomoes for both dis-
order cases showed that the second-order charge-charge, spin-spin, and charge-
spin terms contribute to a growth in the EE of Hjjy,,,, at long times. When W, =
W, the pair-wise couplings between LIOMs result in a logarithmic growth at
long times and contribute to the EE of Hj;,,; in the same way as interactions do
to EE of Hyy,e;. When Wy, < Wy, the pair-wise couplings between LIOMs do
not fully capture the contribution of interactions between the multiple degrees

of freedom.

We also calculated the average of coefficients in the 1-bit Hamiltonian over dis-
order configurations and within each type. When W, = W, the coefficients of
the first-order charge terms were the same as those of the first-order spin terms.
When W, < Wy, the coefficients of the first-order charge terms were two orders
of magnitude larger than those of the first-order spin terms. For both disorder
cases, the average coefficients of the second-order on-site terms were the same.
For both disordered cases, the charge-spin couplings were one order of magni-

tude smaller than the charge-charge and spin-spin couplings.

While this study focused on a specific initial condition — a Fock state within

the half-filled block with zero net spin — future research could explore systems
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with an unequal number of fermions with up and down spin, such as half-filled
blocks with non-zero net spin or systems away from half-filling, where the num-
ber of fermions does not equal the number of sites. With these initial conditions,
the system’s charge-spin symmetry is broken [44], potentially leading to differ-
ent localization effects in various sectors of the Hilbert space. In particular, it
would provide insights whether the characteristic logarithmic growth of EE per-
sists when Wy, < W, or whether distinctly different timescales emerge for the

contributions of LIOMs and the second-order terms to EE.

Another aspect of MBL in systems with one degree of freedom per site is the
proportionality of EE saturation value to the system size, which has been ex-
tensively studied. Our study relies on the exact diagonalization, which restricts
us to small system sizes. Extending this analysis to larger system sizes, such as
L = 8, would allow for testing the proportionality of EE saturation value with

size in systems with two degrees of freedom per site.

Another direction for future research is investigating an interacting case with
U > t. In this scenario, stronger interactions may suppress particle hopping
between sites, allowing us to observe how the time-dependent behavior of EE
changes as U increases. In particular, it would be valuable to examine how the

insulating phase, when U >> t, impacts the EE time dependence.

In summary, by constructing optimally local LIOMs with the accurate imple-
mentation of the Hungarian algorithm, we examined how the time-dependent
behavior of EE across different time regimes relates to LIOMSs and their pair-wise
products in a Hubbard chain. The LIOMs, second-order on-site operators, and
pairwise couplings between LIOMs contribute to the EE at distinct timescales.
With equally strong disorder in both charge and spin channels, we observed a
log(t) dependence of EE at long times, similar to that seen in systems with only
one degree of freedom per site. The EE time dependence in our system was also

captured by Hj;,,n. In contrast, when disorder is strong in the charge channel
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but weak in spin, the EE growth at long times was not simply logarithmic. Spin
LIOMs contributed to a further rise in the EE, resulting in the EE of Hy;,,, rising
above the EE of H,,,;.
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Appendix A: Hungarian algorithm, details

As described in Section 3, the Hungarian algorithm efficiently solves the assign-
ment problem by systematically adjusting a cost matrix to identify the optimal
assignment. In this appendix, we describe how the algorithm processes an N XN
cost matrix, detailing the steps it takes to create zeros and handle various sce-
narios that may arise. We demonstrate these steps using a 3 x 3 matrix to further

clarity the step-by-step process of the Hungarian algorithm:

e Step 1 - Initial Row Reduction:

The algorithm identifies the smallest value in each row and subtracts it
from all other values in that row. This ensures that each row contains at

least one zero.

e Step 2a - Initial Assignment of Zeros:
The algorithm scans the matrix in a row-major order, starting from the top-
left element (first row, first column). It identifies the first occurrence of a
zero in each row and uncovered column and marks it as starred. The col-
umn containing the starred zero is then covered. The algorithm continues
this process for the remaining rows, leaving zeros unstarred if they are in

a covered column.

e Step 2b - Check for Optimal Assignment:

If the number of covered columns equals the total number of agents or

tasks, denoted as N, the algorithm has found the optimal assignment and
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stops. Otherwise, it proceeds to Step 3.

Step 3 - Cover Rows, Uncover Columns, and Prime Zeros:

In this step, the algorithm handles situations where zeros exist in uncov-
ered columns. This scenario might arise in two cases: 1. Multiple zeros
in one row are created when the algorithm initially creates zeros. 2. As
described in step 5, further adjustments of the matrix create a zero in an
uncovered column. It primes these zeros and checks if their row contains
a starred zero. If a starred zero is found in the same row, the algorithm
uncovers the column containing the starred zero and covers the row con-
taining the primed zero. If no starred zero is found, the algorithm proceeds
to Step 4. This means that there is another way of starring the zeros, which

covers one more column.

If the condition for Step 4 does not trigger, the maximum number of columns
in the adjusted matrix is already covered and the algorithm proceeds to

Step 5.

Step 4 - Path Augmentation:

If triggered, this step modifies the matrix to increase the number of starred
zeros. The algorithm identifies a path through the matrix, defined as a
sequence of alternating primed and starred zeros: Z'y, ZY,Z’5, ..., Z' . The
path begins with a primed zero, denoted as Z’;, which is the first primed
zero identified by the algorithm through a row-major search starting from
the leftmost element in the first row. If available, Z} is the starred zero in the
same column as Z’;. Following that, Z’, represents a primed zero located in
the same row as Z7, and so on, until it ends with a primed zero that does

not have a corresponding starred zero in its column.

The algorithm then switches the primed zeros to starred zeros and the starred

zeros to primed zeros along this path, removes all primes, uncovers all
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rows, and returns to Step 2a.

e Step 5 - Further Adjustment

The algorithm adjusts the matrix to create new zeros and increase the num-
ber of starred zeros without reducing the existing ones. It identifies the
smallest uncovered element, denoted as s, subtracts s from all elements in

the uncovered column, and adds s to the elements in covered rows.
This adjustment results in:
1. Increasing the values of primed zeros in the intersection of covered
columns and rows by s.
2. Decreasing all uncovered elements by s.
3. Leaving the rest of the elements unchanged.

This creates at least one zero in an uncovered column, the algorithm re-

turns to Step 3.

As an example, let’s find the optimal assignment for a sample 3 x 3 matrix. The

algorithm begins with Step 1:

4 5 O 340
5 6 ®|—|450
7 @ 9 50 7

In Steps 2a and 2b, the algorithm covers the second and third columns, but with

only two columns covered out of N = 3, it moves to Step 3.

3 4 @ 3
5 6 0|—|4
7 © 9 5
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In Step 3, no zeros are found in uncovered columns, so the algorithm proceeds

to Step 5.

3 3
4 —| 4
5 5

In step 5, the algorithm finds the smallest uncovered value, 3, and subtracts it

from all the elements on the uncovered column. It then returns to step 3.

©) 0
4 — 11
5 2

Returning to Step 3, the algorithm primes a zero in the first row. Since there
is a starred zero in the first row, the condition for Step 4 does not trigger. The
algorithm covers the row and uncovers the column that contains the starred zero

in the first row, then proceeds to step 5.

@ 4
1 -1 0
2 2 7

In step 5, the algorithm finds the smallest uncovered value, which is again zero.

The matrix does not change and it goes back to step 3.

1 O|—-]|1 0
2 7 2 % 7



117

In step 3, the algorithm finds another primed zero in the second row. This time,

there is no starred zero at the second row and this condition triggers step 4.

! * ‘ *
1 O =1
2 7 2 7

Notice that the path starts from the primed zero in the second row (green) goes
to the starred zero in the first row (red) and ends with another primed zero in
the first row and the first column (blue). In step 4, the algorithm switches the
primed zeros with the starred ones along the path. It removes all the primes and

uncovers all rows, then returns to step 2.

! * 0’ * 0
1 -1 -1 1
2 7 2 7 2 7

In step 2a, all the columns are covered. In step 2b, the algorithm finishes, because

we have found 3 starred zeros out of 3.

— Step2b — End

The algorithm ultimately produces an assignment array representing the opti-
mal assignment with the minimum total cost. This array contains the row indices

of the starred zeros in each column, read from left to right.
In our example, the assignment array is 1, 3, 2.

The arrangement with minimum cost is found by organizing the columns based
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on this assignment array, and the minimum cost is the trace of the resulting ma-

trix.

4 51 415
M=|5 6 1|5 1 6
7 29 7 9 2
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Appendix B: Partial trace, details

Below, we describe our method for partial tracing of the density matrix, based
on the convention that we have used for storing and organizing Fock states of

the total system.

As outlined in Section 3, our code uses binary representation of integers as Fock
states. We divide our composite system into two halves, left and right. Each

Fock state [n), , is the outer product of the Fock state of the two subsystems:

|n>LR = |nL> ® |nR> (Al)

The table in Equation A.2 shows the Fock basis of total system {|) LR} forL =2
as the outer product of the states of the left {|n), } and right {|n).} subsystems

according to our conventions:



Total state | Outer product
0, ¢ 10, 10,
1), ¢ 0), 1)y
2), ¢ 0), 12,
3), ¢ 10), 13
4, ¢ 1), 10),
5), ¢ ), )y
6), ¢ 1), 12),
7), 1), 13)
8), ¢ 12), 109,
9, ¢ 2), M)y
[10), 2), 12,
11, . 12), 13,
12), 3), 10,
13), 3), M)y
14), 3), 12,
[15), 13), 130
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(A2)

We take the partial trace over the left subsystem to find the state of the right

subsystem.

Trilpir] = Y, (al, ® IR)prr(lay, ® Iy).

(A.3)

In Equation A.3, {{al} is any basis that spans the Hilbert space of the left Sub-

sytem. In our caculations, it is natural to choose the Fock basis {|) L}.

As we described in Section 3, the density matrix is:
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N
) = Z Cp 1)

= Z Caplad, 1B (A4)

a,p=0

where |n) is the Fock basis for the total system, c,, = (m|¢>, ), and |ﬁ)R is the
Fock basis of the left and right subsystem, respectively.

The density matrix p; g for the total system is:

prr = [¥) (Y|

= (anﬁ @), |B) (2 €l @l (B'],)
o B

Z Caﬁc a'p |a>L |,8> <0( |L <ﬁ |
aﬁa B

= Z CinCy I111) {111’ | (A.5)
m,m’

The partial trace over the left subsystem is as follows:

pr = Trrlprr]l = 2(<7| ®IR)PLR(|V> ® IR)

y=0
= SOOI T casciy oy ) Bl (Bl ), &1
apa p
- 52 , CapCor (Yla), T|BY JUB'| D<),
= , aﬁza/ 5 Ca[%CZz’ﬁ’éy,a |ﬁ>R <ﬁ/|R 6)/,0/
= 2 oS B Bl (A6)

VBB
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The single coefficient (Fock basis) | The double coefficient (product state)
Co to Cpvi—1 C0,0 to CO,M—l
Cp to Cop-g C1,0 t0 €1 M1
Com tO Cap11 C2,0 tO Co M1
CN-M tO CN-1 Crm-1,0 YO Cyvr-1,m-1

Table A.1: Coefficient in the total Fock basis with single and double subscripts

An element of the reduced density matrix (pg)m-

= (pR)nm = <n|R PR |m>R

= (nlg ( D] ¢pChp
VBB

= 25 cyCy (nlp), (B'lm),
VBB

B (B )y

= 25 cpCp Ongdmp

y.aa

= OnCom (A7)
4

Table A.1 shows the one-to-one mapping between the singular ¢; and double ¢,

coefficients.

Using this mapping and Equation A.7, we find each double coefficient in the

density matrix and then we calculate the elements of the reduced density matrix.



